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NUMERICAL TREATMENT OF POLYMORPHIC SPECIES IN MULTIPHASE
CHEMICAL-EQUILIBRIUM SOLVERS

This article presents a phase-stability criterion for treating polymorphic condensed species in high-fidelity chem-
ical equilibrium modeling. The aim of the article is to prevent polymorph locking, invalid coefficient usage, and
unstable phase switching in Gibbs free-energy minimization when composition-identical solid phases exhibit
small free-energy differences near solid-solid transition boundaries. The methods are rooted in identifying com-
positionally identical condensed candidates, separating true polymorphic families from solid-liquid phase-tran-
sition cases, and inferring solid-solid transition temperatures from thermochemical-database interval adjacency
using a dedicated phase-transition detection procedure. The stable polymorph is selected based on the current
temperature relative to the inferred boundary, while preserving elemental composition and stoichiometric con-
straints. If no transition temperature can be reliably inferred, a temperature-validity check is applied, and out-
of-range polymorphs are replaced with admissible counterparts of identical composition. This phase-admissi-
bility layer is coupled with the condensed active-set stability test, ensuring that only thermodynamically stabi-
lizing condensed phases remain in the equilibrium solution. The scientific novelty of the article lies in the explicit
integration of polymorph phase-stability logic into KKT-based multiphase combustion-equilibrium iterations
and active-set decision procedures. The proposed criterion regularizes solid-solid switching, prevents thermo-
dynamic-data leakage outside valid polynomial intervals, and improves convergence robustness near phase-
boundary regions. Benchmark temperature-sweep cases involving Cr,O3; polymorphs demonstrate stable tem-
perature-dependent phase selection and agreement with NASA CEA at the property level, with an average rela-
tive error of approximately 0.05%. The results show that explicit phase-stability criteria provide a physically
consistent and robust foundation for modeling polymorphic species in multiphase chemical equilibrium calcu-
lations.

Keywords: chemical equilibrium modeling; polymorphic species; phase stability; Gibbs free-energy minimiza-
tion; condensed phases; solid-solid phase transition; active-set method; thermochemical database; high-tem-
perature combustion; KKT-based equilibrium solver

phase admissibility constraints. For gas-dominated com-
bustion, this approach is usually robust for predicting
flame temperature, product composition, and mixture
properties. In systems involving condensed species,
phase boundaries, triple-point neighborhoods, or multi-
ple crystalline forms of the same compound, however,
the solution also depends on correctly identifying the
thermodynamically admissible phase at the current tem-
perature and pressure.

1. Introduction

High-fidelity chemical equilibrium modeling is a
fundamental tool in the preliminary and refined design of
aerospace propulsion systems. In jet and rocket engines,
the equilibrium state of combustion products determines
flame temperature, molecular weight, specific heat,
throat sonic conditions, nozzle expansion, thermal load-
ing, and overall performance [1, 2, 3]. Under severe pres-

sure-temperature conditions, dissociation, minor-species
formation, condensed phases, and strong thermody-
namic-property variations must be treated explicitly [4,
5, 6]. Therefore, Gibbs free-energy minimization remains
a central method for predicting reacting-mixture compo-
sition and properties under prescribed thermodynamic
constraints [7, 8, 9, 10].

Classical equilibrium programs, including NASA
CEA and related thermochemical solvers, have long pro-
vided a reliable basis for combustion analysis [11, 12,
13]. They determine equilibrium states through minimi-
zation of the total thermodynamic potential of a multi-
component system under elemental-conservation and

Condensed-phase treatment is critical in high-tem-
perature combustion systems containing metal species,
oxidized particles, solid residues, or condensed interme-
diates. The solver must determine whether a condensed
species should be activated, removed, or replaced by an-
other phase with the same composition. While this is sim-
ple when Gibbs free-energy differences are large, near
phase-transition boundaries competing phases may have
nearly equal potentials. As a result, small errors in tem-
perature, polynomial evaluation, or active-set selection
can cause incorrect phase selection, oscillations, or use of
coefficients outside their valid temperature range.

Among condensed-phase difficulties in combus-
tion-equilibrium modeling, polymorphism is especially
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important and often underestimated. It denotes the exist-
ence of multiple solid phases of the same compound,
each with a distinct crystal structure and thermodynamic-
property representation [14, 15]. In constrained Gibbs-
minimization, polymorphs are not different chemical
substances but competing condensed forms with identi-
cal elemental composition and different Gibbs free-en-
ergy functions. Therefore, the solver must explicitly se-
lect the phase thermodynamically stable at the current
state. Otherwise, it may lock onto an initially active pol-
ymorph even after the temperature crosses the transition
region.

