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CLOSED-FORM GEOMETRY AND ANALYTICAL PERFORMANCE ESTIMATES 

OF THE TWO-APEX WANKEL ROTARY COMPRESSOR 

The subject matter of the article is the working-chamber geometry and the isentropic performance of the two-

apex (m = 2) Wankel rotary compressor ‒ a two-apex rotor orbiting within a single-lobe peritrochoid housing at 

a 2:1 eccentric-shaft gear ratio ‒ a configuration geometrically well suited to gas compression yet, unlike the 

classical three-apex (m = 3) engine, it is almost unstudied analytically. The goal is to derive, rigorously and 

from first principles, the complete set of closed-form geometric and performance relations of the m=2 machine, 

exact expressions for which have not previously appeared in the literature, and to render the exact profiles 

manufac-turable. The tasks to be addressed are: to establish the kinematics and the 2:1 synchronizing-gear 

relation; to derive the exact housing and rotor (envelope) profiles together with the working-chamber area 

and volume laws; to obtain the displacement, compression ratio and apex-seal oscillation limit in closed form; 

to construct manufac-turable profiles that decouple the running clearance from the shape factor; and to develop 

the asymptotic scaling laws, the closed-form isentropic performance, and a design equation relating the ideal 

gain with any loss model. The methods used are: the differential geometry of trochoidal envelopes, Green's 

theorem for the chamber area and volume, the Taylor (asymptotic) expansion of the governing shape function, 

and closed-form isentropic thermo-dynamic analysis. The following results were obtained: the 

working-chamber volume law 

𝑉(𝑡) = 𝑏𝑒²[𝛷(𝐾)/2 + 4𝐾𝑠𝑖𝑛𝑡] , with 𝛷(𝐾) = (𝐾² + 8)𝑎𝑟𝑐𝑠𝑖𝑛(2/𝐾) + 6√(𝐾² − 4)  and shape factor 𝐾 = 𝑅/
𝑒, together with its exact crank-angle rate; exact theorems for the displacement 𝑉𝑑 = 8𝑏𝑒𝑅 (about 54%larger 

than for 𝑚 = 3 at identical e, R, b), the compression ratio 𝜀(𝐾) = (𝛷 + 8𝐾)/(𝛷 − 8𝐾), and the apex-seal law 

𝑠𝑖𝑛𝜑𝑚𝑎𝑥 = 2/𝐾 giving 𝐾𝑚𝑖𝑛 = 4 versus 6 for m = 3; exact normal parallel-offset profiles decoupling the running 

clearance 𝑆𝑝 from K, removing the principal obstacle to precise CNC manufacture in earlier circular-arc 

treatments; four asymptotic design laws from a single expansion of 𝛷(𝐾) — 𝛷 − 8𝐾 = 16/(3𝐾) , 𝜀 ≈ 3𝐾² + 1 

(within 1.3 % for K ≥ 4), 𝑉𝑚𝑖𝑛/𝑉𝑑 ≈ 1/(3𝐾²)(1 % clearance already at 𝐾 ≈ 5.8, no dead-volume machining), 

and 𝑎 ≈ 2: 1 volumetric-compactness advantage over m = 3 at the respective kinematic limits; and the isentropic 

indicated work in closed form, 𝑊 = 𝑝₀𝑉𝑚𝑎𝑥/(𝛾 − 1) · [𝜀(𝛾−1) − 1], yielding 𝐼𝑀𝐸𝑃 ∝ 𝐾0.80 and a strict 

monotonicity theorem. Conclusions. The scientific novelty of the results obtained is as follows: 1) for the first 

time the complete exact closed-form geometry of the 𝑚 = 2 Wankel compressor was derived from first 

principles, rigorously quantifying its advantages over m = 3; 2) the exact normal parallel-offset method was 

developed, decoupling running clearance from shape factor and rendering the exact profile directly CNC-manu-

facturable, overcoming the chief limitation of earlier circular-arc practice; 3) the closed-form isentropic perfor-

mance and the design equation 𝐺(𝐾∗) = 𝐿′(𝐾∗) were obtained, separating the analytically known ideal gain 
from any loss model and providing a verified geometric and performance basis for subsequent thermodynamic 

and loss analysis. 

Keywords: Wankel rotary compressor; peritrochoid profile; shape factor; working process; thermodynamic analysis, 

design-space analysis 

1. Introduction

Wankel-type rotary-piston mechanisms originate in 

early rotary fluid devices [1] and were first realized in 

practice by Felix Wankel [2]; the dual-rotation DKM 

(Drehkolbenmotor, or dual-rotation rotary engine) was 

soon simplified by Froede and NSU Motorenwerke AG 

(commonly known as NSU) into the planetary KKM 

(Kreiskolbenmotor, or planetary rotary engine) ‒ a sta-

tionary housing with an eccentrically orbiting rotor ‒ that 

became the modern paradigm. Yamamoto [3] codified 

the principles of a viable rotary machine: purely rotary 

motion of every component, three-dimensionally reliable 

apex sealing, valveless port timing, structural integrity at 

high speed and pressure, and adequate cooling. These ad-

vantages drove major mid-century industrial investment 

and the classic monographs [4, 5]. Almost all of this de-

velopment, however, concerns the three-apex (𝑚 = 3) 

engine. 

Although the rotary engine’s prospects remain con-

tested ‒ combustion instability and emissions in its elon-

gated chamber ‒ the same mechanism is increasingly at-

tractive in non-combusting service as a compressor or ex-

pander [6, 7]. Here the very feature that handicaps the 
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engine becomes useful: the high chamber surface-to-vol-

ume ratio that causes wasteful heat loss in combustion 

instead aids heat rejection during compression. The 

valveless porting and the prospect of oil-free operation 

further suit high-purity duty ‒ proton-exchange-mem-

brane fuel cells [8], semiconductor, food and medical air 

[9] ‒ where contamination is prohibited. Dry-sliding via-

bility, long the chief obstacle, is being overcome by sur-

face engineering such as diamond-like-carbon and micro-

arc-oxidation coatings [10, 11], and a first industrial 𝑚 =

2  compressor prototype [22] shows the configuration 

moving from laboratory curiosity toward engineered 

product. 

