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STRESS-STRAIN STATE OF A LAYER WITH CYLINDRICAL CAVITIES UNDER
SPATIALLY DISTRIBUTED LOADS OF INFINITE EXTENT

The subject of this article is the stress and strain fields in an isotropic elastic layer in contact with rigid sup-
ports and weakened by a system of longitudinal cylindrical cavities. The goal of this study is to mathematically
model the stress-strain state of an elastic layer with a specified number of cylindrical cavities; to develop a
mathematical model and improve an analytical-numerical approach based on the generalized Fourier method
for the exact determination of stress fields in an elastic layer with a specified number of cylindrical cavities
under the action of infinitely distributed spatial loads. Tasks: to formulate a boundary value problem of elas-
ticity theory for a multiconnected layer considering loads that do not decay at infinity, to construct a general
solution of the Lamé equation by the superposition method using the auxiliary problem introduction algorithm;
to reduce the boundary value problem to solving a quasi-regular infinite system of linear algebraic equations,
to perform a numerical analysis for a layer with three cavities and to evaluate the effect of concentrators on
stress distribution. The generalized Fourier method is applied to a layer in the Cartesian coordinate system
and cavities in local cylindrical coordinate systems. The scientific novelty lies in the creation of an improved
approach that combines the generalized Fourier method with the auxiliary problem algorithm. For the first
time, the stress distribution and stress concentration patterns in the vicinity of holes for spatially distributed
loads acting on an infinite length have been established. This made it possible to obtain the following results:
correctly take into account loads that do not have a periodic structure and do not attenuate at infinity, for an
aluminum layer with three cavities, accurate pictures of the distribution of stress tensor components were ob-
tained and zones of their maximum concentration were determined,; analysis of the stress state showed that ig-
noring the mutual influence of cutouts leads to an underestimation of the calculated stresses by more than
20%. Conclusions: The study's results explain the complex interactions among general layer bending, local
deformations, and stress-field interference from neighboring concentrators. The significant asymmetry of the
stress state confirms the presence of bending moments, and the rapid attenuation of disturbances is consistent
with Saint-Venant’s principle. The practical value of the work lies in the potential to use the data obtained to
design critical components of aviation technology (integral wing panels, floor power profiles) to increase reli-
ability and reduce weight.

Keywords: stress-strain state; Lamé equation; generalized Fourier method; layer with cylindrical cavities;
spatially distributed loads, analytical and numerical methods.

panels, turbine blades, etc.), optimize their geometry,
and predict their service life. Thus, the development of
analytical and numerical methods for assessing the
stress-strain state of perforated layers is timely and rele-
vant.

1. Introduction

1.1. Motivation

Determining the stress-strain state (SSS) of perfo-
rated structures is critical for the aerospace industry,
where lightweight systems with high specific stiffness
are a priority. The presence of technological cavities
reduces weight but simultaneously creates stress con-
centration areas.

1.2. State of the art

Various approaches are used to analyze the local
effects in the area of stress concentrators. For example,

A significant drawback of existing calculation
methods is their limited applicability to cases of spatial-
ly distributed loads of infinite extent characteristic of
real-world operation. This creates a need to improve the
mathematical apparatus.

The results obtained will make it possible to im-
prove the accuracy of critical component design (wing

in [1], the use of the integral equation method for a half-
plane is proposed, which can be adapted for layered
structures.

Foreign researchers often focus on related prob-
lems using other methodological approaches. The ho-
mogenization (averaging) method is effective for the
analysis of materials with several periodically arranged
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voids. This approach allows determining the effective
mechanical properties of perforated bodies without a
detailed consideration of each void.

In [2], a numerical analysis of the stress-strain
state of a tubular shell with preformed holes was per-
formed using an isogeometric approach based on
NURBS and T-Splines, which improved the accuracy of
the description of geometry and stresses. Study [3] as-
sessed the stability of functionally graded cylindrical
shells fixed in an elastic medium under lateral pressure
— the dependencies of critical loads on gradience param-
eters were obtained. Work [4] considers the thermome-
chanical analysis of composite cylindrical shells with
temperature-dependent material properties, enabling
more accurate prediction of their behavior under com-
bined thermal and mechanical loading. A mathematical
model of the stability of thin transversely gradient shells
is presented in [5], which considers the change in mate-
rial properties across the thickness, which is important
for calculating elements with internal cavities. Finally,
in [6], the stress state of cylindrical shells with tangen-
tial holes-nozzles under the action of internal pressure is
investigated, which has direct practical significance for
structures with cylindrical cavities in mechanical and
power engineering.

