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The paper is devoted to the development of an analytical method for solving spatial problems
of elasticity theory in domains with complex geometric shapes. The application of curvilinear
coordinate systems — paraboloidal and spherical — to the investigation of the stress-strain state
of elastic bodies is considered. The relevance of this research is determined by the necessity of
mathematical modeling of the behavior of structures containing stress concentrators in the form
of paraboloidal notches and spherical cavities, which are frequently encountered in engineering
practice. Basic solutions of the Lamé vector equation describing the equilibrium of an isotropic
elastic body are obtained in paraboloidal and spherical coordinates. Based on the proposed
addition theorems, the relations between the basic solutions of the Lamé equation in
paraboloidal and spherical coordinate systems are established. These relations allow for the
transition from one representation to another when specifying boundary conditions on surfaces
of various geometric shapes. The method proposed in the paper is applied to solve the first
fundamental boundary value problem for an elastic space with a paraboloidal notch and a
spherical cavity. The case where the paraboloidal surface is free from load and hydrostatic
pressure acts on the spherical cavity is considered. The solution of the boundary value problem
reduces to an infinite system of linear algebraic equations with respect to the unknown
expansion coefficients. It is shown that the matrix coefficients of this system possess the
property of exponential decay, which significantly simplifies the numerical implementation of the
algorithm. A rigorous mathematical investigation of the properties of the resulting infinite system
of equations is carried out. The complete continuity of the system operator in the Hilbert space
of numerical sequences is proved under certain restrictions on the geometric parameters of the
problem. The conditions for quasi-regularity and complete regularity of the infinite system are
established, which proves the existence and uniqueness of the solution, as well as the possibility
of obtaining it by the reduction method with any preassigned accuracy. The obtained results can
be used for calculating the stress-strain state of structural elements of complex shape and are
of interest to specialists in the fields of mechanics of deformable solids, applied mathematics,
and computational methods.

Keywords: elasticity theory, axisymmetric problems, addition theorems, Lamé equation,
boundary value problems, infinite systems.

Introduction

The investigation of the stress-strain state of elastic bodies with boundaries of
complex geometric shapes remains one of the urgent problems in the mechanics of
deformable solids. Of particular interest are problems for domains bounded by
surfaces of several canonical coordinate systems, since itis in such structures that the
main stress concentrations determining their strength characteristics arise. That is
why, when considering bodies with paraboloidal or spherical boundaries, it is natural
to apply curvilinear coordinate systems consistent with the geometry of the domain.
The method of separation of variables, which has successfully proven itself in solving
scalar boundary value problems of mathematical physics, can be extended to vector
problems of elasticity theory. In this case, the key point is the construction of basic
solutions of the Lamé vector equation in the corresponding coordinate systems.
For paraboloidal coordinates, such solutions were obtained in [1]. Addition theorems
for solutions of the Laplace equation in paraboloidal and spherical coordinates were
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obtained in [2]. The extension of these results to the vector case allows developing an
effective method for solving boundary value problems for domains of the indicated
type. In this case, the solution reduces to infinite systems of linear algebraic equations
with exponentially decaying matrix coefficients. In the present paper, the application of
addition theorems for basic solutions of the Lamé equation in paraboloidal and
spherical coordinates, the development of an analytical method for solving mixed
boundary value problems based on them, and the investigation of the properties of the
resulting infinite systems of equations are considered.

1. Mathematical Apparatus of the Problem

Let the paraboloidal, cylindrical, and spherical coordinates be related by the
equalities:

C
p=cap , z=2(o"—p") ; pr=p, z=z+h;
p]_:p, ZIZZ—H , plzrlsinel, 21=F1C0591
(0<p, py, 1, @, B<oo; —0<1Z, ;<o ; h>0),

where c is a dimensional factor (¢ >0).

The equations o =const , PB=const define two orthogonal families of
paraboloids of revolution. Hereinafter, we assume that on the paraboloid =8
(Bg =const).

The homogeneous equilibrium equations in displacements for an isotropic body
reduce to the Lamé vector equation:

grad (div U0)+(1-2v)Au=0, (1.1)
where U is the displacement vector; v is Poisson’s ratio.