The geometric theory of trochoidal machines is it-

self mature. Colbourne [13] established the differential 

geometry of epitrochoidal envelopes; Shung and Pen-

nock [14] derived contact-force and volume relations for 

the general 𝑚 -lobe family; the deviation-function 

method enabled integrated profile–seal co-design [15]; 

the rack method recently unified zero- and non-zero-

clearance generation [16]; and parallel gerotor studies 

share the same epitrochoidal tooling [17]. Yet these treat-

ments either target 𝑚 = 3 or stay so general that closed-

form design insight for a specific configuration is ob-

scured, and apex-seal dynamics have likewise been ana-

lysed chiefly for 𝑚 = 3 [18]. 

For the 𝑚 = 2  compressor specifically, the pio-

neering systematic design procedure is due to Sukhom-

linov [19], who, constrained by the computational tools 

of his era, approximated the exact epitrochoid by piece-

wise circular arcs and ‒ more consequentially ‒ conflated 

the shape factor with the running-clearance parameters. 

This coupling makes it impossible to prescribe the seal 

clearance independently of the shape factor, and there-

fore blocks high-precision numerically-controlled manu-

facture of the exact profile. Decoupling clearance from 

shape factor is thus a prerequisite for a manufacturable 

𝑚 = 2 compressor. 

To the authors’ knowledge, no published work 

gives exact closed-form expressions for the working-

chamber volume law, theoretical displacement 𝑉𝑑, com-

pression ratio 𝜀(𝐾) , or apex-seal oscillation limit 

𝜙max(𝐾) of the 𝑚 = 2 configuration: although Wankel 

[20] and Yamamoto [3] sketched 𝑚 = 2 schematics and 

Colbourne’s framework admits 𝑚 = 2 as geometrically 

valid [13], none supplies these formulas, without which 

neither the 𝑚 = 2  advantages over 𝑚 = 3  nor the de-

pendence of performance on the shape factor can be rig-

orously characterised. The present work closes this gap 

through a self-contained, exact mathematical analysis ‒ 

no numerical model is used ‒ with three linked contribu-

tions: 

1. Exact closed-form geometry. From the exact enve-

lope condition, we obtain the housing and rotor pro-

files, the working-chamber volume law 𝑉(𝑡) =

𝑏𝑒2 [
Φ(𝐾)

2
+ 4𝐾sin𝑡]  together with its closed-form 

rate 
d𝑉

d𝛼
, the displacement 𝑉𝑑 = 8𝑏𝑒𝑅 , the compres-

sion ratio 𝜀(𝐾) =
Φ+8𝐾

Φ−8𝐾
, and the apex-seal law 

sin𝜙max =
2

𝐾
 with 𝐾min = 4. 

2. Manufacturable profiles. Exact normal-parallel-off-

set housing and rotor curves decouple the running 

clearance 𝑆𝑝 from the shape factor 𝐾, rendering the 

exact profile directly CNC-ready and removing Su-

khomlinov’s principal limitation. 

3. Closed-form performance and design laws. The isen-

tropic indicated work 𝑊 = 𝑝0𝑉max 𝛾 − 1⁄ [𝜀𝛾−1 − 1] 

and IMEP; a Taylor expansion of Φ(𝐾) giving 𝜀 ≈

3𝐾2 + 1 , 
𝑉min

𝑉𝑑
≈

1

3𝐾2  and IMEP ∼ 𝐾0.80 ; a strict 

monotonicity theorem; the 𝑚 = 2–vs–𝑚 = 3  volu-

metric-compactness comparison; and the design 

equation 𝐺(𝐾∗) = 𝐿′(𝐾∗)  relating the analytically 

known ideal gain with any loss model. 

The paper is organized as follows (here, the number 

indicates the section number): 1) sets up the kinematics 

and the 2: 1 synchronising gear; 2) derives the profiles 

and the area and volume laws by Green’s theorem; 3) 

treats apex-seal kinematics and shape-factor admissibil-

ity; 4) gives the manufacturable normal-offset profiles;  

5) compares 𝑚 = 2 configuration with 𝑚 = 3 classical 

configuration and quantifies volumetric compactness;  

6) develops the asymptotic scaling laws; 7) derives the 

closed-form performance and the design equation;  

8) concludes. 

 

2. Geometric and Kinematic Framework 
 

The 𝑚 = 2 Wankel machine comprises three prin-

cipal elements: an eccentric shaft, a two-apex rotor, and 

a single-lobe peritrochoid housing (see Fig. 1). Let 𝛼 de-

note the eccentric-shaft (crank) angle. The rotor’s self-

rotation angle 𝛽  about its own centre is locked to the 

shaft by 

 

𝛽 = −
𝛼

2
(1) 

 

It is convenient to introduce the working-chamber 

phase angle 

 

𝑡 ≔ −𝛽 =
𝛼

2
,  𝑡 ∈ [0,2𝜋), (2) 

 

so that one complete chamber cycle corresponds to 𝑡 ad-

vancing through 2𝜋 (the shaft turning through 4𝜋). The 

two fundamental design parameters are the eccentricity 𝑒 

(shaft-axis to rotor-centre offset) and the generating ra-

dius 𝑅 (rotor circumradius); their ratio is the shape factor 
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𝐾 ≔
𝑅

𝑒
,  𝐾 > 2, (3) 

 

with 𝐾 > 2 the geometric admissibility condition (3.2). 