In recent years, active research has focused on
modeling deformations and stresses in structures sub-
jected to spatially distributed loads. In [7], the dynamic
response of beams on a heterogeneous foundation under
a moving distributed load was analyzed, which clarified
the influence of the foundation parameters and the load
shape on the oscillatory characteristics of the system.
The approach proposed in [8] uses Chebyshev’s spectral
approximation to calculate beams with variable proper-
ties and loads along their length, providing a universal
numerical tool for solving uneven force distribution
problems. The loss of stability of plates with elastically
fixed edges under the action of an uneven mechanical
load around the perimeter was considered in [9], which
made it possible to identify critical dependencies on the
shape of the force distribution. Higher deformation the-
ories for thin functionally graded shells have been de-
veloped [10], describing their static response under var-
ious types of distributed loads. Finally, the study [11]
demonstrates the effectiveness of the finite element
method for analyzing circular porous plates under het-
erogeneous loads, emphasizing the versatility of modern
numerical approaches for complex spatially distributed
influences.

As shown in the review [12], modern methods are
evolving toward three-dimensional modeling, which
allows volumetric deformation effects to be considered.

However, the analysis of publications reveals a
significant limitation: most works consider either local
effects (one hole) or averaged material properties (many

small pores). The case of a spatially infinite load dis-
tributed over the surface without a clear periodicity re-
mains outside the attention of researchers. The lack of
analytical and numerical-analytical methods adapted to
such conditions is a scientific problem, the solution of
which is the goal of this work.

Analytical and numerical methods, in particular
the generalized Fourier method, are the most effective
tools for solving boundary problems of elasticity theory
in canonical multiply connected regions. The fundamen-
tal principles of which are set out in the monograph by
Nikolaev O. G. and Protsenko V. S. [13]. This method
allows the boundary conditions on different surfaces to
be satisfied with high accuracy.

Significant progress has been made in the applica-
tion of the generalized Fourier method to problems in-
volving an elastic layer. Miroshnikov et al. investigated
the Stress-Strain State (SSS) of a layer with a cylindri-
cal cavity under a periodic load [14] and on a rigid base
[15].

The work [16] is devoted to considering spatially
infinite loads for a layer with a single cavity.. It is note-
worthy that in [16], the results of the analytical solution
were verified using the finite element method (FEM),
which confirms the validity of the approach used. This
makes [16] a benchmark source for verifying the gener-
alization of the proposed system of cavities. In [16], an
auxiliary problem was introduced to ensure the correct
integration of such loads. However, this approach has
not yet been extended to multiple cavities.

Several studies using the generalized Fourier
method have been devoted to specific boundary condi-
tions and complex geometry. These include the analysis
of non-classical mixed conditions [17], problems with
smooth contact, and given displacements [18, 19]. Prob-
lems with one elastic inclusion [20], two [21], and con-
tact problems for bodies with many inclusions [22] form
a separate direction.

The applied aspects of the method are also being
developed: modeling the rotation of a layer with a pipe
[23], analyzing the influence of torsional moments on
tangential stresses in the coupling of a pipe with a rigid
shaft, and calculating bearing connections [24] and can-
tilever plates with linear supports [25]. A solution for
layers with complex combinations of inclusions (pipes
and cavities) is obtained in [26].

However, a critical analysis of these sources re-
veals several unresolved issues:

1. Problem of infinite distributed loads for a body
system In [16], the authors proposed an algorithm for
introducing an auxiliary problem to correctly account
for infinite spatial loads, but this solution was obtained
for only one cavity. In works that consider cavity sys-
tems [19, 26], the emphasis is on the geometric compo-
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nent or periodic influences, ignoring the general distrib-
uted loads that do not attenuate at infinity.

2. Lack of comprehensive approach Existing
methods are effective for either complex geometry with
simple loads or complex loads with simple geometry.
The combination of these two factors (domain multi-
connectivity and undamped load) remains unaddressed
by researchers.

These issues remain unresolved due to the objec-
tive complexity of mathematical modeling: standard
integral transforms (in particular, Fourier transforms
[27]) do not work correctly with functions that do not
decay at infinity, and the procedure for their adaptation
(regularization) for the case of multiple cavities leads to
cumbersome systems of equations that are difficult to
solve without specially developed algorithms.

Thus, the problem of determining the SSS of a
layer with a system of (several) cylindrical cavities un-
der the action of infinitely distributed spatially distribut-
ed loads (which do not have a clear periodic structure
and do not decay at infinity) remains open. Solving this
problem is the goal of this study.

1.3. Objectives and tasks

This study aims to mathematically model the
stress-strain state of an elastic layer with a specified
number of cylindrical cavities under the action of infi-
nitely distributed spatial loads. This goal involves de-
veloping a mathematical model and improving an ana-
lytical-numerical approach based on the generalized
Fourier method to determine the stress-strain state of an
elastic layer with a specified number of cylindrical cavi-
ties subjected to infinitely distributed loads. This will
enable reliable data on stress field distributions and ac-
count for the mutual influence of concentrators, which
is necessary to ensure the reliability and optimization of
critical aviation structures.

The structure of the article.

