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NONLINEAR QUADROTOR MODELING:
FROM ANALYTICAL DERIVATION TO PHYSICAL SIMULATION

The subject matter of this study is the expansion of an H-frame quadrotor mathematical model to include non-
linearities and the implementation of its dynamics within the Simscape Multibody simulation environment. The
goal is to develop a comprehensive nonlinear motion model and verify its accuracy by comparing analytical
descriptions with physics-based component modeling. The tasks to be solved are: to analyze the challenges of
describing and implementing nonlinear quadrotor models; to formulate a system of nonlinear differential equa-
tions using the Euler—Lagrange formalism; to conduct simulation experiments on the initial mathematical model;
to develop and integrate a physical rigid-body model into the automatic control system; to perform a compara-
tive analysis of the results. Methods are used: the Euler—Lagrange formalism, numerical methods, and compar-
ative statistical analysis. The following results were obtained: a refined nonlinear mathematical model of an H-
frame quadrotor was developed, accounting for cross-coupled gyroscopic effects and electromechanical actua-
tor dynamics. A dynamic model based on physical constraints and inertia tensors was implemented in Simscape
Multibody. Maneuvering scenarios for both the mathematical and multi-domain models indicate characteristic
transients for orientation angles within the [11, 15] s interval. It was determined that the steady-state deviation
for the mathematical model is 0.1° for yaw and roll and 0.12° for pitch, while the maximum error over the
simulation interval reached 2.4° for yaw, 0.1° for roll, and 0.15° for pitch. Corresponding indicators for the
multi-domain model were: a steady-state deviation of 1° for yaw, 0.9° for roll, and 1.3° for pitch, with maximum
errors of 3°, 0.9°, and 1.3°, respectively. These values result from natural error accumulation due to different
kinematic parameterization methods, gyroscopic moments, and electromechanical dynamics. Conclusions. The
scientific novelty of the results obtained is as follows: the scientific and methodological approach to assessing
the fidelity of complex dynamic systems was further developed, which, unlike existing ones, is based on the cross-
platform verification of the analytical Euler—Lagrange formalism and multi-domain simulation; this allowed for
the first time to establish the applicability limits of nonlinear models and to quantitatively determine the error
in reproducing flight scenario caused by specific kinematic parameterization and cross-coupling dynamics.
Quantitative evaluation confirmed the fidelity of both models. The steady-state deviations between the two mod-
els are 0.9° (yaw), 0.8° (roll), and 1.2° (pitch); at maximum error, they are 4.2° (yaw), 0.8° (roll), and 1.23°
(pitch). Utilizing Simscape physical components significantly simplifies frame parameter modification, process
visualization, and the formulation of coupling equations, as the tool handles part of the model implementation.
The proposed approach provides a high-fidelity virtual prototype for testing robust control algorithms under
conditions close to real-world operation.

Keywords: quadrotor; control system; nonlinear dynamics; Euler—Lagrange formalism; multi-domain simula-
tion.

Modern applications involve biomimetic [6] and flap-
ping-wing systems [7], UAVs capable of adaptive trans-
formation under wind loads [8], and high-precision au-
tonomous navigation [9]. In this context, dynamic equa-
tions are no longer merely a preliminary research result
but have evolved into a critical tool integrated into com-
plex, multi-level control and navigation frameworks.

To effectively address applied engineering chal-
lenges, a quadrotor's mathematical model must account

1. Introduction
1.1. Motivation

In modern robotics, quadrotors have become a fun-
damental and well-established subject of control theory,
widely utilized for military missions [1], search and res-
cue operations [2], surface monitoring [3], logistics [4],
and aerial photography [5]. While the standard dynamic

equations describing the general behavior of such sys-
tems are thoroughly developed and universally accepted
in the academic community, current technological ad-
vancements demand performance far beyond classical
stabilization and positioning in idealized environments.

for specific operational nuances and remain compatible
with integrated subsystems, such as LiDAR-based con-
trol [10] and Computer Vision technologies [11]. The tra-
ditional iterative design approach involves sequential
parameter refinement; however, incorporating the
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maximum number of physical factors and initial data at
the early design stages significantly enhances the final
product's quality and reduces resource consumption. Cur-
rent practices often rely on simplified assumptions during
the modeling phase, necessitating costly corrections after
extensive field or semi-natural experiments. A more ra-
tional approach involves the a priori inclusion of known
nonlinear characteristics and physical parameters within
the model. This is particularly crucial for developing
nonlinear robust fast terminal sliding mode controllers
[12], neural network-based architectures [13], and adap-
tive robust control under conditions of uncertainties in
the system [14].