The axial width is 𝑏. 

 

 
Fig. 1. Principal geometric parameters and working 

chamber mechanical assembly 

 

Realization of the 2: 1 timing 

The constraint (1) is enforced by an internal syn-

chronizing gear pair: a stationary external pinion of pitch 

radius 𝑟𝑠 , fixed to the side cover and coaxial with the 

shaft axis 𝑂, meshing internally with a ring gear of pitch 

radius 𝑟𝑟  carried in the rotor bore and centred at the rotor 

centre 𝐶. With the ring rolling around the fixed pinion, 

the no-slip condition gives 

 
𝜔rotor

𝜔shaft

= 1 −
𝑍𝑠

𝑍𝑟

= 1 −
𝑟𝑠
𝑟𝑟

, (4) 

 

where 𝑍𝑠, 𝑍𝑟  are the teeths numbers. Imposing  

𝑚 = 2, value 
𝜔rotor

𝜔shaft
= 1 2,⁄  and 𝑍𝑟 = 2𝑍𝑠; hence, 

 

𝑟𝑠 = 𝑒,  𝑟𝑟 = 2𝑒, (5) 

 

with internal-mesh center distance 𝑟𝑟 − 𝑟𝑠 = 𝑒 = |𝑂𝐶| 

and pitch point 𝑃 = −𝐶 (diametrically opposite the rotor 

center across 𝑂). The general 𝑚-machine requires 
𝑍𝑟

𝑍𝑠
=

𝑚+1

𝑚
; the present result is its 𝑚 = 2 specialisation. Since 

𝑟𝑟 = 2𝑒 < 𝑅 − 2𝑒  for all 𝐾 > 4 , the ring gear is con-

tained within the rotor bore, confirming physical con-

sistency. 

 

3 Exact Profiles  

and the Working-Chamber Volume Law 
 

3.1 Housing profile and the rotor flank as an  

exact envelope 
 

Housing 

The housing centerline is the base peritrochoid 

traced by an apex, 

 
𝒓0(𝜆) = (𝑥0, 𝑦0) =

= (𝑒cos2𝜆 + 𝑅cos𝜆,  𝑒sin2𝜆 + 𝑅sin𝜆), 

𝜆 ∈ [0,2𝜋), (6)
 

 

with |𝒓0
′ | = √𝑅2 + 4𝑅𝑒cos𝜆 + 4𝑒2  and outward unit 

normal 𝒏ℎ = (2𝑒cos2𝜆 + 𝑅cos𝜆,  2𝑒sin2𝜆 + 𝑅sin𝜆)/
|𝒓0

′ |; the manufacturable wall is its parallel offset in Sec-

tion 5. 

Rotor frame 

The rotor flank is the boundary the rotor body can-

not cross ‒ the envelope, seen from the rotor, of the hous-

ing family swept out as the shaft turns. Writing a planar 

point as the complex number 𝑧 = 𝑥 + i𝑦 and carrying a 

housing point into the rotor-fixed frame (translate by the 

rotor center 𝒄(𝑡) = 𝑒 ei2𝑡 , then rotate by −𝑡  gives the 

one-parameter family 

 

𝑍(𝜆, 𝑡) = e−i𝑡(𝑒 ei2𝜆 + 𝑅 ei𝜆 − 𝑒 ei2𝑡). (7) 

 

Envelope condition 

A point lies on the envelope: if its 𝜆- and 𝑡-deriva-

tives are parallel, Im(𝑍𝜆𝑍𝑡) = 0. Exact expansion gives 

𝑅sin𝜆 + 𝑅sin(𝜆 − 2𝑡) + 2𝑒sin(2𝜆 − 2𝑡) = 0 , which 

the sum-to-product identities factor as 

 
2 sin(𝜆 − 𝑡) [ 𝑅cos𝑡 + 2𝑒cos(𝜆 − 𝑡) ] = 0. (8) 

 

The first factor (𝜆 = 𝑡,  𝑡 + 𝜋) is the apex-contact 

branch—the two apex tips touching the housing at 𝒓0(𝑡) 

and 𝒓0(𝑡 + 𝜋); the second is the flank branch. 

Flank in closed form 

Put 𝑢 := 𝜆 − 𝑡 ; the flank branch reads cos𝑡 =

− (
2𝑒

𝑅
) cos𝑢, which has a real solution  

 

𝑅 ≥ 2𝑒  ⇔  𝐾 ≥ 2, (9) 

 

recovering the admissibility condition (3). With 

Δ(𝑢) : = √𝑅2 − 4𝑒2cos2𝑢  and sin𝑡 = 𝜎 
Δ(𝑢)

𝑅
 (𝜎 = ±1 , 

from sin2𝑡 + cos2𝑡 = 1), substituting 𝜆 = 𝑡 + 𝑢 into (7) 

and simplifying exactly yields the base flank 

 

𝑋0
(𝜎)(𝑢) =

cos𝑢

𝑅
(
𝑅2 + 4𝑒2sin2𝑢
−2𝜎𝑒 Δ(𝑢)sin𝑢

) , (10) 

𝑌0
(𝜎)(𝑢) =

sin𝑢

𝑅
(
𝑅2 − 4𝑒2cos2𝑢
−2𝜎𝑒 Δ(𝑢)sin𝑢

) , (11) 

 

for 𝑢 ∈ [0, 𝜋], with apex tips (𝑋0, 𝑌0)|𝑢=0 = (𝑅, 0) and 

(𝑋0, 𝑌0)|𝑢=𝜋 = (−𝑅, 0). 
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Branch selection 

At the waist 𝑢 = 𝜋/2 , Eq. (11) gives 

𝑌0 = 𝑅 − 2𝜎𝑒: the inner branch 𝜎 = +1 (waist 𝑅 − 2𝑒) 

is the physical flank, whereas 𝜎 = −1 (waist 𝑅 + 2𝑒) is 

the spurious outer envelope, which pierces the housing 

and must be discarded (Fig. 1). The complete two-apex 

rotor is the inner branch over 𝑢 ∈ [0, 𝜋] together with its 

mirror across the apex axis; its apexes contact the hous-

ing at phases 𝑡  and 𝑡 + 𝜋 , matching the apex-contact 

branch. 