Section 2 discusses the numerical study’s materi-
als, methods, simplifications, and assumptions.

Section 3:

1. The boundary value problem of elasticity the-
ory is formulated for a layer weakened by a system of
longitudinal cylindrical cavities, considering the action
of undamped external loads and support reactions at
infinity (subsection 3.1).

2. A general solution to the Lamé equation is con-
structed by superimposing the basic solutions for the
layer and cylinders using an algorithm for introducing
an auxiliary problem for the correct integration of infi-
nite spatial loads (subsection 3.2).

3. The boundary conditions on the flat boundaries
of the layer and the cylindrical surfaces of the cavities
are reduced to solving an infinite system of linear alge-

braic equations using the addition theorems for basis
functions (subsection 3.3). The following equations are
obtained.

4. A numerical analysis of the stress state of a lay-
er with three cavities is performed, stress concentration
zones are determined, and the influence of the number
of these stress concentrators on the distribution of force
fields is evaluated by comparison with the case of a sin-
gle cavity (subsection 3.4).

Section 4 discusses the problem-solving results
and the obtained stress state.

Conclusions of the research results are presented in
Section 5.

2. Materials and methods of research

The object of this study is the stress-strain state of
a linearly elastic isotropic layer weakened by a system
of longitudinal cylindrical cavities under the action of
infinitely distributed spatially distributed loads and sup-
port reactions.

The subject of the research is a mathematical mod-
el that describes this state using the analytical-numerical
modeling methods.

The main hypothesis of the study is that the appli-
cation of the generalized Fourier method in combination
with the auxiliary problem introduction algorithm will
allow us to construct a correct analytical solution for
loads that do not decay at infinity and accurately ac-
count for the effects of the mutual influence of several
stress concentrators.

The following assumptions are made in this study:

1. The structural material is a homogeneous iso-
tropic elastic body.

2. The behavior of the material is described by
Hooke’s physical linear law.

3. Deformations are considered small, which al-
lows the use of the linear elasticity theory equations.

4. There are no geometric imperfections in the
cavity and layer shapes.

Simplifications accepted in the study:

1. An infinite system of linear algebraic equations
is solved by the reduction method (by truncating to a
finite order), which ensures the specified accuracy of
the calculations.

2. A model case of ideal contact or specified
stresses is considered without considering the physical
nonlinearity of contact with supports.

Theoretical studies are based on the Lamé equilib-
rium equation in displacements. The generalized Fourier
method [13] is used as the main analytical tool. This
method involves representing the desired displacement
functions as a superposition of the basis solutions of the
Lamé equation for a layer (in Cartesian coordinates) and
a cylinder (in local cylindrical coordinates):
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modified Bessel functions of the first and second kind.
(k=1,2,3) are called so-
lutions of the Lamé equation for a layer, and the func-
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the internal and external solutions of the Lamé equation
for a cylinder, respectively. The boundary conditions on
different surfaces (flat boundaries of the layer and cy-
lindrical surfaces of cavities) are matched using addition
theorems [13]. These transition formulas for basic func-
tions contain modified Bessel and trigonometric func-
tions:
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The consideration of spatially infinite loads is a

distinctive feature of the methodology. The superposi-
tion method is used for this purpose. According to this

method, the general solution U is sought as the sum
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U=U,+Uj. Here, U, is the solution of the auxiliary

problem for a solid layer under the action of a given
load. This ensures that the conditions at infinity are sat-

isfied. The component Uy is a corrective solution for a

layer with voids, which ensures that the boundary con-
ditions on the holes’ surfaces are satisfied. The devel-
oped algorithm was numerically implemented by reduc-
ing the boundary value problem to an infinite system of
linear algebraic equations of the second kind. The next
step was to solve it directly. An aluminum alloy of the
Al-Cu-Mg system (grade D16T) was selected for the
calculations. The following elastic characteristics were

used: Young's modulus E=7.1 -10'" Pa, Poisson's ratio
v=03.

The developed algorithm was verified by reducing
the problem to a special case — a single cylindrical cavi-
ty layer. The obtained results were compared with the
analytical solution and FEM modeling results from [16].
The results confirm the correctness of the developed

methodology and its suitability for generalization to an
arbitrary number of cavities

3. Results and Discussion

3.1. Mathematical formulation of the boundary
value problem for a cavity system layer

In accordance with the first objective of the re-
search, a mathematical model was constructed — a
boundary value problem was formulated for an elastic
layer (Fig. 1) containing a finite number (N) of parallel
cylindrical cavities. The shell is bounded by planes
y=h (upper boundary) and y= ~h (lower boundary)
from the coordinate center and is subjected to surface
loads. The radii of these holes are denoted as R .

Fﬁ(x,z),y:h

e
<=
S—

Fig. 1. Layer with cylindrical cavities and infinitely distributed loads

Each cavity (p), its own local cylindrical coordi-
nates (pp, Pp> Z) are used, while the layer itself is de-

scribed in a general Cartesian system (X, Y, z), which

coincides and is oriented identically with the coordinate
system of the first cavity (p=1).