The difficulty increases because solid-solid transi-
tions usually occur over narrow temperature intervals.
Although Gibbs free energy remains the governing po-
tential, its derivatives may change abruptly, weakening
the smoothness assumptions of Newton-type solvers.
This can make the Jacobian ill-conditioned, alter the con-
densed-species active set suddenly, and cause stagnation
or nonphysical phase switching [16, 17, 18, 19]. Similar
behavior occurs near vapor-liquid, solid-liquid, and tri-
ple-point conditions, where the phase assemblage is
highly sensitive to small thermodynamic perturbations
[17, 20]. These effects directly affect the predicted spe-
cies distribution, enthalpy, entropy, and heat-release
characteristics of the equilibrium mixture.

Accurate phase-stability treatment depends on reli-
able and internally consistent thermochemical data. Equi-
librium calculations require temperature-dependent heat
capacity, enthalpy, entropy, and Gibbs free energy for all
candidate species [21, 22], which are commonly repre-
sented in combustion solvers by NASA-type polynomial
coefficients over finite temperature intervals [23]. For
polymorphic condensed species, each phase may have its
own validity range, and the transition boundary may be
inferred from interval adjacency or overlap. Therefore,
evaluating a polynomial outside its admissible range can
introduce an artificial thermodynamic preference and
cause incorrect phase selection. A consistent polymorph-
selection method must therefore combine Gibbs-poten-
tial comparison, temperature-validity checking, and data-
base-based phase-boundary detection.

In high-pressure combustion systems, real-gas be-
havior, non-ideal interactions, and strong composition-
property coupling introduce additional modeling chal-
lenges [24, 25, 26]. Although ideal-gas assumptions re-
main useful in many propulsion calculations, condensed
phases introduce inequality constraints and phase-ap-
pearance conditions that must be solved together with the
equilibrium equations. Active-set logic is therefore effec-
tive: condensed candidates are activated only when their
chemical-potential condition indicates admissibility,
whereas unstable phases are removed. For polymorphic
species, however, this logic must also identify composi-
tion-identical solid candidates and prevent simultaneous

or incorrect selection of incompatible phase forms.

The present article addresses the formulation of
phase-stability criteria for polymorphic species in high-
temperature chemical equilibrium modeling. Polymor-
phic condensed species are identified by identical ele-
mental composition and treated as alternative phase rep-
resentations rather than independent chemical products.
After detecting a polymorphic family, the solver attempts
to infer a transition temperature from the thermochemical
database. When this boundary is available, the stable pol-
ymorph is selected according to the current temperature;
otherwise, temperature-admissibility logic replaces an
out-of-range polymorph with a valid composition-identi-
cal alternative. This procedure prevents thermodynamic
data leakage, reduces artificial phase locking, and im-
proves the physical consistency of the equilibrium solu-
tion. By addressing these issues, the work supports the
development of more reliable multiphase equilibrium
solvers for combustion systems involving complex con-
densed species, high-temperature dissociation, and
phase-sensitive thermodynamic behavior [27, 28, 29].

2. Chemical Equilibrium Model

The equilibrium composition is obtained by mini-
mizing Gibbs free-energy G subject to elemental con-
servation and nonnegative species amounts:

> AN;-B; =0 1)

InEq. 1 A is the elemental-composition matrix,
B; is the assigned elemental abundance, N; is the spe-

cies moles and n, is the total number of species. Intro-
ducing Lagrange multipliers gives

4 Mg
L= N+ kj(Bi_ZAiij] @

The equilibrium condition 3£ =0 yields
M+ 2 0A; =0 ®)

The chemical potential is pressure-sensitive for gas-
eous species but weakly dependent on pressure for con-
densed phases, which are nearly incompressible [30, 31].
Therefore, the chemical potential is written as

. 4 .
|ui+é.In(pNjnt) 1<jeZ<n, @
! u; 1<jeZ<n,
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where n, and n, are the numbers of gaseous and con-

densed species, respectively. Eq.'s 1 and 3 define the
equilibrium composition for assigned pressure and tem-
perature, p=p. and T=T.. For constant pressure and
enthalpy problems (PH), the additional condition is
h=h., with h :szjH} . For constant pressure and

entropy problems (PS), the additional condition is s =s.
, Where s = ZJN.S‘

;S; » Where S, , representing the entropy

of species j, can be expanded as
S'—R.In(pN.n") 1<jeZ<
Sj={i ) 1ictan,
S; 1<jeZ<n,
The resulting nonlinear system is solved iteratively

by linearizing the equilibrium and conservation equa-
tions. The unknown corrections are AInN; for gaseous

species, AN, for condensed species, Alnn, the nondi-

mensional multipliers TI, =xi[RoT]’1, and, when re-

quired, AInT . These variables define a coupled Newton-
type update for composition, mixture size, elemental po-
tentials, and temperature. For constant pressure, the line-
arized equilibrium equations are:

4 HAINT  p
AInN; —ZA”Hi ~Alnn-——— = _¢Tj (6)
i=1 o
for gaseous species, and
C o
—4. ) AL —H{AINT = —; @
i=1

for condensed species. The elemental-balance and Dalton
constraints are

Ty N
D ANAINN, +> A AN, =B, -B, 8)

nZgNj(Alan+1)=n(A|nn+1) ©)

=

Eq.'s 6-9 form the base system for the constant-pressure
and constant-temperature problem. The PT formulation
treats pressure and temperature as prescribed, while PH
and PS introduce temperature as an unknown and impose
enthalpy or entropy closure, respectively, as
H(T,p,N)=H. and S(T,p,N)=S.  (10)
To solve the equilibrium composition system, the
Descent Newton-Raphson (DNR) method is applied. It

combines Newton curvature information with a con-
trolled descent strategy. For a nonlinear objective func-

tion f(X), the classical Newton direction is written as
PM = V2 (X, ) VF(X,) (11)

where Vf(X,) and V*f(X,) are the gradient and Hes-

sian at the current iteration. Although this direction gives
rapid quadratic convergence near a well-conditioned
minimum, it may fail when the Hessian is indefinite, sin-
gular, or poorly conditioned. To improve robustness, the
DNR method introduces damping, regularization, or line-
search control so that each iteration follows a descent di-
rection and avoids unstable updates. The general update
is expressed as

Xy =X+, Py (12)

where a, €(0,1] is chosen to ensure sufficient decrease

of the objective function. Away from the solution, DNR
behaves as a stabilized descent scheme, while near con-
vergence it approaches the classical Newton-Raphson
form. This makes it suitable for nonlinear and ill-condi-
tioned engineering problems. Tab. 1 summarizes the
comparison between the classical and descent Newton-

= e Raphson methods.
and
Table 1
Comparison of Newton-Raphson Methods
Classical Newton- . .
Component Raphson Descent Newton-Raphson (Adaptive Step Size)
Step Direction —H'vf Same

Step Size a=1 o, €(0,1] via Line Search
Descent Guarantee Not Guaranteed Guaranteed with Proper a Value
Global Robustness Limited Improved
Local Convergence Quadratic Quadratic

Applicability

Best Near Minimum

Effective Both Near and Far from Minimum
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In addition, the DNR method is widely used in
large-scale numerical optimization, machine-learning al-
gorithms, and engineering-design problems, where both
convergence speed and stability are crucial. By combin-
ing the curvature-based precision of Newton's method
with the robustness of line-search techniques, this ap-
proach strikes a balance between local accuracy and
global convergence. The inclusion of an adaptive step
size ensures that each iteration yields a decrease in the
objective function, making the method more reliable in
practice, especially when the initial guess is far from the
optimum or the Hessian is not positive definite.

3. Computational Framework

Robust phase-boundary handling is essential for ex-
tending a gas-only equilibrium solver to propulsion-
grade condensed-regime calculations. In the present
framework, composition-identical condensed phases are
detected, transition boundaries are inferred from database
validity intervals, and PH iterations use modified loga-
rithmic updates with boundary snapping and coexistence
tolerance. These procedures ensure that phase activation
and deactivation remain thermodynamically consistent
even near sharp transition regions, where small tempera-
ture changes can otherwise trigger unstable phase switch-
ing. As a result, repeated phase-boundary crossing is sup-
pressed, coefficient validity is preserved, and the nonlin-
ear equilibrium solve remains stable, as summarized in
Tab. 2.

Table 2

Core Transition Utilities and Their Thermodynamic Meaning

Utility/Quantity Implementation Role

Thermodynamic Interpretation

Returns T, for Solid-

meltingPoint o .
Liquid Pair

Proxy for Solid-Liquid Coexistence Boundary
(Melting Temperature)

phaseTransitionPoint Returns T,_,

Solid-Solid Transition Inferred from Database
Adjacency and Bounds

Defines Coexistence

triplePointTolerance Band Around Boundary

Numerical Tolerance for Triple Point/Coexistence
Activation

The solver detects solid-liquid coexistence by
searching for condensed candidates with identical ele-
mental atom vectors and treating them as alternative
phase representations of the same chemical formula.
When both Solid and Liquid labels are present within
such a composition-identical group, the transition is clas-
sified as a melting boundary. The corresponding melting
temperature, T, , is then evaluated using melting-

Point, which scans the matching database records and
infers the boundary from the liquid lower-temperature

limit or the solid upper-temperature limit. This approach
is consistent with the NASA polynomial validity seg-
mentation, where phase changes are represented indi-
rectly through adjacent temperature intervals rather than
through an explicit phase-diagram table. Thus, the solver
identifies solid-liquid boundaries directly from the ther-
mochemical database, as summarized in Tab. 3. As a re-
sult, the phase-transition logic remains fully database-
driven and does not require additional empirical melt-
ingPoint input.