Let us write the basic solutions of equation (1.1) in paraboloidal coordinates [1]
in vector form:

Uy P (o, B; 1) = Ky (1B) 31 (hor) &, — Ko(B) Jp(rar) &,
U; P(a,Bi2)=4(1-v) uf €, +grad (—cB3ug —p Up),
1P (0 Bin) = 1,(B) 31 (her) &, + 1o (1B) Jo(10) &, (1.2)
U, P (o Bi2) =4 (L-v)up & +grad (cB3ug —p up),
U = K (B) I (ha), Uy = 1y (AB) I (he) (M =1, 2),
where Jy are the Bessel functions of the first kind of order k (k = 0, 2);
I, are the modified Bessel functions of the first kind of order k ;

K are modified Bessel functions of the second kind of order k .

Let us choose the basic solutions of equation (1.1) in spherical coordinates in
the form of vector functions:

n+2
Uy (ry,0)=c gradV, = —[%J [(n+1) P, (cos®;) &, - P} (cos6y) éel]

! (1.3)
Uzsn(rl,el) =(z4 grad —ng)Vrh —% cvn+_2 =
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n
== L & —(n-1— 1 _
. (rlj 2n—1[n(n+X)P”(Cosel)er1 (n-1-%) Pn(00591)691]

n-1
- r
Ul_lsn(rl,el):c gradvn_z(?lj [n Pn(cosel)§r1+Pr}(cosel) éeJ ,

—_ 1_ _
U5 (r1,01)=(21 grad —%&, ) Vg — 2n+3X cgrad V,, =

n+1
r 1 5 1 g,
:(El) n T3 [(n+1) (n+1-y) Py(cos ;) &, +(n+2+y) Py(cosOy) eel} ’

j+1 i
Vi :(:_JJ P;(cos®;) , V| :(%jj P;(cos®;) (j=1,2),
x=3-4v,
where ij(x) are the associated Legendre polynomials; € & (érl, éel) are the unit
vectors of the cylindrical (spherical) coordinate system.
The solutions (1.2) and (1.3) are related by the relations [3]:

U(ry,61) = j Yn(2) Uy (e, B;2) d2,
35,(r1,0,) = js () U5 P (e, B; x)dmjmn(x)ul P, Bi) A ( hs B }
(1.4)

U, P (a,Bin) = Zn;(m Upn(r,0y),
n=1

U7 P (e, Bih) = D an (W) U35 (ry,00)+ D En(M) Up 5 (ry,01)  (rp<h).

n=0 n=1
In the expansions (1.4), the following notations are introduced:

_ ot (A2 _ ot (A"
=2 (2] ke, 509 =-Z (2] ka0
= /2h/c ,

n (1.5)
on) =2 (1 i ) -0 |
n-1 n+l
)= (2] kst 0= (2] ke
2
En(h )——( j {(n D(n-1-y) K (0t _Bo* Kn(xr)]
T 2n-1 T

It can also be shown that the solutions (1.2) and (1.3) are related by the
relations:
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U75(r1,00) = [ 4 (0) Uy P(ouBin) d,
U;sn(rl,el)=T6;(x)02+p(oc,;3;x) dmofm;(x) U P, ;1) di ( H>-P ] ,  (1.6)
0 0

o0
U P(ouBi) =D mi (M) UL, 6y,
n=1

Uy P(aBin) = 2 xn(h) Up(ry, 00)+ > &n(2) Upfy(ry,6y) -
n=0 n=1
The expressions for the quantities v/ (L), 8 (A), of(A), na(A), xh(A), &L
are obtained by replacing the minus sign with a plus sign in the superscript in formulas
(1.5), T —with t=/2H/c and K, (At) —with (-1)™1J (nt).

In deriving relations (1.4) and (1.6), the expansions of basic solutions of the
Laplace equation in paraboloidal and spherical coordinates [2] were used:

n+1 o n+1 2
c 2t ¢ A cp

KO(KB)JO(KOLFZ%(&) Kn(xr)LE} P(cos6;) (ry<h),
=ntit C

n+1 "
[f} Pn(Cosel)—Z( 1) I( j J, () Ko(AB) Jo(ha) dr [H B J
1

'o(kB)Jo(M)=Z%Gj Jn(kt)(%] Pn(cos6,),
n=0 :

t=\2H/c.