 

3.2 Working chamber area and volume law 
 

Because the axial width 𝑏 is constant, the volume 

reduces to a planar problem, 

 

𝑉(𝛼) = 𝑏 𝐴𝑐(𝑡),  𝑡 = 𝛼 2⁄ ; (12) 

 

hence, it suffices to obtain the chamber cross-sectional 

area 𝐴𝑐 . We do so directly by Green’s theorem on the 

chamber boundary; the derivation is exact and its rate 

d𝑉/d𝛼 is the source term of the future 0-D model. 

Step 1 — chamber boundary 

One working chamber is bounded by the fixed rotor 

flank and the housing arc swept between the two apex 

contacts, which by Section 2 occur at housing parameters 

𝜆 = 𝑡 and 𝜆 = 𝑡 + 𝜋 (see Fig. 2). With the housing point 

𝒓0(𝜆) = (𝑥0, 𝑦0) of Eq. (6), Green’s theorem gives 

 

𝐴𝑐(𝑡) = 𝐴flank +
1

2
∫ (𝑥0  ∂𝜆𝑦0 − 𝑦0  ∂𝜆𝑥0) d𝜆

𝑡+𝜋

𝑡

, (13) 

where 𝐴flank is the constant signed-area contribution of 

the flank. 

 

  

↑α = 0 ↑𝛼 =
𝜋

2
 

 

←𝛼 = 𝜋 

Chamber A compresses 

to its minimum (TDC) 

while chamber B expands 

to its maximum (BDC);  

the two extrema occur at 

the same instant, the m=2 

topological feature that 

one chamber’s TDC coin-

cides with the other’s 

BDC 

Fig. 2. Working chamber evolution 

 

Step 2 — the time-varying part 

Substituting Eq. (6), the integrand evaluates in 

closed form to 

 

𝑥0  ∂𝜆𝑦0 − 𝑦0  ∂𝜆𝑥0 =

= −𝑅2 − 3𝑅𝑒cos𝜆 + 𝑅𝑒cos(𝜆 − 2𝑡) +

+2𝑒2 cos(2𝜆 − 2𝑡) − 2𝑒2. (14)

 

 

Over the half-period only the two single-angle co-

sines survive: ∫ cos𝜆 d𝜆
𝑡+𝜋

𝑡
= −2sin𝑡 and ∫ cos(𝜆 −

𝑡+𝜋

𝑡

2𝑡)  d𝜆 = +2sin𝑡 , while cos(2𝜆 − 2𝑡)  integrates to 

zero, giving 

 

∫ (𝑥0  𝑑𝑦0 − 𝑦0  𝑑𝑥0) 
𝑡+𝜋

𝑡

= 

= −𝜋(𝑅2 + 2𝑒2) + 8𝑅𝑒sin𝑡, (15) 

 

so that 𝐴𝑐(𝑡) = 𝐶 + 4𝑅𝑒sin𝑡: the chamber area is an ex-

act sinusoid in 𝑡 = 𝛼/2. 

Step 3. The constant, and the role of 𝜙𝑚𝑎𝑥 

Mirror symmetry at 𝑡 = 0 makes the two chambers 

equal, fixing 𝐶 = 𝐴𝑓/2 with 𝐴𝑓 = 𝐴ℎ − 𝐴𝑟 the total free 

area. Green’s theorem on the closed housing and rotor 

curves gives, in exact closed form, 

 

𝐴ℎ =
1

2
∮(𝑥0  𝑑𝑦0 − 𝑦0  𝑑𝑥0) = 𝜋(𝑅2 + 2𝑒2), (16) 

𝐴𝑟 = 𝜋(𝑅2 + 2𝑒2) −

− [(𝑅2 + 8𝑒2) arcsin
2𝑒

𝑅
+ 6𝑒√𝑅2 − 4𝑒2] , (17)

 

 

the arcsin arising from the exact integration of the flank 

radical √𝑅2 − 4𝑒2cos2𝑢. Hence, 

 

 𝐴𝑐(𝑡) =
𝐴𝑓

2
+ 4𝑅𝑒sin𝑡,  

𝐴𝑓 = (𝑅2 + 8𝑒2) arcsin 2𝑒 𝑅⁄ + 6𝑒√𝑅2 − 4𝑒2. (18) 

 

Remark 3.1 The constant arcsin⁡(2𝑒/𝑅) in Eq. (18) 

is precisely the apex-seal swing limit 𝜙_max =

arcsin⁡(2/𝐾) of Proposition 4.1: the angle that bounds 

the seal kinematics re-enters as the central constant of the 

area law, 𝐴𝑓 = (𝑅2 + 8𝑒2) 𝜙max + 6𝑒√𝑅2 − 4𝑒2 . The 

static interference angle is thus also the governing con-

stant of the chamber thermodynamics. 