Table 3

Decision Logic for Solid-Liquid Coexistence Near Melting Point

Step Input Data

Computational Action

Phase Differentiation Species Phase Labels

Detect Presence of Solid and Liquid Representations

Coexistence Classification Matched Species Set

Classify System as Potential Melting Boundary

Melting Temperature In-
ference

Temperature Intervals
(Database)

Compute T,, via Lower Liquid Bound or Upper Solid
Bound

The refinement over a naive approach lies in how
the solver reacts when the iterated temperature ap-
proaches T . Rather than allowing temperature updates
to oscillate across the boundary and repeatedly flip the
active phase, the algorithm introduces a tolerance
band defined by triplePointTolerance. When

|T—T,| is larger than this tolerance, the solver enforces

asingle-phase selection rule: if T <T,, liquid candidates

are replaced by solid entries of identical composition; if
T >T,,, the inverse replacement is applied. This replace-

ment does not change stoichiometry, and therefore pre-
serves the feasibility of elemental constraints, but it

changes the thermodynamic functions (p'(T), H'(T),

etc.) in a proper way. If [T—T,| is less than triple-

PointTolerance, the solver declares a triple-point co-
existence regime by setting triplePointDetector to



38

ISSN 1727-7337 (print)

ABIAIITHO-KOCMIYHA TEXHIKA I TEXHOJIOT TSI, 2026, Ne 4(212) ISSN 2663-2217 (online)

True, activates the second phase explicitly by adding it
to the condensed set with an initial amount of zero, and
snaps the iterated temperature to T, . This snapping is a

critical stabilization step: it transforms a numerically stiff
crossing of a discontinuous admissibility change into a
well-defined coexistence point at which both phases
are admissible. This prevents artificial phase flip-flop
and keeps the active-set structure consistent during the
Newton update. Consequently, the discontinuous phase-
selection problem is converted into a controlled coexist-
ence treatment without violating thermodynamic admis-
sibility.

A central practical question in triple-point and
phase-boundary handling is the selection of the coexist-
ence tolerance ¢, implemented as triplePointTol-
erance (see [32]). This parameter defines the tempera-
ture band within which the solver (i) treats two composi-
tion-identical phases as simultaneously admissible, (ii)
activates the coexisting phase explicitly, and (iii) snaps
the iterate to the boundary temperature, e.g., T—=T,

(see Fig. 1).

@—> Identical Phases Detection

Coexisting Phase Activation

v

Snaps Temperature as T,

©

Fig. 1. Phase Change Handling Workflow at Melting
Boundary

If € is too small, the solver may repeatedly cross
the phase boundary, causing phase flip-flop, data-validity
loss, and slow convergence. If € is too large, coexistence
may be activated too far from the boundary, giving un-
physical phase freedom and biased compositions. There-
fore, € must be chosen as a regularization tolerance
based on database temperature intervals, local property
curvature, and the PH/PS temperature-correction scale.

Here, ¢ is treated as a temperature-space capture
radius around database-inferred phase boundaries.
These boundaries correspond to melting points for solid-
liquid transitions and polymorphic transition points for
solid-solid cases. Near T, discontinuous polynomial

segmentation and condensed-phase active-set switching
make the Newton update sensitive to the sign of T-T,.

The coexistence tolerance stabilizes this behavior by

stopping repeated boundary chasing and solving the equi-
librium at the boundary with both phases admissible.
A suitable ¢ must both capture the boundary and

avoid excessive phase activation. If ATY is the un-
damped temperature correction and o is the damping

factor, the effective step is a‘AT(")‘ ,or a‘AIn T(")‘T for

multiplicative temperature updates. Therefore, ¢ should
be larger than the characteristic damped temperature step
near the boundary, but smaller than the temperature range
over which the competing phase descriptions become
thermodynamically distinct:

€ na|AT|D (13)

Here, 1<neR <3 is a safety factor, and |AT|° is the

typical temperature-correction magnitude observed dur-
ing condensed-phase activation or swapping. To avoid
premature coexistence, € must also remain small relative
to the narrowest relevant database temperature interval
and within a locally linear thermodynamic-property
range:

e AT

int,min and S |HO (T)VTl’lu |.|.:.|.h (14)

The first bound ties € to database segmentation; the sec-
ond ties it to the local scale of variation of the standard
chemical potential, and by extension h and s, near the
boundary.

In practice, the solver uses a global tolerance, tri-
plePointTolerance, for simplicity and reproducibil-
ity. Its purpose is to prevent phase flip-flop when compo-
sition-identical condensed phases alternate while T re-
peatedly crosses the inferred boundary T, . If the toler-

ance is too small, boundary shapping is not activated and
convergence may slow due to repeated active-set recon-
struction. If it is too large, shapping may occur prema-
turely and artificially constrain the thermodynamic state.
Thus, triplePointTolerance is chosen asa compro-
mise between reliable boundary capture and thermody-
namic localization.