Relations (1.4) and (1.6), in conjunction with the Fourier method, can be applied
to solving axisymmetric vector boundary value problems of elasticity theory in
paraboloidal domains 0<B<Bg, By <P <, weakened by a spherical cavity 0<r; <R

. The implementation of such an approach leads to infinite systems of linear algebraic
equations with exponentially decaying matrix coefficients.
2. Solution of the Boundary Value Problem for an Elastic Space Weakened
by a Paraboloidal Notch and a Spherical Cavity

Let us outline the methodology for applying relations (1.4) and (1.6) using the
example of solving the first fundamental problem for an elastic space weakened by a

paraboloidal notch 0<B<B, and a spherical cavity 0<r; <R, provided that

R<h—cB(2)/2. Let us restrict the analysis to the case where the surface of the
paraboloid =, is traction-free, while the surface of the sphere r; =R is subjected

to a hydrostatic pressure of intensity oy >0.
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The corresponding boundary conditions for the problem are:
F‘BZB():O , F‘rlzR:GOérl' (2.1)
We shall express the general solution of the system of Lamé equations in the
form:

u:jAl(x) Ufp(a,s;x)dmjAz(x) U P, B;n) dr+
0 0

o0 o0
+>. Bgl)Uf,sn(rl’el)Jr > B{? Us 5 (., 0y).
n=0 n=1

If, on the basis of relations (1.4), the vector functions U{ 5, (r1,0;), U7, (ry,6;)
, U3’ (r1,0,) are expanded in the vicinity of the paraboloid B=pB,, and the vector

functions U; P (o, B;1), U; P(a,B;2) are expanded in the vicinity of the sphere ry =R,

and the corresponding stresses are computed, then, after satisfying the boundary
conditions (2.1), we obtain the following relations between the integral densities A (1)

, A>()) and the coefficients Br(]l), Bﬁ,z) of the series:

AL )+ A(h) T () + £ ()Y BY () +

n=0

15003 B 5700+ 1093 B 0700 =0,

n=1 n=1

o (2.2)
AL(R) 0f )+ Ag(2) 93 () + 91 (1) D B vp () +
n=0
+9; (M) Y. BP 5,(1)+ 97 (W)Y BP 0 (2)=0 .
n=1 n=1
3
n(c 1+v (2 opC
() 5o =5
BD (k +1)(k + 2)(3]“2 +B® K123k 2v) (Ejk _
k R K ok_1 R
k-1 k+1
R k+1 R
= DWkk-1)|=| -DP® T (k2-k-2-2v)| =] 2.3
K )(c) K 213! V% 23)
k+2 2 k
kc-2+2v(c
BD (k+2 (E] _B(Z)—[_j -
k- (k+2) R ko 2k-1 |R
k-1 2 k+1
=—Dl(<l)(k—1)(5j _D|(<2) k“+2k—-1+2v (B] .
c 2k +3 c

For convenience, we introduce the following notation:

146



BigkpuTi iHbopMaLinHi Ta KoMmn'toTepHi iHTerposaHi TexHonorii, Ne 106, 2025 ISSN 2071-1077(print)
ISSN 2663-2411(online)

DI = [ A () e d+ [ Ay () &) dn,  DP) = [ Ag(2) xic(n) d2.,
0 0 0

fi (M) =—ABy Ko(ABg) — K1(ABg) ,  97(A) =2 By Ky (ABy),
5" (1) =(2v-3)ABy Ko(ABy) —[4 (1-v)+2%BF] Ky (MBy) |
g5 (\) =2 (1-v) 1By Ky (ABo) +A*B*Ko(ABy)
fi (M) =ABo lo(ABp) = 11(ABp), 91 (X)=ABy 11(ABp),
fy (1) =(3-2v)ABo lo(2Bo) —[4 (1-v)+ B3] 11(ABp) .,
07 (M) =2 (1-v)ABg lg(ABo) — 2By Io(ABo).
Let us consider new unknowns bl(<1), bi(f) :