Admittedly, increasing the level of detail in a math-
ematical description leads to an inherent escalation in
model complexity. However, modern computer-aided
engineering and multi-domain simulation technologies
allow for an effective balance, ensuring high fidelity
without compromising the development process's effi-
ciency. This paper examines the expansion of a quadrotor
mathematical model to include specific nonlinearities
and its subsequent implementation within the Simulink
Simscape environment [15]. The primary focus is placed
on deriving a system of nonlinear differential equations
using the Euler—Lagrange formalism and integrating
rigid body dynamics into a physical simulation environ-
ment. This approach facilitates a transition to multi-do-
main modeling — combining rigorous mathematical de-
scriptions with physical component connections —
thereby streamlining parameter estimation and enhancing
analytical capabilities through intuitive 3D visualization.

1.2. Objectives and tasks

The primary objective of this study is the develop-
ment and verification of a refined nonlinear quadrotor dy-
namic model integrated into a multi-domain simulation
environment to enhance the fidelity of dynamic process
reproduction. Achieving this objective involves solving
several interrelated tasks based on a transition from ab-
stract mathematical assumptions to physics-oriented de-
sign.

The implementation methodology relies on the
Simscape environment, which constitutes a key feature
of the proposed approach. Instead of the traditional pro-
gramming of dynamic functions as closed "black-box"
blocks, this work proposes implementing quadrotor dy-
namics as a rigid body system using physical compo-
nents. This approach enables:

— establishing direct physical connections be-
tween inertial characteristics, frame geometry, and motor
thrust vectors;

— integrating the mechanical assembly with auto-
matic control systems within a unified computational
framework;

— conducting a comparative analysis between re-
sults obtained via two applied methods.

The underlying iterative process aims to minimize
discrepancies between the theoretical model and the
physical object. It is hypothesized that utilizing verifiable
physical parameters during the design stage eliminates
the need for excessive model simplification for the sake
of computational efficiency, while maintaining the preci-
sion required for synthesizing high-performance control
algorithms.

Thus, the approach is based on the principle of mov-
ing from complex descriptions to intuitive implementa-
tion, where the complexity of the mathematical apparatus
is balanced by the clarity and functionality of modern
software suites.

The fundamental research framework combines an-
alytical methods of classical mechanics with advanced
integrated simulation tools. The mathematical basis of
this work is built upon the Euler-Lagrange equations, al-
lowing for the derivation of a rigorous system of nonlin-
ear differential equations that describe the vehicle's dy-
namics as a 6-DOF system. In contrast to linearized mod-
els, this framework fully accounts for cross-coupling be-
tween control channels, as well as aerodynamic and gy-
roscopic moments occurring during high-intensity ma-
neuvering.

To achieve the goal, within the framework of this
publication it is necessary to solve the following tasks:

— conduct a critical analysis of existing ap-
proaches to the implementation of nonlinear mathemati-
cal models in UAV simulation;

— derive a rigorous system of nonlinear differen-
tial equations for a quadrotor using the Euler-Lagrange
formalism;

— implement the dynamics of the quadrotor as a
rigid body using physical components in a multi-domain
simulation environment;

— conduct a comparative analysis of the results ob-
tained from both the analytical and physical models to
validate the fidelity of the proposed approach.

The article is structured as follows:

Section 2 describes the objectives and methodol-
ogy, detailing the transition from abstract mathematical
assumptions to physics-oriented design. It presents the
derivation of the comprehensive nonlinear mathematical
model, including kinematics and rigid body dynamics. In
the end it focuses on the actuation system modeling and
the electromechanical characteristics of the motor-ESC
units. It details the computer implementation in Simulink
and the preliminary simulation results. The alternative
multi-domain implementation using Simscape Multi-
body are described.

Section 3 provides a comparative analysis of the re-
sults and a discussion of the observed discrepancies.
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Section 4 concludes the article by summarizing the
conclusions and providing prospects for further research.

2. Materials and methods of research

The formulation of a mathematical model necessi-
tates the analysis of physical models through rigorous an-
alytical frameworks. For the design and simulation of
quadrotor control systems, the Lagrangian approach is
particularly advantageous, as it systematically handles
mechanical systems with multiple degrees of freedom
[16].