4. Findings and Discussion

Polymorphic and solid-solid transitions are exam-
ined using a constant-pressure and constant-temperature
model temperature-sweep benchmark for metal-contain-
ing multiphase systems. The test stresses condensed-
phase stability and polymorph selection, where small
temperature changes can switch the stable solid form
without changing pressure or mixture ratio. Results are
compared directly with NASA CEA to isolate differences
caused by phase-selection logic.
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Table 4

Polymorphic Transition Verification Cases

Case ID

Inputs to Simulate (Fuel/Oxidizer, Temperatures,
O/F, Pressure, Constraint)

PPT-1, PPT-2, PPT-3, PPT-4

Fuel: Liquid CH4 (95%, 111.643 K), Cr (5%, 298.15 K),
Li (5%, 298.15 K); Oxidizer: Liquid O, at 90.17 K;
O/F=5.00; 200 bar; 250, 308, 312, and 350 K

Tab. 4 fixes pressure and mixture ratio while sweep-
ing temperature across a range sensitive to solid-solid
transitions. Chromium was included as a condensed test
species because it provides a sensitive and physically
consistent case for verifying phase-boundary handling in
the solver. In the considered temperature range, chro-
mium has thermodynamic-property representations that
change across a narrow solid-state transition region,
while the chemical composition of the condensed species
remains identical. Therefore, any change in the calcu-
lated equilibrium state is not caused by a change in ele-
mental abundance, pressure, or mixture ratio, but by the
solver’s ability to select the thermodynamically admissi-
ble condensed form. The relatively small chromium frac-
tion is sufficient to activate the relevant condensed-phase
candidates without dominating the methane—oxygen
combustion system, making it suitable for isolating nu-
merical behavior near polymorphic or solid-state transi-
tion boundaries. Consequently, Cr serves as a controlled
verification species for testing phase selection, database-
interval validity, and active-set stability in comparison
with NASA CEA.

The cases are first reduced to the fixed elemental
abundance vector B, ; any changes with T then reflect

phase selection and are compared to NASA CEA.
8O

Em PPT

5Li |

1 1 L1l 1 L 1111 Iﬂ
1073 102 107!
Fixed Elemental Abundances, B;’

1074

Fig. 2. PPT: Elementary Composition
Fig. 2 shows the fixed elemental abundance vector
B, for the PPT mixture (C, H, Cr, Li, O). Since pressure

and mixture ratio are constant across the sweep for dif-
ferent problems, B, is unchanged and any differences

are temperature driven phase effects.

Table 5
Polymorphic Cases: Molecular Weight and Enthalpy
Property Value Unit
Molecular
Weight 27.2081 g/mol
Enthalpy -917.3943 kJ/(kg-K)

Tab. 5 summarizes the reactant-side mixture molec-
ular weight and enthalpy for the PPT benchmark. Be-
cause the reactant composition is kept identical through-
out the temperature sweep for all case studies, both quan-
tities remain unchanged across all PPT cases. They there-
fore define a fixed inlet thermochemical reference state,
allowing the observed differences in the results to be at-
tributed primarily to temperature-dependent polymor-
phic phase selection rather than to changes in mixture
composition.

After the elemental composition of the propellant
mixture is determined, and the corresponding mixture
molecular weight and enthalpy values are evaluated, the
convergence behavior of the equilibrium solution can be
analyzed through the iteration history of the regulariza-
tion parameter and the Lagrange multipliers. The study
of the variation of these two parameters is quite enough
to make sure that the results are stably converged. The
variation of the regularization parameter indicates how
strongly the Newton correction is damped during the
early and near-boundary stages of the solution, while the
evolution of the Lagrange multipliers reflects the stabili-
zation of the elemental-balance constraints. Therefore,
these quantities provide useful diagnostic measures for
assessing whether the nonlinear equilibrium system ap-
proaches a stable and physically consistent solution. A
smooth approach of these parameters toward nearly con-
stant values indicates that the active set and thermody-
namic state have become consistent. Conversely, persis-
tent oscillations or abrupt jumps may indicate phase-
boundary switching, excessive damping, or an ill-condi-
tioned equilibrium update.
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Fig. 3. Polymorphic Transition Cases: Regularization Parameter

Fig. 3 shows the evolution of the regularization pa-
rameter t for the PPT temperature-sweep cases. In all
four benchmarks, t<1 during the early iterations indi-
cates damping of the update step while the solver stabi-
lizes the condensed-phase selection and approaches the
equilibrium state. As the residuals decrease, T ap-
proaches unity, showing that the corrections become well
behaved and that full steps are gradually accepted. The
consistent relaxation of t across the temperature sweep
indicates stable numerical treatment of polymorphic
phase selection despite the changes in the preferred solid
form with temperature.