The solution of the Lamé equation must be deter-
mined based on the following boundary conditions:

— at the upper and lower boundaries of the layer,
the stresses

FU(x,2),, =K (x.2), FG(X,Z%}}B =E(x2),

(e

where FU=2-G- ﬁ-divﬁ+ilj+l(ﬁxrotﬁ)
-2-c on 2

is the stress operator,

: Q)
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Based on the statics conditions, for the elasticity
theory problem, the equilibrium equations must be satis-
fied in the stresses

JJFc

where & = {61 uoz} , O is plane at y=h, o, is plane

)do=0, ” M)do=0, (8)

at y=—h,

B

F(M) - {F}? (x,z)Ha o
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T is the radius vector of point M.

The specificity of the problem is that the loads do
not have a clear periodic structure and do not decay at
infinity along the x-coordinate, which requires a special
approach to constructing the solution.

3.2. Construction of a general solution by su-
perposition

The superposition principle is used to solve the
second problem. The general solution of the Lamé equa-

tion U is presented as the sum of two components:

0 = 00 + Ijl .
fJO 's problem is auxiliary for considering infinite-
ly distributed loads. It models a layer without an internal
cavity, where stress functions corresponding to this load
act on the upper boundary and stresses corresponding to

support reactions act on the lower boundary. The solu-
tion to this problem is as follows:

( )(x y,Z; A un)+
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where Hﬁf}l (1) and HQ (1) are unknowns that must
be found from the boundary conditions of this auxiliary
it )(x YN R ﬁg(_) (X, y,z;h, ) are
the basic solutions of Lamé’s equation for the layer

[13].
To find the unknowns of equation (9), we substi-

problem; u

tute the known functions 'cg,l;() , G(yh) , 'cg,g) into the left

side of equation (9), after first expanding them into a
Fourier series along the x-axis (as constants) and a Fou-
rier integral [26] along the z-axis (as rapidly decaying):
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P, , P; are given constants.
After removing the series, integrals, and the factor

el(anxZ) from the right and left sides, we obtain a

system of linear algebraic equations for finding
0 ~(0
Hioh (). FI, (4):

where d; (y;h.p,) = Ng(d) e,
Equation (11) is projected onto the coordinate axes

(equivalent projections at the basis vectors €, , €,, €,)

and expressed as integral densities Hf(ol)] (A) and
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where j=

determinant of the system of equations, respectively.
After determining the unknown functions

Hich ()

geometric locations of each of the three cavities. To do

and I:Ig(ozl (7») , we determine the stress at the

this, we use formulas that allow us to move from the

basis solutions of the layer (ﬁf) and ﬁgg)) to the inter-

nal basis solutions of the cylinder (f{k’m ) [13].

After removing the integrals over A and the factor

el(}”Zer(P) , we obtain the stresses at the geometric loca-

tions of the three cavities:
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1, (Rym,A) is the tensor obtained by applying the

stress operator to Ry, ; the functions ¢, (A,n) are giv-
en in formula (10).
The main task of U, is to model a layer with three

cylindrical cavities, on the surface of which stresses

(p)

Ok m (p,k) are acting, taken with opposite signs.

The solution for U, is as follows, according to
[22]:
Ul Zk J J. (Hk A, u ug( )(x,y,z;X,u)—i-
+H,, (l,u)'ﬁg(_) (x,y,z;0, 1) dpdA +

SO I 1 I A US

ng,m (pp,¢p,z;k)dk,

(15)

where ﬁg)(x,y,z;k,u) and ﬁg(_)(x,y,z;k,u) are the

Lamé equation’s based on solutions for layer (2);

§k’m (pp,d)p,z;K) Lamé equation’s based on solu-
tions outside the cylinder;

Hy (An), Hy (Ap) and BEI)H () are unknown

functions determined from boundary conditions (6) and
(7) without the periodic function considered in the aux-
iliary problem.

The boundary conditions on the surfaces of cylin-
drical cavities are created by considering stresses (14)
with the opposite sign.

3.3. Reducing the boundary value problem to a
system of algebraic equations

Equation (15) is written in local coordinate sys-
tems using transition formulas between the basis solu-
tions of the Lamé equation [13].

To find the unknown functions of equation (15), a
system of 15 integro-algebraic equations was devel-
oped.

The boundary conditions on the planes of layer (6)
were used to obtain the first six equations. The essence
of the process was that the stresses were first calculated
(using the operator) for equation (15) and a double Fou-
rier integration was performed for equation (6), and then
these expressions were equated. It was also necessary to

convert the based on solutions §k’m from cylindrical

. . . (% .
coordinates to Cartesian coordinates via ug(_) using

formulas (3).
The other 9 equations describe the stress boundary
conditions for the three cavities. The obtained stress

results (14) were substituted into the left side of Eq.
(15), to which the stress operator was previously ap-
plied. All basis solutions were first transformed from
Cartesian to cylindrical coordinates using formulas (4),

and the basis solutions §k’m for all other cavities

( q=p) were converted to local cylindrical coordinates

using formulas (5).