() opc M g@(C “ e @)
R 4G R 4G

Eliminating the functions A(X) , A,(A) from equations (2.2) and (2.3), we
obtain that b{z) =0, sz) =0, and an infinite system of linear algebraic equations:

bi) = > D p® + 3" D) @ 1 £ (k=0, 1, ...),
n=0 n=2

2 (21 -
b2 =3 Dl(m ) p® ¢ > D bP  (k=23,.),
n=0 n=2

fP=1, fP=0 (k=12.),

p@h = K K7D kant (J)[(2k+1)T(21)+(k+1)g sl((ﬁj)},
2 A

D) = D2V 4y o)) *MISD (j=1,2),
e=R/c , agl):sz/(2n+l) , ocgz) =-1/n,
5. =2 k2 +2kv+K+1+v A kZ - 2kv+k+1—v

(2.4)

(Dk k = )
(k+2) (2k +3) 2k —1
—k—n°0
T =24 [ e ] 5
(22) 't_k n+2 | da
T2 =_zr [ &) [on()+8,(1) Ap(1)] == Ol
—jnk(x) (1) Ay ()~ 5, (4) Ag(M)] - }
n 1 3 A(?\.)
ey _ 27" Ty vn()
Sk = (k+1)! nlI A(M) a,
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—k-n
(22) _ T dr
=2 G (D1 j 1cM[on(R)+8,0) 4] 175

Tn() = x”+2Kn+1(>u:) . 8 =A"Kpy (M),

n 2
o) =1 {”;:fl") Kot -2 Kn(xr)},

M) =K (1), 0 () =28y (W),

2
akm=x“‘1{(k‘l)(k‘1"‘) K () 222 Kk(xr)} ,
T

2k -1
AQ) = 2(1-v) KE (1Bo) +2.7 B3 [KE (ABo) — K§ (MBo)] .
Ap(AM)+2-2v=2v-2-A1(A)=2(1-V) K{(ABg) 11(ABg) +
2285 [Ky(Bo) 11(MBo) + Ko(1Bo) To(ABo)] .
As(W) =22 B3 —2(1-v)(1-2v).
3. Investigation of the Infinite System of Linear
Algebraic Equations

We investigate the properties of the infinite system (2.4). To this end, we prove

that its operator is completely continuous in |1, for R <h— CB% /2.
Based on the chain of inequalities [4]:

Ki(x) > Ko(X), 1o(x)>11(x),
1o () Ko (X)< 1o (XK1 (X)< 1 (XK1 (X)+ 13 () Ko ()= X",
11 () Kg ()< 1o () Kg ()< X,

Ky (X)= Ie_xcmcht dt > Ie_xcmsht dt=x"te X,

K{2(x) < x%e 2X < 2x%ch2x
we have the following estimates:
1 Bh 2
AGY <1_ A~ch2)\ By,
(3.1)

\Aj (k)‘ < 2(1—v)(1+mj+ 2By (j=12).

Considering the structure of the matrix coefficients DéH) and inequalities (3.1),

the investigation of the properties of the infinite system (2.4) is reduced to the
estimation of integrals of the form:

Rim = [ ™K (h1)Kpn (Ar)eh 22Bgdh =7 ™SRy,
0
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Rim = Tx”””s K (X)K (%) ch(Z—EO x}dx
0

(1=0,,2,..., m=0,12,..., s=1,n).
Using the Cauchy—Schwarz inequality:

Rﬁn <RyRmm. Rj :J‘X2j+SKJZ(x) ch(@xjdx,

and the integral representation [4]:

t Xel +xe™ H2u)
K (XK, (x)= [ etb-Vt) 22 778 K. . . (u)dt,
LXK, (X) L (Xe +er iy (U)

u=\/X2+x2+2X-x-ch2t, X>0, x>0,
we consequently obtain:

jj=2 j dt j x21+5K21(2xcht)ch( 2Bo )

Rjj < 2J‘dtjx2j+S K2j+s(2xcht) ch(% xjdx (s=1n).
0
Based on the equality [5]:
IXV K., (cx)cosbxdx = 2V 1/rc I (v +1/2)(b? + cAyv12,
0

where T'(X) is the Gamma function, for v=2j+5s, b=2iBy/t and c=ch2t, we
obtain:

ch?*Stdt
(Cth BZ —2)2j+S+]/2

Rj; <£F(2] +s+1/2)j

By setting ch’t —Bzr_z = u(l—Bor ) we rewrite this inequality as follows:

. J_r(21+s+1/2)j[551—2+(1 o ]
1] 4(1— BZ 272 j+S 21+S+]/2\/UT
Since U >CB0/2 then O<B -2 +(1—B§r‘2)u <U. Therefore:
fr(21+s+y2) Cmr@2j+s+12)  a¥2(2j+59)!
i < 41— Zr2)21+s -[u\/—l 41— pZr-2)20+s < 41— BRr2)2Irs
It follows that:

‘ D{

du .

r'(n+k+1)

<M 21"
(2B2)n+k+l

RX (M =const, M >0). (3.2)
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With the aid of estimate (3.2), it is readily verified that, for R<h—CBg/2

(rz —BS > 2¢), the following inequalities hold:

z kn 0 ) J ! . (33)
(ka I )

Inequality (3.3) and the fact that {fk(i)} belongs to the Hilbert space of
numerical sequences |, imply, that the operator of the infinite system (2.4) is

completely continuous from |, into |, for R < h—CBg/Z. It follows that for almost all

values of the parameter 80=R(h—CB%/2)_1€(0,1), the solution of the infinite

system (2.4) in |, exists, is unique, and can be found using the reduction method [5].
Since the corresponding homogeneous boundary value problem has only the trivial
solution, this conclusion is valid for all €5 € (0,1). Estimates (3.2) also allow us to

conclude that the infinite system (2.4) is quasi-regular for 0 <gp <1 and fully regular

for O<gg<gy for some gye(0,1), while the matrix coefficients D&H) decay

exponentially for K +n — oo. The constraint 0<gy <1 on the possible values of the
parameter g is naturally associated with the formulation of the problem under
consideration and implies that the sphere 1 =R and the paraboloid 3=pq neither

intersect nor touch each other.

Conclusions

1. An analytical method is proposed for solving three-dimensional problems of
elasticity theory for domains of complex geometric shape bounded by intersecting
coordinate surfaces of the paraboloidal and spherical coordinate systems.

2. Basic solutions of the vector Lamé equation are constructed in paraboloidal
and spherical coordinates, describing the equilibrium of an isotropic elastic body.

3. Formulas for re-expansion (addition theorems) linking the basic solutions of
the Lamé equation in paraboloidal and spherical coordinate systems are derived to
enable the exact satisfaction of boundary conditions on surfaces of different shapes.

4. The first fundamental boundary value problem for an elastic space weakened
by a paraboloidal notch and a spherical cavity has been solved. The specific case
considered involves a traction-free paraboloidal surface and hydrostatic pressure on
the cavity, reducing the problem to an infinite system of linear algebraic equations.

5. A rigorous mathematical investigation proved the complete continuity of the
system's operator in the Hilbert space (under geometric constraints) and established
quasi- and full regularity, theoretically justifying the existence, uniqueness, and
applicability of the reduction method with arbitrarily prescribed accuracy.
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Po3B'si3aHHS mepuIOi 0CHOBHOI 3a/1a4i Teopil NPYKHOCTI
JJIS IPOCTOPY 3 Mapa0d0.J10i1aJIbHUM BHPi30M
Ta ChepUYHOI0 OPOKHUHOKO