Step 4. Volume law and its rate 

With 𝑅 = 𝐾𝑒 and 

 

Φ(𝐾) = (K2 + 8) arcsin
2

𝐾
+ 6√𝐾2 − 4, 

𝐾 > 2, (19)
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(a ⁡   )

 ⁡  anm er

 ⁡  anm er

 ⁡  anm er

(a ⁡   )

 ⁡  am er

 ⁡  am er  ⁡  am er
(a ⁡   )

 ⁡  anm er

 ⁡  anm er



ISSN 1814-4225 (print) 
АВІАЦІЙНО-КОСМІЧНА ТЕХНІКА І ТЕХНОЛОГІЯ, 2026, № 3(211)   ISSN 2663-2012 (online) 

 

110 

one has 𝐴𝑓 = 𝑒2Φ(𝐾); multiplying Eq. (18) by 𝑏 yields 

the volume law. 

Theorem 3.1 The working-chamber evolution is 

shown in Fig. 2. Volume and its crank-angle derivative 

are 

 

𝑉(𝛼) = 𝑏𝑒2 [
Φ(𝐾)

2
+ 4𝐾 sin

𝛼

2
] =

= 𝑉min + 4𝑏𝑅𝑒 (1 + sin
𝛼

2
) ,  (20)

 

  

 
d𝑉

d𝛼
= 2𝑏𝑅𝑒cos (

𝛼

2
) ,  (21) 

 

3.3 Displacement and compression ratio 

 

Proposition 3.2  

𝑉max = 𝑏𝑒2 [
Φ

2
+ 4𝐾] at 𝑡 =

𝜋

2
 and  

𝑉min = 𝑏𝑒2 [
Φ

2
− 4𝐾] at 𝑡 =

3𝜋

2
;  

𝑉min > 0 ⇔ Φ(𝐾) > 8𝐾, which holds for all 𝐾 > 2. 

Theorem 3.3 Displacement and compression ratio. 

 

𝑉𝑑 = 𝑉max − 𝑉min = 8𝑏𝑒2𝐾 = 8𝑏𝑒𝑅, 

 𝜀(𝐾) =
𝑉𝑚𝑎𝑥

𝑉𝑚𝑖𝑛

=
Φ(𝐾) + 8𝐾

Φ(𝐾) − 8𝐾
. (22) 

 

Remark 3.2 From Proposition 3.2, we obtain 

⁡𝑉min = 𝑏𝑒2 2⁄ (Φ − 8𝐾), i.e. the denominator Φ − 8𝐾 

of 𝜀 is exactly proportional to the minimum chamber vol-

ume (coefficient 
𝑏𝑒2

2
). This identity underlies the asymp-

totic laws of Section 7. 

 

4 Apex-Seal Kinematics and Shape-Factor 

Admissibility 
 

Each rotor apex carries a radial seal sliding in a rotor 

slot; as the rotor orbits, the seal tilts to follow the housing. 

The maximum tilt sets the tribological severity and a 

lower bound on 𝐾. 

Proposition 4.1 Apex-seal maximum oscillation.  

 

Sin𝜙max =
2𝑒

𝑅
=

2

𝐾
. (23) 

 

The general 𝑚 -machine obeys sin𝜙max = 𝑚/𝐾 , 

consistent with the 𝑚 = 3 result 3/𝐾 of [3]. 

Asymmetric shape-factor bounds for a compressor. 

The two ends of the admissible 𝐾  range are 

bounded by physically different mechanisms, and the dis-

tinction is sharper for a compressor than for the engine 

the 30∘ rule was devised for. The lower bound is a hard 

kinematic red line: it follows purely from apex-seal ge-

ometry Eq. (23) and binds any trochoidal machine ‒ en-

gine or compressor ‒ because excessive seal tilt causes 

leakage and wear regardless of the working process. The 

conventional upper bound 𝐾 ≤ 8 quoted for engines, by 

contrast, is a combustion constraint: large 𝐾  drives 𝜀𝑡ℎ 

toward knock, and the long, flat chamber has a high sur-

face-to-volume ratio that quenches the flame. Neither ap-

plies to a non-combusting compressor ‒ indeed a high 

surface-to-volume ratio is here beneficial, enhancing heat 

rejection so the process tends toward the work-minimiz-

ing isothermal limit. The practical ceiling on 𝐾  for a 

compressor is therefore not thermodynamic but three-di-

mensional and mechanical: large 𝐾 means small eccen-

tricity relative to 𝑅, so that (i) the displacement per unit 

installed volume falls—the volumetric-compactness pen-

alty quantified in Section 6;  

(ii) the top-dead-center clearance becomes very thin, con-

straining valve placement and tolerancing; and  

(iii) the eccentric-shaft journals nearly coincide, limiting 

bearing strength.  

An 𝑚 = 2 compressor is thus free to exploit shape 

factors well above the engine convention, bounded by 

packaging rather than by combustion. 

 

5 Manufacturable Profiles  

via Normal Parallel Offset 
 

The base curves Eq. (6) – Eq. (11) define a zero-

clearance pair. A physical machine requires a controlled 

running clearance, introduced as an exact normal paral-

lel offset of each base curve along its own outward unit 

normal (see Fig. 3): 

 

housing wall: 𝑹ℎ(𝑡) = 𝒓0(𝑡) + 𝑎 𝒏ℎ(𝑡), (25)

rotor flank: 𝑹rot(𝑢) = 𝒓flank(𝑢) + 𝑎′  𝒏rot(𝑢), (26) 

 𝑎′ = 𝑎 − 𝑆𝑝,
 

 

where 𝑎  is the housing offset, 𝑎′  the rotor offset, and 

𝑆𝑝 = 𝑎 − 𝑎′  is the resulting apex/flank running clear-

ance. 

 

 
(a) Full machine with the 

offset (real) housing wall 

and rotor. 

(b) Apex detail: base curves 

(dashed) and their normal 

offsets (solid); 
Offsets are exaggerated for legibility. 

Fig. 3. Profiles via normal parallel offset 
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Proposition 5.1 Clearance–shape-factor decou-

pling.  