This method inherently incorporates energy compo-
nents — kinetic and potential — from which the dynamic
equations are derived. Furthermore, the Lagrangian for-
malism is directly applicable to the synthesis of model-
based controllers.

2.1. Quadrotor kinematics and dynamics

Prior to defining the mathematical model of the
quadrotor dynamics, the following assumptions and ini-
tial conditions were established:

— aerodynamic drag is neglected for the initial der-
ivation;

— the Earth is considered an inertial reference
frame;

— all coordinate systems are defined using the
right-handed East-North-Up (ENU) convention;

— the orientation angles follow a specific conven-
tion: yaw and roll angles increase according to the right-
hand rule (yaw — counter-clockwise rotation, roll — tilt to
the right), while the pitch angle is defined such that "nose
up" corresponds to a positive displacement (following a
left-handed convention for this specific axis).

The physical configuration of the H-frame quad-
rotor is illustrated in Fig. 1.

Physical model contains:

WX,Y4Z4 is the inertial reference frame;

— OXYZ is the body-fixed frame;
— X, Y, z arethe coordinate of the center of mass
(CoM) of the quadrotor;
— ¢, 0, y are the roll, pitch and yaw angles;
o; is the rotor angular velocity;

— a, b, c are length, width and height of the
quadrotor;
— d isthe length of the arm;
— h is the vertical displacement between the pro-
peller plane and OXY;
— r isthe propeller radius;
F is the propeller thrust;

Mp; is the electric drive torque;

— My; is the propeller drag moment;

— M, is the static moment of resistance in the

sti

electric drive.

Fig. 1. Physical configuration of the H-frame quadrotor

The moments are illustrated in Fig. 1 for arms 2 and
3; however, arms 1 and 4 possess an identical set of mo-
ments with corresponding directions.

The Euler-Lagrange equation is employed to derive
the mathematical model of the quadrotor:

d(oL) oL _
ali e (”

where L is the Lagrangian;
q; is the generalized coordinate;

Q; is the generalized force.

The motion is characterized by 6-DOF, which
uniquely define its position and orientation in the inertial
reference frame:

a=[x y z ¢ 0 y]. )

The linear velocity in the inertial frame is defined
as

V=Y @)
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and the angular velocity in the body-fixed frame is de-
fined as follows

@y ¢
o=| o, |=B(,0)] 0|, 4)
o, v

where the transformation matrix

1 0 -sin®
B=|0 cos$¢ singcosod (5)
0 -sing cos¢pcosd

maps the Euler angular rates to the body angular velocity
vector according to the Z-Y-X "passive" rotation se-
quence.

Consequently, the inverse relationship representing
the kinematic coupling between angles and rates is given

by:

¢ @y
0 |=B"(¢,0)| 0, |=
% o,
, (6)

1 singtgd cosotgo || w,

=|0 cosd -sing || o |-

0 sing cos¢ || o,
cosO cosf

The kinetic energies of translational and rotational
motion can now be defined:

T ==—mvv; (7
n:%Jm, (8)

where | = diag(lxx, Ly 122

) is the quadrotor moment of
inertia tensor;
m is the total weight of the quadrotor.
It is crucial to note that for a configuration

where thrust F is perfectly aligned with the OZ

axis and aerodynamic drag is neglected, vertical displace-
ment h does not explicitly enter the torque equations.
However, in such a scenario, the mass distribution
varies such that the inertia of each motor relative to the
CoM increases.
According to the Huygens-Steiner Parallel Axis
theorem, the diagonal elements of the moment of inertia

tensor for the quadrotor as a solid rectangular cuboid are
derived as:

Lo :%<b2+cz)+mi(d2+4h2),
ly :%(a2+cz)+m,(d2+4h2), 9)
l,, :%(a2+b2)+2mid2,

where m,,, m; are the body and arm mass, respectively.