PoboTy nprcBaveHo po3pobui aHaniTMMHOro MeToAy PO3B'a3aHHSA MPOCTOPOBUX
3agay Teopil NpyXHOCTi B obriactsax CKnagHoi reoMeTpuyHol popmu. Po3rnsiHyTo
3aCTOCYBaHHSA KPUBOSIHIMHMX CUCTEM KoopaMHaT — napabonoiganbHoi Ta chepuyHoi
— 00 OOCHiSKEHHSA HanpyXeHo-4edopMOBaHOro CTaHy NPYXXHUX Tin. AKTyanbHICTb
Takoro [ocCnigXeHHs1 oOyMoBreHa HeOoOXiaHICTIO MaTemMaTU4YHOro MOAENHOBaHHSA
NnoBeaiHKM KOHCTPYKLIiN 3 KOHLEHTpaTopamMun HanpyxeHb y BUrnsai napadonoigansHmx
BUPI3iB | CPEepUYHMX NOPOXKHUH, SKi YacTO TPansTbCA B IHXEHEpHIn npakTuui.
OTpumaHo 6a3ucHi pO3B'A3KM BEKTOPHOrO piBHSAHHSA Jlame, WO onucye piBHOBary
i30TPOMHOro Mpy)XHOro Tina, y napabonoiganbHux i cdepnyHmnx koopauHaTax. Ha
OCHOBI 3aMponoHOBaHWX TeOpeM Ao4aBaHHA BCTAHOBMIEHO CHIBBIAHOLIEHHS MixX
©a3ncHMMK po3B'sa3kamm piBHAHHSA Jlame y napabonoiganbHin Ta chepuyHin cuctemax
kKoopauHaTt. Lli cniBBigHOLWEHHA O03BONAIOTL NEpexoauTu Bi4 OAHOro NofaHHA [0
IHLIOro y pasi 3afjlaHHs rpaHNYHNX YMOB Ha MOBEPXHAX PI3HOI reOMeTPUYHOI (DOPMM.
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3anponoHoBaHu y poboTi METOA 3aCTOCOBAHO [0 PO3B'AA3aHHS NEePLUOi OCHOBHOI
rPaHNYHOI 3adadvi Ana NpPYXHOro npoctopy 3 napabonoiganbHUM  BUPI3OM i
ChepMYHOI0 NOPOXHMHOKW. POo3rnsaHyTo BMNagok, Konu napabonoigansHa noBepxHS
BiflbHa Bi HaBaHTaXeHHHA, a Ha CEPUYHIN MOPOXHWUHI Ai€ rapoCTaTUYHUA TUCK.
PosB'A3aHHA KpanoBOl 3adadvi 3BedeHO [0 HECKIHYEHHOI CUCTEMU  MiHIMHUX
anrebpalyHux piBHSAHb BIAHOCHO HEeBIAOMMX KoediuieHTiB po3knagy. lNokasaHo, wo
MaTpPUYHi KoediliEHTUN LiET CUCTEMU eKCMOHEHLINHO cnagatoTb, WO CyTTEBO CMpOLLye
yucenbHy peanisauito anroputmy. NpoBedeHo cTpore mMatemMaTuyHe LOCHiOKEHHS
BnactmBocTen 3000yTOl HeCKiHYeHHOI cucTeMu piBHSAHb. [loBe4eHO MOBHY
HenepepBHICTb onepaTtopa cuctemMn Yy rinb6epToBOMYy MPOCTOPI  YMCNOBUX
nocnigoBHOCTEM 3a MNEeBHUX OOMeXeHb Ha TreoMeTpuU4Hi napameTpu 3ajadi.
BcTtaHoBneHo ymoBWM KBasiperynapHOCTi Ta MOBHOI pPerynsipHOCTi HEeCKiHYEeHHO!
cucTeMN, LLO AOBOAUTL iCHYBaHHS Ta €AMHICTb PO3B'A3KY, @ TaKOX MOXIUBICTb MOro
3HaxXOKEHHA MeTOAOM peayKuii 3 Oyab-aKoK Hanepeq 3a4aHoko TOYHICTIO. OTpuMaHi
pesynbTatn MOXyTb BYTU BUKOPUCTaHI ANs po3paxyHKy HanpyXeHo-aedopmMoBaHOro
CTaHy eneMeHTiB KOHCTPYKLUiN cknagHoi hopmu i CTaHOBNATL iHTepec Anga daxiBuiB y
ranysi MexaHikm gecopmiBHOro TBepAoro Tina, nNpukKNagHol mMaTtemaTuku Ta
obumncnoBanbHUX METOAIB.

Knroyoei crnoea: Teopis nNPYXHOCTI, OCECUMETPUYHI 3ajadi, Teopemu
[oaaBaHHs, PiBHAHHA Jlame, rpaHnyHi 3agadi, HECKIHYEHHI CUCTEMM.
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