The running clearance 𝑆𝑝 = 𝑎 − 𝑎′  in Eq. (26) is 

an independent design parameter: it may be prescribed 

to any value without changing the shape factor 𝐾. The 

displacement 𝑉𝑑 = 8𝑏𝑒𝑅 and compression ratio 𝜀(𝐾) of 

Theorem 3.3 are the nominal (zero-clearance, base-

curve) values; the offset perturbs the realized volumes 

only at first order in 𝑎/𝑒,  𝑎′/𝑒. 

Remark 5.1 The offset adds a thin dead-volume 

layer that raises the minimum chamber volume to 

𝑉min
eff = 𝑉min + Δ𝑉𝑐(𝑆𝑝), lowering the effective ratio to 

𝜀eff = 𝑉max
eff /𝑉min

eff ≤ 𝜀(𝐾) . Because 𝑉min  is small as in 

Proposition 7.3, 𝜀  is comparatively sensitive to clear-

ance; the correction Δ𝑉𝑐  follows directly from the offset 

profiles Eq. (25) – Eq. (26) and should be carried when-

ever high precision in 𝜀  is required. The decoupling 

makes this an independently tunable correction rather 

than one entangled with 𝐾. 

This decoupling is the key enabler for precise man-

ufacture. Earlier design practice approximated the tro-

choid by circular arcs and, in doing so, conflated the 

shape factor with the clearance, so that the running gap 

could not be specified independently of 𝐾 . Equations 

(25) – (26) remove this coupling: the exact profiles, offset 

by a prescribed 𝑆𝑝 along the analytic normal, are directly 

suitable for numerically-controlled CNC machining to 

sub-micron fidelity. 

 

6 Design Space: Comparison with m = 3  

and Volumetric Compactness 
 

6.1 Comparison with the classical 𝐦 = 𝟑 

machine 
 

Table.1 collects the closed-form results against the 

𝑚 = 3 Wankel. 

 

Table 1.  

Closed-form comparison of m=2 and m=3 machines 

(same e,R,b). 
Property 𝑚 = 2 𝑚 = 3 

Kinematic constraint 𝛽 = −𝛼/2 𝛽 = −𝛼/3 

Gear ratio 𝑍𝑟: 𝑍𝑠 2: 1 3: 2 

Displacement 𝑉𝑑 8𝑒𝑅𝑏 3√3 𝑒𝑅𝑏

≈ 5.196 𝑒𝑅𝑏 

Ratio 𝑉𝑑
(2)

/𝑉𝑑
(3)

 8/(3√3) ≈ 1.540 

𝑠𝑖𝑛𝜙𝑚𝑎𝑥  2/𝐾 3/𝐾 

𝐾𝑚𝑖𝑛 (𝜙𝑚𝑎𝑥 ≤ 30∘) 4 6 

Admissibility 𝐾 > 2 𝐾 > 3 

 

For identical 𝑒, 𝑅, 𝑏,  the 𝑚 = 2  machine delivers 

about 54% more swept volume, while its lower apex-

seal demand and lower 𝐾min widen the admissible design 

space. 

 

6.2 Volumetric compactness 
 

For a machine of fixed external sizeб the natural fig-

ure of merit is the displacement delivered per unit en-

closed volume. The rotor apex reaches a maximum dis-

tance 𝑅env = 𝑅 + 𝑒 = 𝑒(𝐾 + 1) from the shaft axis, so 

the smallest cylinder enclosing the machine has volume 

𝑉env = 𝜋𝑅env
2 𝑏, We define the volumetric compactness 

 

𝜂env(𝐾) =
𝑉𝑑

𝑉env

=
8

𝜋
 

𝐾

(𝐾 + 1)2
,   

d𝜂env

d𝐾
=

8

𝜋
 

1 − 𝐾

(𝐾 + 1)3
< 0  (𝐾 > 1). (27) 

 

The bounding cylinder being a common yardstick 

that applies equally to both configurations.  

Compactness therefore decreases monotonically 

over the admissible range (see Fig. 4). Comparing each 

configuration at its own kinematic limit, 
 

𝜂env
(𝑚=2)

(4)

𝜂env
(𝑚=3)

(6)
=

32/25

18√3/49
≈ 2.01, (28) 

 

i.e. at its 𝐾min = 4, the 𝑚 = 2 machine is roughly twice as 

volumetrically dense as the 𝑚 = 3 machine at its 𝐾min = 6.  

𝜂env is a first-order proxy for material cost in vol-

ume production: more displacement per enclosed volume 

means less housing and rotor, and a smaller, lighter ma-

chine per unit output. It is therefore an economically 

meaningful figure of merit fixed entirely by the geometry. 

 
Fig. 4. Volumetric compactness ηenv(K) = Vd/Venv  

for m = 2 and m = 3 

 

7 Asymptotic Scaling Laws 
 

A single Taylor expansion of Φ(𝐾) generates the 

engineering scaling laws. 
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Proposition 7.1 (Clearance asymptotic).  

 

Φ(𝐾) − 8𝐾 =
16

3𝐾
+ 𝑂(𝐾−3)  (𝐾 → ∞). (29) 

 

Proof. With arcsin(2/𝐾) = 2/𝐾 + 4/(3𝐾3) +

𝑂(𝐾−5) and √𝐾2 − 4 = 𝐾 − 2/𝐾 + 𝑂(𝐾−3), 

Φ(𝐾) = 2𝐾
⏟

→∞

+
52

3𝐾
+ 6𝐾

⏟

→∞

−
36

3𝐾
+ 𝑂(𝐾−3)

= 8𝐾 +
16

3𝐾
+ 𝑂(𝐾−3). 

The two individually divergent leading parts 2𝐾 

and 6𝐾 sum to exactly 8𝐾 and cancel against −8𝐾; the 

finite remainder is 16/(3𝐾). 