Using the first six equations, the coefficients

Hy (A,p) and H, (A1) were expressed in terms of

BEI)H (7») and substituted into the other obtained rela-

tions. After reducing the series and integrals on both
sides of the equality, we obtained an infinite system of
nine linear algebraic equations of the second kind. The
reduction method was applied to solve it,, which al-

lowed determining the unknown functions Bgr)n (n).

The found values BE I)n (L) were used to calculate

Hy (Ap), Hy (M),

3.4. Numerical analysis of the stress state of a
three-cavity layer

A layer with a height of h+h=11+11=22 mm
has 3 cylindrical cavities with a radius of R, =5 mm.

The cavities are located on the same horizontal ax-
is (y=0), the distance between the centers of the cavi-

tiesis £, =£;3=18 mm, o, =0, a3 =m.
The stresses at the layer’s upper boundary are giv-
en by

G(yh)(X,Z) =-108 -(22 +102 )_2 5

'c(y};() (x,z) = ) (x,2z)=0,

yz

at the lower boundary, the support reactions are given in
the form of stresses

- 8 8
G(h)(X,Z)Z -10°b B 10°a ’

y 2 2
((Z—a)2+102) L ((z+b)2+102) L
L=a+b=30+30=60 mm.

Zero stresses are specified on the cylindrical sur-

faces of the cavities: Ggp) = TE)%) = tg;) =0.

The infinite system was limited by order m=4.
This ensured that the boundary conditions were satisfied
with an accuracy of 107
ranging from 0 to 1.

The numerical implementation of the developed
algorithm yielded distributions of the stress tensor com-

(or higher) for variable values
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ponents for a layer with three voids. For verification, the
developed algorithm was applied to a special case—a
layer with a single cavity (N = 1)—under the same ge-
ometric and loading parameters. The obtained results
agreed with the analytical solution and the FEM calcula-
tion presented in [16]. This confirms the algorithm's
accuracy; after which it was applied to the main config-
uration.

Stresses arise at the upper and lower boundaries of
the layer under the influence of the specified loads and
support reactions, as shown in Fig. 2.

b I S— e

gl o =
W) [———— =S S X

< 0.0 _ 1
2-1.0 ox, y=h
o0 be—m—Tr— g
30 oz y=h

4.0

5.0

0 5 10 15 20 25

Distance (cm)

Fig. 2. Stresses o, and o, atthe upper (y=h) and

X

lower ( y= -h ) boundaries of the layer along the x-axis

Fig. 2 shows that the external load causes signifi-
cant disturbances in the stress state in the cavity projec-
tion areas. The significant asymmetry of the stress dis-
tribution relative to the median plane is a characteristic
feature, which confirms the presence of combined bend-
ing and tensile-compressive deformation. The maximum
values of normal stresses on the surfaces occur in the
load application zones and above the axis of each cavi-
ty.

Fig. 3 shows the distribution of normal stresses
oy, 6, and the applied load o at the upper boundary

of the layer along the longitudinal axis z. Here, the solid
lines correspond to the calculation scheme with three
cavities, and the dotted lines correspond to the case with
one cavity, the results of which were verified using the
FEM method in [16].

Stress (MPa)

0 10 20 30 40
Distance (cm)

Fig. 3. Stresses at the upper boundary of the layer
( y =h)along the z-axis

Localized stress is observed in the load application
zone (z=0). The maximum stress values at this point
are o, =-1.95094 MPa, o, =-3.77148 MPa. When

moving away from the load center along the z-axis, the
stress amplitudes ¢, and o, show rapid attenuation,

approaching zero values at a distance slightly exceeding

the distance to the support (b =30 mm). This behavior
is fully consistent with Saint-Venant principle, accord-
ing to which localized force factors form local stress
fields.

The amplitude values of stresses o, (red line) for

a system with three holes exceed the corresponding val-
ues for a single hole by approximately 13%. This indi-
cates that ignoring adjacent notches in calculations leads
to an underestimation of the actual compressive stresses.

Fig. 4 shows the corresponding stress distributions

at the lower edge of the layer (y= -h ) along the z-axis.

The dotted lines indicate the lines used to calculate a
layer with a single cavity.