The behavior of the regularization parameter con-
firms that the solver does not rely on abrupt or uncon-
trolled Newton corrections near the polymorphic tran-
sition region. Instead, the parameter remains below unity
when the equilibrium problem is locally ill-conditioned,
thereby reducing the correction magnitude and prevent-
ing excessive movement across competing phase
boundaries. Once the active condensed phase becomes
consistent with the thermodynamic state and the residual
structure becomes smoother, the regularization parame-
ter increases toward unity. This behavior demonstrates
the intended transition from a damped, stabilized itera-
tion regime to a nearly full Newton-type correction re-
gime, which is essential for maintaining both robustness
and convergence efficiency in phase-sensitive equilib-
rium calculations.

This gradual increase also indicates that the solver

avoids premature acceptance of large updates while the
active set is still uncertain. In the PPT cases, such behav-
ior is particularly important because small temperature
changes can alter the preferred chromium solid form and
temporarily flatten the local Gibbs free-energy land-
scape. Therefore, the observed regularization trend sup-
ports the conclusion that the proposed algorithm can
manage polymorphic sensitivity without sacrificing
convergence stability.

With the regularization behavior established, the
variation of the elemental Lagrange multipliers can now
be examined in more detail. Their iteration histories pro-
vide an additional view of how the elemental balance
constraints are enforced throughout the solution process
as the system approaches the final equilibrium state. In
the present benchmark, these multipliers are especially
useful for tracking how the constraint enforcement adapts
as the stable condensed form changes with temperature
and different polymorphs become thermodynamically
preferred.

Fig. 4 shows the iteration histories of the elemental
Lagrange corrections for the PPT temperature-sweep
cases. In all four benchmarks, the multipliers undergo
their main adjustment during the early iterations and then
stabilize as the solver approaches equilibrium, indicating
the consistent enforcement of elemental balance across
the full set of elements. The differences between cases
reflect the change in thermodynamic state with tempera-
ture and the corresponding shift in the stable condensed-
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phase selection. In particular, the variation of the multi-
pliers across the temperature sweep is consistent with the
fact that different solid forms become thermodynami-
cally preferred in different temperature intervals, so the
Lagrange corrections adapt to the changing polymorphic
equilibrium state while remaining numerically well-be-
haved.

The behavior of the elemental Lagrange corrections
IT; shows that the elemental-balance constraints remain
controlled throughout the polymorphic transition pro-
cess. During the initial iterations, relatively larger correc-
tions are required because the solver is simultaneously

,1013

44

Lagrangian Corr., I1;
b

adjusting the gas-phase composition, condensed-phase
activity, and elemental constraint multipliers. This early
adjustment stage reflects the coupled nature of the equi-
librium problem, where changes in phase selection di-
rectly influence the distribution of elements among ad-
missible species. As the active phase set becomes ther-
modynamically consistent, the corrections decrease and
approach a stable pattern, indicating that the constrained
minimization problem is being solved without violating
elemental conservation.

Lagrangian Corr., I1;

-8 ‘

1 10
No. of Iterations

No. of Iterations

Fig. 4. Polymorphic Transition Cases: Lagrangian Corrections

This stabilization is important because II; directly

reflects how the Gibbs minimization procedure enforces
the elemental abundance vector B . If polymorphic

switching caused numerical instability, the Lagrange cor-
rections would exhibit persistent oscillations, abrupt di-
vergence, or repeated readjustment between competing
condensed forms. Instead, their bounded and convergent
behavior confirms that the proposed active-set treatment
preserves the coupling between phase selection and ele-
mental balance. Therefore, the observed II. histories

support the robustness of the solver in phase-sensitive
equilibrium calculations, particularly when composition-
identical condensed candidates compete over narrow
temperature intervals.

Fig. 5 shows the convergence of the mixture moles

per unit mass n for the PPT temperature sweep at fixed
pressure and mixture ratio. In all cases, n evolves during
the initial iterations as the solver rescales the total mix-
ture amount consistently with the developing equilibrium
composition, including the activation and stabilization of
condensed phases in a metal-bearing system. As the KKT
residuals decay and the active condensed set stabilizes,
the n trajectories collapse to a common converged value
(n=0.0157), indicating that the total-moles normaliza-
tion is satisfied consistently across the sweep. The near
overlap of the iteration curves further implies that, over
the selected temperature range, the total mixture scaling
is only weakly sensitive to temperature once the ele-
mental inventory and pressure are fixed, even though the
detailed phase partitioning may change. This behavior
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provides an additional convergence indicator comple-
mentary to t and II;, confirming that the solver reaches
a self-consistent equilibrium state for each temperature
without nonphysical oscillations in the total-moles.
With convergence established in 7, II;, and n for

all PPT cases, the equilibrium state is fully specified at

1072
1.8

each temperature. The resulting outputs can therefore be
used to examine the temperature-dependent stability of
polymorphic condensed species, including when a given
solid form becomes active, when it is replaced by an al-
ternative polymorph, and how these transitions redistrib-
ute mass between competing condensed phases.