Corollary 7.2 (Quadratic compression-ratio law).  

 

𝜀(𝐾) = 1 +
16𝐾

Φ − 8𝐾
= 3𝐾2 + 1 + 𝑂(𝐾−2), (30) 

  

the identity in the first equality being exact; the relative 

error of 𝜀 ≈ 3𝐾2 + 1  is below 1.3%  for all 𝐾 ≥ 4 

(e.g. 𝐾 = 4: 48.4 vs 49; 𝐾 = 6: 108.4 vs 109). 

The diagrams for the compression ratio and its error 

are shown in Fig. 5, a, b. 

 
(a) 

 
(b) 

Fig. 5. Quadratic compression-ratio law: 

a ‒ ε(K) and the asymptotic 3K2 + 1 on log–log axes; 

b ‒ relative error, below 1.3% for all K ≥ Kmin = 4 

 

Proposition 7.3 (Self-regulating clearance ratio).  

𝑉min

𝑉𝑑

=
1

3𝐾2
+ 𝑂(𝐾−4); (31) 

hence, a 1%  clearance ratio is reached at 𝐾 ≈ 5.8 , 

within the admissible range, with no dead-volume ma-

chining. 

The maximum and minimum volumes vs K are pre-

sented in Fig. 6, a; the clearance ratio is presented in 

Fig. 6, b. 

 
(a)  

 
(b)  

Fig. 6. Clearance volume: 

a ‒ Vmax, Vd = 8K, Vmin (normalised by  e2) with the 

8/(3K); b ‒ the clearance ratio Vmin/Vd ≈ 1/(3K2) 

(slope −2), reaching the 1% target at K ≈ 5.8 

 

8 Closed-Form Isentropic Performance and 

the Design Equation 
 

Treating the compression as a reversible adiabatic 

(isentropic) process, 𝑝𝑉𝛾 = cons , the indicated work 

follows in closed form directly from the analytic volume 

law—no numerical integration is required. 

 

Theorem 8.1 (Closed-form isentropic indicated 

work).  

For isentropic compression from 𝑉max (pressure 𝑝0) 

to 𝑉min, 

𝑊 =
𝑝0𝑉max

𝛾−1
[𝜀𝛾−1 − 1], 

IMEP

𝑝0
=

𝑊

𝑝0𝑉𝑑
=

1

𝛾−1
 

𝜀

𝜀−1
(𝜀𝛾−1 − 1). (32) 
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Proposition 8.2 (IMEP power law).  

As 𝐾 → ∞, 
IMEP

𝑝0
∼

3𝛾−1

𝛾−1
 𝐾2(𝛾−1); for air (𝛾 ≈ 1.40), 

the exponent approximately is 0.80, a strictly sub-linear, 

diminishing-returns law. 

Theorem 8.3 (Strict monotonicity).  

Under the isentropic model IMEP(𝐾) is strictly in-

creasing for all 𝐾 > 2, with d(IMEP/𝑝0)/d𝐾 ≥ 1.70 on 

𝐾 ∈ [2.01,20] (numerically confirmed lower bound; an-

alytically, 𝜀′(𝐾) > 0 and 𝑓(𝜀) = 𝜀 𝜀 − 1⁄ (𝜀𝛾−1 − 1) is 

increasing). 

Corollary 8.4 (No finite interior optimum; the de-

sign equation).  

The unconstrained problem max𝐾>2IMEP(𝐾)  is 

unbounded: the optimum is set by constraints/losses, not 

by a thermodynamic extremum. See Fig. 7. 

Writing the marginal gain 𝐺(𝐾) : = d(IMEP/𝑝0)/

d𝐾 ∼ 𝐾−0.20  and any loss term 𝐿(𝐾) increasing in 𝐾 , 

the net metric Π(𝐾) = IMEP − 𝑝0𝐿(𝐾) attains its inte-

rior maximum at 

𝐺(𝐾∗) = 𝐿′(𝐾∗). (33) 

 

 
Fig. 7. Marginal gain G(K) = d(IMEP/p0)/dK 

 

Remark 8.1 𝐺(𝐾) is the marginal thermodynamic 

gain (the derivative of the relative IMEP), not a loss. 

Eq.(33) separates roles cleanly: 𝐺(𝐾∗) is known analyti-

cally from the ideal model, while 𝐿′(𝐾∗)  is the only 

quantity a loss model must supply. In this paper, 𝐿(𝐾) is 

left symbolic (e.g.⁡⁡𝐿′ = 𝑎𝐾); a quantitative loss model is 

outside the present (loss-free, analytic) scope. 

 

 
Fig. 8. Solutions of the design equation 

G(𝐾∗) = L′(𝐾∗) 

 

As Fig. 8 shows, the ideal gain 𝐺(𝐾) crossed by 

two illustrative loss gradients 𝐿′ = 𝑎𝐾 , locating 𝐾∗ ≈

6.6 (moderate loss) and 𝐾∗ ≈ 12.4 (low loss); as losses 

vanish, 𝐾∗ → ∞. 

 

Conclusions 
 

For the 𝑚 = 2 Wankel rotary compressor, we have 

derived in exact closed form: the synchronising 2: 1 gear 

relation; the housing and rotor profiles; the working-

chamber area and volume laws via Φ(𝐾); the displace-

ment 𝑉𝑑 = 8𝑏𝑒𝑅, compression ratio 𝜀(𝐾), and apex-seal 

law sin𝜙max = 2/𝐾 with 𝐾min = 4; the manufacturable 

normal-offset profiles that decouple running clearance 

from shape factor; a volumetric- compactness compari-

son giving a 2: 1 density advantage over 𝑚 = 3 at the re-

spective kinematic limits; the asymptotic laws Φ −

8𝐾 = 16/(3𝐾) , 𝜀 = 3𝐾2 + 1 , 𝑉min/𝑉𝑑 = 1/(3𝐾2) ; 

and the closed-form isentropic work, IMEP ∼ 𝐾0.80, with 

a strict monotonicity theorem and the design equation 

𝐺(𝐾∗) = 𝐿′(𝐾∗). 