4.0
3.0
2.0
1.0
0.0
-1.0

Stress (MPa)

0 10 20 30 40
Distance (cm)

Fig. 4. Stresses at the lower edge of the layer (y= ~h )

The stress distribution at the lower edge differs
from that at the upper edge in both magnitude and the
nature of the change, due to the influence of support
reactions and the presence of cutouts. The maximum
stress values at z=0 at this point are o, =0.955317

MPa, c,=3.103655 MPa. Local stress fluctuations

are recorded at the support location. A comparison of
Fig. 3 and Fig. 4 further illustrates the unevenness of the
stress state across the thickness of the perforated layer.
The difference between solid lines (3 cavities) and
dotted lines (1 cavity) is even more pronounced here.
The maximum stress o, for a system with three cavi-

ties reaches 3.103655 MPa, whereas it is 2.52635 MPa
for a single cavity. This increase in stress (over 22%) is
explained by a decrease in the cross-section’s effective
stiffness and a redistribution of force flows to the bridg-
es between the holes.

Fig. 5 shows a detailed analysis of the stress state
directly in the stress concentrator zone, which shows the
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distribution of normal stresses on the surface of the first
cylindrical cavity (p=1).

1.5
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Fig. 5. Stress on the cylindrical cavity surface
p=1atz=0

The stress distribution along the angular coordi-
nate @ has a complex oscillatory character. The stresses

6, show a clearly pronounced periodicity with maxi-

¢

ma at ¢ ~0° and ¢ ~180°, which corresponds to the

cavity’s horizontal diameter. The maximum compres-
sive stresses are equal to o, =—1.1005 MPa, and the

tensile stresses are Sy =0.45231 MPa. These values

exceed the applied external load (—1 MPa), confirming
the effect of stress concentration near the cylindrical
hole.

The stress distribution ¢, shows a clear depend-
ence: compression occurs in the upper zone of the cavi-

ty (at 9~90° o,=-0.89792 MPa) and stretching

occurs in the lower zone of the cavity (at ¢ ~270°
c,=1.31863 MPa).

The obtained results of the mathematical and nu-
merical modeling and the analytical derivations are ex-
plained by the physical nature of the interaction of force
fields in multiply connected domains and the chosen
mathematical model’s correctness. The proposed ap-
proach demonstrates that modeling based on the gener-
alized Fourier method allows for an adequate reproduc-
tion of the actual stress state of the structure.

The result of solving the first and second problems
of Section 3 (construction of a general solution, formu-
las (9) and (15)) is explained by applying the superposi-
tion principle. The introduction of an auxiliary problem
(fIO ) made it possible to analytically describe the stress
field from a load that does not attenuate at infinity, and
the main problem ( le ) corrected this field to satisfy the

conditions on the surfaces of the cavities.

The reduction to a system of algebraic equations
(the third problem in Section 3) was made possible by
the basic functions and the use of addition theorems
(3) = (5), which ensured the accurate "stitching" of solu-
tions in different coordinate systems.

The asymmetry of the stress fields (relative to the
x-axis) revealed in the solution of the fourth task
(Fig. 2) is explained by the occurrence of internal bend-
ing moments relative to the z-axis due to the difference
in boundary conditions on the upper (load) and lower
(support) edges.

The localization of stresses and their rapid attenua-
tion along the z-axis (Fig. 3) is a direct manifestation of
Saint-Venant’s principle: at a distance exceeding the
characteristic size of the load application zone (in this

case, the distance to the support b=30 mm), the influ-
ence of local forces is neutralized.

The increase in stress concentration in the model
with three holes compared to one (difference of 13—
22%, Figs. 3, 4) is explained by the interference of
stress fields from neighboring concentrators and a de-
crease in the bridges’ effective cross-section (stiffness).

The oscillatory nature of the stresses on the hole
contour (Fig. 5) is explained by the redistribution of
force flows that bend around the cavities, creating com-
pression (upper part) and tension (lower zone) zones.

The proposed approach has several advantages
over known methods due to the analytical nature of the
solution and the ability to accurately satisfy boundary
conditions:

1. Unlike works based on the classical finite ele-
ment method (FEM), where accuracy depends on the
mesh density, the result obtained allows the calculation
of the stress at any point with a controlled error (in this
work, 107%) without the need to reconfigure the model.
This is made possible by the use of accurate Lamé equa-
tion basis solutions.

2. Unlike studies that considered periodic loads or
local influences, this result allows the analysis of a layer
under the action of spatially infinite loads of a general
form. This is achieved by introducing the component

60 (formula 9) into the solution structure, which inte-

grates undamped loads.

3. Verification of the proposed approach by re-
ducing it to the special case N = 1 demonstrated its
agreement with the analytical and FEM solutions pre-
sented in [16]. Compared with that work, the result ob-
tained here generalizes the method to the case of an ar-
bitrary cavity system (N cylinders). This made it possi-
ble to identify the effects of mutual influence (a 22%
increase in stresses) that cannot be estimated within the
framework of a single hole model.

The solutions obtained fully address the problem
identified in Section 2. The problem was the lack of
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methods for calculating multiply connected layered bod-
ies under loads that do not decay at infinity. Thanks to
the development of an algorithm combining an auxiliary
task (to account for the load specifics) and a generalized
Fourier method (to account for complex geometry), a
closed solution that correctly describes the SSS of such
a system was constructed.