Evidently, vertical displacement h increases the
moments of inertia for the roll 1,, and pitch I, axes

quadratically. This indicates that as the rotor plane rises
above the CoM, the resistance to attitude changes in-
creases, necessitating larger control moments to maintain
the same angular acceleration. Conversely, the yaw iner-
tia 1,, remains independent of h, as the distance be-
tween the motors and the OZ axis is determined solely by
d.
The total kinetic energy as the sum of (7) and (8):

T:n+T}:%m@?+f+zﬂ+%mﬁm (10)

The potential energy, with the CoM as the reference
point, depends only on the altitude in the inertial refer-
ence frame:

U =mgz. (11)
The Lagrangian is defined as the difference between
the total kinetic (10) and potential (11) energies:

L=T-U=
(12)

m()'(2 +y2 +22)+%wTIw-mgz.

N |-

Within the context of the Euler-Lagrange frame-
work, generalized forces Q; describe external non-con-
servative influences performing work on the system. The

quadrotor is modeled as a rigid body whose dynamics are
driven by the total propeller thrust along OZ axis:

4
Fe=) F (13)
i=1
and the control moments around the body axes
T
Mg=[M, My M,]. (14)

The thrust is defined as a function of the propellers'
angular velocities:
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R =keo?, (15)
where K¢ is the propeller thrust coefficient.

Since thrust F, acts along the body OZ axis, it must
be mapped to the stationary inertial frame:

FR=R(¢,0,y)[0 0 R], (16)

where R = R,R R, is the rotation matrix.

Given the axis orientations and the established pos-
itive angular conventions, the elementary rotation matri-
ces are:

(10 0 ]
R,(¢)=[0 cosp -sin¢ |;
|0 sing coso |
[cos® 0 -sind]
R,(6)=| 0 1 0 |; (17)
| sin®@ 0 coso |
[cosy -siny 0O
R,(w)=|siny cosy O]
0o o0 1

The result of equation (16) is the vector in the iner-
tial frame:

F=[e Q Q] (18)

Using the Z-Y-X rotation sequence, the components
of the generalized forces are expressed as:

Qy = Fg (singsiny - cospsind cosy);
Q, = Fg (-singcosy - cospsindsiny);  (19)

Q, = Fzcos¢cosé.

For angular coordinates, the generalized forces are
the moments. Roll Q, and pitch Q, moments are gen-

erated by the thrust differential, while the yaw force Q,,
is determined by the torque balance on the motor shafts:

Q = %kF (‘”12 + 0, -0 ‘0)42);

d
Qp = 5 Kp ((012 -0, -y + 0342)5 (20)
Q, = Kin (0312 _m22 +0332 -0)42),

where k, is the propeller drag coefficient.

Solving the Euler-Lagrange equations (1) yields the
translational dynamics:

X 0 0
m| ¥ [=R(6.0,y) 0 |-] 0 |, (21)
z Fs | | mg

which can be represented in terms of linear acceleration:

X = %(Sind)sin\u - cossind cosy);
y= %B (-singcosy - cospsinOsiny);  (22)
,_Fs
Z=-—=cospcoso -g.
m

Equation of the dynamics of rotational motion can
be formulated as:

lx O '(Iyy 'Izz)(’)y(‘)z =Qy;
Iyy(by '(Izz - Ixx )O‘)Z(DX = Qe§

I, 0, '(Ixx 'Iyy)wx(’)y =Qy»

(23)

The gyroscopic moment in quadrotor dynamics is a
"parasitic" effect arising from the angular momentum of
the rapidly spinning propellers. When the airframe tilts
(changes in ¢ or 0), the rotor's axis of rotation changes

its orientation in space. According to the laws of mechan-
ics, this induces a reaction moment perpendicular to both
the rotor's axis and the body's angular velocity vector.
Each rotor acts as a gyroscope. Given the body's an-
gular velocity, the gyroscopic moment is determined by
the vector cross-product:
M

= Irot (Qxezmi)’ (24)

gyro,i
where e, =[0 0 1] is the vector of the axis of pro-
peller rotation in the body-fixed frame;

1 . _—
liot = 3 m;r? is the total moment of inertia of the ro-

tor and propeller.

In the body-fixed frame, the projections of the total
gyroscopic moment from all four rotors onto the OX and
OY axes are as follows:

{ngro,d: = oty (0 -0, +05-04); 25)

ngro,e = |0y ((02 -0 Ty '033)-

This system of equations reflects the fact that in
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level flight, the net gyroscopic moment is zero. Incorpo-
rating these terms, the right-hand sides of the angular dy-
namic equations (23) take the following form:
(26)
A Qe +ngro,9'
Thus, a complete system of nonlinear differential
equations has been obtained, describing the quadrotor dy-
namics as a rigid body.