All results are exact or asymptotic; no numerical 

model is invoked. The further paper shall develop a zero-

dimensional numerical isentropic model that takes the 

present closed forms as its geometric input and is cross-

checked against the closed-form work of Theorem 8.1; 

the loss term 𝐿(𝐾) required to close Eq. (33), together 

with heat transfer and valve dynamics, is deferred to sub-

sequent work. 
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ГЕОМЕТРИЧНІ РОЗРАХУНКИ ТА АНАЛІТИЧНІ ОЦІНКИ ХАРАКТЕРИСТИК  

ДВОВЕРШИННОГО РОТОРНОГО КОМПРЕСОРА ВАНКЕЛЯ 

Лі Цицзе, С. В. Єпіфанов 

Предметом статті є геометрія робочої камери та ізоентропічні характеристики двовершинного  

(m = 2) роторного компресора Ванкеля — двовершинного ротора, що обертається в однопелюстковому 

перитрохоїдному корпусі з ексцентриковим передаточним числом 2:1. Ця геометрична конфігурація, 
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добре пристосована для стиснення газу, але, на відміну від класичного тривершинного (m = 3) варіанта, 

майже не вивчена аналітично. Мета полягає в тому, щоб для конфігурації m=2 отримати повний набір 

геометричних і робочих співвідношень замкнутої форми, точні вирази для яких раніше не з'являлися в 

літературі, та зробити точні профілі придатними для виробництва. Завдання, які необхідно вирішити: 

встановити кінематику та співвідношення синхронізуючої передачі 2:1; вивести точні профілі корпусу 

та ротора (оболонки) разом із законами площі та об'єму робочої камери; отримати переміщення, ступінь 

стиснення та межу коливань вершинного ущільнення в замкнутій формі; побудувати придатні для виро-

бництва профілі, що відокремлюють робочий зазор від коефіцієнта форми; а також розробити асимпто-

тичні закони масштабування, рівняння для визначення ізоентропійних характеристик та рівняння проєк-

тування, що зв’язує ідеальний коефіцієнт підсилення з моделлю втрат. Використані методи: диференці-

альна геометрія трохоїдальних обвідних, теорема Гріна для площі та об'єму камери, розкладання Тейлора 

(асимптотичне) для визначальної функції форми та ізоентропійний термодинамічний аналіз замкнутої 

форми. Отримано такі результати: закон зміни об’єму робочої камери за кутовим положенням колінча-

стого вала 𝑉(𝑡) = 𝑏𝑒²[𝛷(𝐾)/2 + 4𝐾𝑠𝑖𝑛𝑡] , де 𝛷(𝐾) = (𝐾² + 8)𝑎𝑟𝑐𝑠𝑖𝑛(2/𝐾) + 6√(𝐾² − 4) , 𝐾 =
𝑅

𝑒
⁡-⁡коефіцієнт⁡форми; точна формула для переміщення 𝑉𝑑 = 8𝑏𝑒𝑅 (для m=2 це значення на 54% вище 

ніж для 𝑚 = 3 при тих самих e, R, b), ступінь стиснення 𝜀(𝐾) = (𝛷 + 8𝐾)/(𝛷 − 8𝐾), закон зміни апекс-

ущільнення 𝑠𝑖𝑛𝜑𝑚𝑎𝑥 =
2

𝐾
, що дає 𝐾𝑚𝑖𝑛 = 4 замість 6 для m = 3; точні нормальні профілі паралельного 

зміщення, що визначають залежність радіального зазору 𝑆𝑝 від K, усуваючи головну перешкоду для то-

чного ЧПК-виробництва, яке раніше було основане на заміні реальної лінії коловими дугами; асимптотичні 

закони проєктування, отримані як наслідок асимптотичної заміни  

𝛷 − 8𝐾 ≈ 16/(3𝐾) : 𝜀 ≈ 3𝐾² + 1 , 𝑉𝑚𝑖𝑛/𝑉𝑑 ≈ 1/(3𝐾²) , 𝑎 ≈ 2: 1;  формула для ізоентропної роботи  

𝑊 = 𝑝₀𝑉𝑚𝑎𝑥/(𝛾 − 1) · [𝜀(𝛾−1) − 1], з якої випливає 𝐼𝑀𝐸𝑃 ∝ 𝐾0.80, а також теорема про сувору монотон-

ність. Наукова новизна отриманих результатів полягає в наступному: 1) вперше отримано в замкнутій 

формі систему рівнянь, які визначають повну точну геометрію компресора Ванкеля для m=2, що дозво-

лило кількісно визначити його переваги над схемою з m = 3; 2) розроблено точний нормальний метод 

паралельного зміщення, який визначає залежність робочого зазору від коефіцієнта форми та вможливлює 

виготовлення точного профілю безпосередньо на верстатах з ЧПК, долаючи головне обмеження попере-

дньої практики, основаної на апроксимації профілю круговими дугами; 3) отримано рівняння проєкту-

вання 𝐺(𝐾∗) = 𝐿′(𝐾∗), які визначають зв’язок аналітичного виразу для підсилення із заданою в будь-якій 

формі моделлю втрат та створюють перевірену геометричну та експлуатаційну основу для подальшого 

термодинамічного аналізу робочого процесу компресора зазначеного типу. 

Ключові слова: роторний компресор Ванкеля; перітрохоідний профіль; форм-фактор; робочий процес; 

термодинамічний аналіз; проєктуваня 
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