When applying the results obtained in practice, the
following limitations should be considered:

1. Geometric: the model assumes that the cavities
are circular cylinders parallel to each other and to the
layer boundaries (their surfaces do not intersect).

2. Physical: the material is considered to be per-
fectly elastic and isotropic (this is true for metals in the
elastic range, but not for composites or plastic defor-
mations).

3. Boundary conditions: contact with supports is
modeled through stress distribution (reactions), without
considering friction or separation of the layer from the
support.

The disadvantages include the method’s high
mathematical complexity, which requires the calculation
of special functions (Bessel functions). When the num-
ber of cavities increases or they approach the boundaries
of the layer, solving large systems of equations is neces-
sary (requires an increase in the order of reduction m ).
In addition, the model in this formulation does not con-
sider possible temperature effects.

Further development of this research may involve
adapting the method for thermoelasticity and dynamics
problems. This is relevant because real aircraft struc-
tures (turbine blades, skin) operate under changing tem-
peratures and vibrations. Extending the approach to lay-
ers with reinforced holes (inclusions) or holes of other
shapes is also promising, which will bring the calcula-
tion scheme closer to real engineering structures.

5. Conclusions

The main contribution of this work concerns the
modeling methods: a generalization of the analytical-
numerical Fourier method combined with the auxiliary
problem algorithm is proposed, which for the first time
makes it possible to model, in a closed analytical form,
the stress-strain state of a multiply connected elastic
layer with an arbitrary number of cylindrical cavities
under the action of spatially infinite, non-periodic, non-
attenuating distributed loads. The developed method
removes the limitations of classical integral transforms
for functions that do not decay at infinity, ensures the
exact satisfaction of the boundary conditions on all sur-
faces, and reduces the boundary value problem to a qua-
si-regular infinite system of linear algebraic equations
of the second kind, thereby guaranteeing the stability of
the computational process and providing a solution of
analytical accuracy that purely numerical methods

(FEM) cannot achieve.

1. A mathematical model was constructed, and
the boundary value problem of elasticity theory was
modeled for an isotropic layer weakened by an arbitrary
number of longitudinal cylindrical cavities. A distinc-
tive feature of the developed model is the consideration
of infinitely distributed spatially distributed loads that
do not attenuate at infinity and have no periodic struc-
ture. This made it possible to extend the scope of appli-
cation of calculation schemes to a wider class of real
loads that previously could not be accurately analyzed
using classical approaches.

2. The superposition method was used to con-
struct a general solution to the Lamé equation, which
combines the generalized Fourier method with the aux-
iliary problem introduction algorithm. This solution

structure (U = fJO +le) made it possible to analytically

consider the non-attenuating load component and ensure
the fulfillment of conditions at infinity. This solves the
problem of incorrect integral transformations for non-
attenuating functions and provides an accurate descrip-
tion of displacement fields both in the concentrator zone
and at a distance from them.

3. An effective computational algorithm that re-
duces the fulfillment of boundary conditions on flat
boundaries of the layer and curved surfaces of cavities
to the solution of a quasi-regular infinite system of line-
ar algebraic equations of the second kind has been de-
veloped. The application of addition theorems for basis
functions ensured the exact satisfaction of boundary
conditions at all surfaces points. This approach guaran-
tees the stability of the computational process and al-
lows high accuracy in obtaining results (the error does

not exceed 10~ when truncating the system).

4. Numerically established stress distribution pat-
terns in an aluminum layer with three cavities. Signifi-
cant asymmetry of stress fields and a significant influ-
ence of concentrator interaction have been revealed: the
maximum compressive stresses in the system with three
holes exceed the corresponding values for a single hole
by 13% at the upper boundary and by more than 22% at
the lower boundary of the layer. This is explained by the
effects of stress interference and a decrease in the stiff-
ness of the bridges, confirming the need to use multi-
link models when designing critical structures.

5. The developed algorithm was verified by re-
ducing the problem to the special case of a single cavity
(N = 1). The results obtained are consistent with the
analytical solution and the FEM calculation [16], con-
firming the validity of the proposed approach and its
generalization to a system of N cavities
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HATIPYKEHO-JIE®@OPMOBAHHWI CTAH IIAPY 3 IAITHAPUYHAMHA MMOPOKHUHAMMU IT1]T
JIIEIO MPOCTOPOBO PO3MOJIVIEHNX HABAHTAXKEHb HECKIHUEHOI JIOB)KWHA