Mixture Moles per Unit Mass, n

90

No. of Iterations

Fig. 5. Polymorphic Transition Cases: Mixture Moles per Unit Mass
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In present benchmarks, the primary polymorphic
candidate is Cr.Os3, and its activation and solid-solid tran-

sition behavior across the temperature sweep are ana-
lyzed. Fig. 6 summarizes the temperature-dependent pol-
ymorph selection for Cr,Os across the PPT sweep by re-
porting the equilibrium mass fraction associated with
each solid form. The present implementation exhibits
consistent phase selection: each temperature point acti-
vates a single Cr,Os; polymorph as the thermodynami-
cally stable condensed form, with the same total Cr,0s
mass fraction (0.01218) preserved while the identity of
the stable polymorph changes across the sweep. In con-
trast, the NASA CEA results in the same figure indicate
that the reference solution may identify the ("Cr,O; entry
as the stable form for the PPT-1 condition, but then report
(OCr,03 for the remaining temperatures, effectively fix-
ing the polymorph selection rather than transitioning
consistently as the stability ordering changes with T.
The present solver, on the other hand, avoids this artifact
by enforcing explicit polymorph resolution during con-
densed-phase activation and by applying temperature-in-
terval validity checks for adjacent solid entries, ensuring
that the active condensed form corresponds to the stable
Cr,05; polymorph at each mixture temperature value.
Consequently, the observed polymorph switching in the
present results reflects controlled, stability-driven solid-
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solid transitions rather than a hard-coded or database-or-
der-dependent selection.

Tab. 6 summarizes the mean relative error for the
PPT temperature sweep. Across all four cases, the agree-
ment with NASA CEA remains uniformly tight at the
property level, with the average deviation staying on the
order of 0.05 over 250-350 K. The remaining error is
dominated primarily by the internal-energy convention
difference for heterogeneous mixtures, while the other
state and mixture properties exhibit only minor devia-
tions attributable to numerical tolerances and output
rounding, rather than to discrepancies in equilibrium
phase stability or polymorph selection.

Table 6
Polymorphic Cases: Molecular Weight and Enthalpy
Property PPT-1-4
Average Relative Error 0.05%

5. Conclusion

The results show that explicit polymorph-stability
criteria improve both numerical robustness and thermo-
dynamic consistency in multiphase chemical-equilibrium
calculations. By identifying composition-identical con-
densed species, separating true solid-solid polymorphic
transitions from solid-liquid cases, and using thermo-
chemical-database validity intervals, the solver selects
the admissible polymorph without relying on external
phase-diagram data.

The developed method prevents polymorph lock-
ing, invalid coefficient usage, and unstable phase switch-
ing near transition boundaries. Coupling this logic with
Gibbs free-energy minimization, condensed active-set
control, and regularized Newton iterations preserves ele-
mental stoichiometry while maintaining phase validity at
the current temperature. The Cr.,O3; temperature-sweep
benchmarks confirm stable convergence, temperature-
dependent polymorph selection, and close agreement
with NASA CEA, with an average relative error of ap-
proximately 0.05%.

Overall, the proposed treatment provides a practical
basis for reliable modeling of condensed products, metal-
lic species, and phase-sensitive thermochemical behavior
in propulsion-oriented equilibrium solvers, especially
where temperature-dependent phase selection can influ-
ence mixture properties and downstream engine-perfor-
mance predictions.
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YU CEJBbHUI AHAJI3 BATATO®A3HUX CEPEJIOBHII Y PO3B’SI3YBAUYAX BATATO®A3HOI
XIMIYHOI PIBHOBAT'H