H. A. Ykpaineun, T. M. Anvoweuxkina, B. 0. Mipownikos, . B. I pebeniok, B. @. /lemenko, I. 0. Apxunenko

IIpeomemom susuennn cmammi ¢ npoyecu Popmy8anHs HAnpPy’ceHO-0ehOPMOBAHO20 CINAHY 8 I30MPONHOMY
NPYIAHCHOMY WP, WO KOHMAKMYE 3 ICOPCMKUMU ONOPAMU MA NOCAAOAEHUL CUCTNEMOIO NO3008HCHIX YUTTHOPUYHUX
nopodcrhun. Memor € mamemamuune MOOENOBAHHSI HANPYICEHO-0eOPMOBAHO20 CMAHY NPYAHCHO2O wapy i3
3A0aH0I0 KITbKICMIO YULTHOPUYHUX NOPONACHUH, 5IKe NOJS2AE Y PO3POOYL MAMeMamuiHoi MOOeli ma 800CKOHAIeHHI
AHATIMUKO-YUCENbHO20 NIOX00Y HA OCHOBL Y3a2aiibHeH020 Memoody @yp'e 0 mMouHO20 GU3HAYEHHS NOJi6
HANpyJiceHb y HPYICHOMY wapi i3 3a0aHOI0 KIIbKICMIO YUTTHOPUHHUX NOPONCHUH NI0  0i€l0 NpoCmoposo
HECKIHYEHHUX PO3NOOLIEHUX HABAHMAIICEHb. 3A60AHH: CHOPMYIIOBAMU SPAHUYHY 3A0aYy Meopii NPYICHOCMI Ols
6aeamo36’s13H020 Wapy 3 YPAaxy8aHHAM He3amyXaryux Ha HeCKIHYeHHOCI HA8AHMANCeHb, no0Y0y8amu 3a2aibHull
Pp0o38 530K pisuanH Jlame memooom cynepno3uyii, SUKOPUCOBYIOUU ANOPUMM 668€0eHH OONOMIdNCHOI 3a0aui;
36eCmMU SPAHUYHY 3a0ady 00 PO36 SA3aHHS KEA3IpecyIApHOT HeCKIHUEHHOT cucmemu TIHIHUX aneeOpaiuHux piHsHb,
nposecmu YUCeIbHUL aHaRi3 OISl Wapy 3 MpboMa NOPONCHUHAMU MA OYIHUMU BNAUB 83AEMOOTT KOHYEHMPAMOopie Ha
POo3nodin Hanpycens. Bukopucmosysanum memoodom € Y3zacanvnenuti memoo @yp’e, wo 3acmocosanuii 00 wiapy 6
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dekapmosiil cucmemi KOOpOuHam ma NOPOJMCHUH 6 JIOKANbHUX YUMTHOPUYHUX cucmemax koopounam. Haykoea
HOGU3HA NOJS2AE Y CIBOPEHHT 800CKOHANEHO20 NiOX00Y, AKULL NOEOHYE Y3azanbHeHull Memood Pyp’e 3 anzopummom
00noMidCcHOI 3a0aui, 6nepuie 6CIMAHOBIEHO 3AKOHOMIPHOCI PO3NOOINY HANPYX*CeHb Ma KOHYEHMPayii HanpyiceHs 8
OKOJII OMBOPI6 011 GUNAOKY NPOCMOPOBO PO3NOOINEHUX HABAHMAICEHb, WO Oi0Mb HA HeCKinYeHHil 008dcuni. Lle
0an0 MONCIUBICTNG OMPUMAHI MAKi  Pe3yIbMAMmu: KOPeKmHO 68paxy8amu HABAHMANCEHHA, AKI He MAarmo
nepioouunoi cmpykmypu ma He 3amyxaromv HA HECKIHYeHHOCMI;, Ol AIlOMIHIE8020 wapy i3 mpboma
NOPONCHUHAMU OMPUMAHO TOYHI KAPMUHU PO3NOOINY KOMNOHEHM MEH30pd HANPYHCEeHb Md 8USHAYEHO 30HU iX
MAKCUMATLHOI KOHYeHmpayii; ananiz HanpysiceHo20 Cmany noxaszas, wo IeHOPYSAHHS G3AEMHO20 6NIUBY GUDI3I6
npU3600UMb 00 3AHUIICEHHSI PO3PAXYHKOBUX HanpysiceHb Ha noHad 20%. Buchoeku: pesyiomamu 00CHiodxHceHHs
NOSACHIOIMb CKIAOHY G3AEMOOII0 eheKmié 3a2albHO20 32UHY Wapy, JOKAIbHUX Oegopmayii ma inmepgepenyii
MO8 HANPYIHCEHb 8i0 CYCIOHIX KOHYEeHMpamopis. Busenena snauna acumempis HANPyiIceH020 CMAHy nNiomeepoxtcye
HASIBHICMb 32UHANLHUX MOMEHMIB, d WEUOKe 3amyxauus 30ypenv y3eo0acyemuvces 3 npunyunom Cen-Benana.
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nioguwenns ix HadiUHOCMI Ma 8a2080i ONMUMI3AYL.
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