Hioxcam Aooynna

VY craTTi NpeacTaBiacHo KpUuTepiid pa3zoBoi cTabUILHOCTI it 00pOOKH MOJIMOP(PHUX KOHJACHCOBAHUX YaCTHHOK
IIPY BUCOKOTOYHOMY MOJICIIOBAaHHI XiMi4HOI piBHOBark. MeTolo cTarTi € 3an00iranHs 6J0KyBaHHIO Tos1iMopdiB, BU-
KOPHUCTaHHIO HellifiCHUX Koe(illieHTIB 1 HecTablIbHOMY NepeMHUKaHHIO (a3 mpu MiHiMizalii BubHOT eHeprii ['100ca,
KOJIM IZICHTUYHI 3a CKJIaJJ0M TBepi (a3 MaroTh HEBEIHKI BIAMIHHOCTI Y BiJIbHIN €HEprii mo0OIu3y mepexomy TBepe
TiJIO-TBEpAE TiNo. BukopucroByBaHi MeToaM 0a3yrOThCS Ha imeHTH(IKAMmii iTCHTUIHUX 32 CKIAJ0M CEPEIOBHIN Y
KOH/ICHCOBaHOMY CTaHIi, BIJOKpEMJICHHI CIIPaB)XHIX MOTIMOP(HUX CIMEHCTB BiJ BUMAIKIB (pa30BOTO MEPEXOAY TBE-
pae Tilo-piiuHa Ta BU3HAYEHHI TEMIepaTyp HMepexoay TBEpJe TiJIO-TBEpAE TUIO Ha OCHOBI CYMDKHOCTI iHTEpBaIiB
TePMOXiMIiYHOT 0a3u JaHWX 3a TOTIOMOTOIO CTICIIabHOI IPOLIEAYPH BHUSIBIICHHS (pa3oBoro mnepexony. CtabinpHui mo-
niMopd BUOMpPAEThCA BiMMOBIMIHO O MOTOYHOI TEMIIEPATyPH BiTHOCHO BH3HAYEHOI MexXi, 30epiraroud mpH IbOMY
€JIEMEHTHUI CKJIaJl Ta CTeXIOMETPUYHI 0OMEeXeHHs. SIKIOo TemIepaTypy Hepexoay HEMOXKIIMBO JOCTOBIPHO BHU3HA-
YHUTH, 3aCTOCOBYETHCS MEpeBipKa TeMIepaTypHOl JOCTOBIPHOCTI, W nosiMopdu, 0 BUXOSTh 32 MEXI Jiana3oHy,
3aMiHIOIOTBCSI IOMYCTUMHUMH aHAJIOTAMU 1IeHTHYHOTO ckiaay. Lleii map ¢a3zoBoi JOMyCTUMOCTI MOEAHYETHCS 3 TEC-
TOM Ha CTalOIJIbHICTh KOHJICHCOBAHOTO aKTHBHOT'O HA0OpY; Lie TapaHTYE, 10 B PIBHOBAKHOMY PO3UHHI 3aJIUIIAIOTHCS
JIMIIE TePMOJMHAMIYHO CTabiIi3yroui KoHaeHcoBaHi ¢a3u. HoBu3Ha craTTi nonsrae B siBHIH iHTerpauii joriku ¢a-
30BOi cTabinbHOCTI noniMopdiB B itepauii OaratodasHoi piBHoBaru ropinns Ha ocHoBi KKT Ta npouemypu npwuii-
HATTS pillleHb Ha OCHOBI aKTUBHOTO HaOopy. 3alpONOHOBAHUI KPUTEPIN PETYIIPU3Y€E MEPEMUKAHHS MK TBEpAUMU
TiJlaMH, 3a1m00irae BUTOKY TEPMOIMHAMIYHUX JaHUX 332 MEXKI1 JIHCHUX MOJIHOMIANBHUX IHTEPBAIIB i MOKPAIIY€E CTii-
KicTh 30DKHOCTI TOOIM3y 00macTeil (ha30BUX Mex. ETaloHHI BUIIaIKK TeMIIepaTypPHOTO CKaHYBaHHS, IO BKIFOYAIOThH
moniMopdu Cr.03, ZIEMOHCTPYIOTh CTaOUTBHIH TeMIIepaTypHO-3ale)KHUN BUOip (as3u Ta y3romkeHicts 3 NASA CEA
Ha PiBHI BJIACTUBOCTEH i3 cepeaHbOI0 BiAHOCHOIO MoxuOKkoro npubmmsHo 0,05%. Pesynbraté mokasyloTs, Mo SBHI
Kputepii $pa3oBoi cTablIEHOCTI 3a0€3MeyI0Th (Pi3UTHO Y3rODKEHY Ta HaiifHy OCHOBY JJIS MOAETIOBAHHS MOJIIMOP-
(bHMX cepeloBHUII Yy po3paxyHKax OaratodazHol XiMiuyHOT piBHOBary.

KoarouoBi ciioBa: MozentoBaHHs XiMidHOT piBHOBary, mojiMop¢Hi cepeaoBuiia, ¢pa3oBa cTabiIbHICTh, MiHIMI-
3arist BinmbHOI eHeprii ['i0ca, koHaeHcoBaHi (a3u, (ha3oBi mepexoau TBEpa TiIO-TBEPAE TiJI0, METOJ aKTUBHOTO Ha-
60py, TepMoximiyHa 6a3za JaHUX, BUCOKOTEMIIEpAaTypPHE TOPiHHS, piBHOBaXHMH po3B’s3yBay Ha ocHOBI KKT.

Himxart IMapgiz-orsi A6ayaia — npoBigHAHN iHXEHEp 3 PYIMIIHHUX CHCTEM, CTApUINH BUKIaga4d Kadeapu py-
IIHHAX Ta TLAPOJUHAMIYHHAX CHCTEM, acIipaHT KadeIpH JTATLHUX anapariB i aBianiiHUX MBUTYHIB, HarioHamsHa
aBiariiiHa akanemis, baky, AzepOaiipkaH.
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