2.2. Actuation subsystem

The executive subsystem of the quadrotor com-
prises J2514 1500 KV brushless DC (BLDC) motors
paired with APD 80F3[X] electronic speed controllers
(ESC). The standard mathematical representation of a
BLDC motor integrates both electrical and mechanical
dynamics. The electrical behavior of the J2514 motor is
governed by the following voltage balance equation:

L di

Gt Ritko=U, @7)

where u is the ESC voltage; i is the current flowing
through the windings; R is the winding resistance; L is
the inductance; k, is the back EMF coefficient.
The mechanical dynamics of the J2514 motor, in its
generalized form, are expressed as:
do

Irot_: Ivlm'MI’

dt (28)

where M, is the motor torque;
M, is the propeller load moment.
To refine the mechanical equations (27, 28), the mo-
ments illustrated in Fig. 1 are utilized: My, is the elec-

tromagnetic torque generated by the motor, acting as the
primary driver of motion, My; is the aerodynamic load

resulting from the viscous friction of the propellers
against the air, M; is the combined dry and viscous fric-

tion within the bearings that opposes rotation.
Consequently, the comprehensive electromechani-
cal system for the motor is formulated as:

Lot @i = Mg - My; - Mg;. (29)

For the BLDC, the electromagnetic torque is de-
fined as:

Mg = ki, (30)

where kK, is the electromagnetic torque constant.

The aerodynamic drag moment of the propeller is
modeled as:

My = ko2, (31)

The static drag moment within the electric drive
supports (bearings) is given by:

Mg = Mgy + o, (32)

where Mg, is the dry friction moment;

n is the coefficient of viscous friction in bearings.

The transition from the high-fidelity physical motor
model to its representation as a control unit is defined as:

di; _ 1

1 ="(U.-Ri -k.o):

dt Li( i~ Rili eml)’ )
d 1 .

i = —(kt'i -Kpo? '(Mdryi T No; ))

dt Iroti

To establish the final relationship between the gen-
eralized forces Q; and the control signals u; — thereby

completing the quadrotor's full dynamic model —the ESC
must be characterized. The ESC converts the input PWM
signal into an average phase voltage U, . Accounting for

the inherent delays associated with PWM switching and
signal filtering 7., the ESC dynamics are modeled as a

first-order aperiodic link:

du;
Tesc d_tl + Ui = kescui'

(34)

The derived mathematical model, encompassing
both the 6-DOF rigid body dynamics and the electrome-
chanical characteristics of the actuation system, provides
a rigorous foundation for the subsequent development of
the high-fidelity multi-domain simulation.

3. Computer-Aided Modeling and
Simulation

3.1. Mathematical-based simulation

The structure of the quadrotor computer model, in-
cluding its actuation elements, is shown in Fig. 2. This
version is implemented in the Simulink environment and
is based strictly on the derived differential equations, or-
ganized into the Actuation subsystem and the Quadrotor
dynamics (Fig. 3).
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Fig. 2. Overall connection diagram of the quadrotor computer model based on mathematical equations
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Fig. 3. Structure of the Quadrotor subsystem

The Controller subsystem (Fig. 4) performs the fol-
lowing functions: command generation for the desired
flight trajectory, implementation of multi-loop (nested)
control laws, and computation of the control allocation
matrix.

The reference commands are generated considering
signal constraints tailored to the operational requirements

of a low-maneuverability H-frame quadrotor: maximum
altitude of 50 m, roll and pitch angles restricted to
[-45, +45]°, and a yaw rate within [-90, 90]°%s.

Furthermore, the pitch angle constraint prevents the
gimbal lock phenomenon inherent in the kinematic
equation (6).
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Fig. 4. Structure of the Controller subsystem

The multi-loop architecture consists of classical
regulators for each channel: altitude controller

Fona = Fueort + KpAH + k AF + kDJ.AHdt, (35)

and orientation controllers:

IE¢ = kq)'2 (k¢,1A¢' Oy );
Ry = ko (Ko, 00- 0, )

; (36)

Ry =kya (ky Av-0,),

where AH=H_.4
AP =g -0
AO =0 -0;
AV =Yg -V
Fakeotr 1S the thrust for taking-off;

_H;

FA:d, Ry, IA:W are estimated roll, pitch and yaw forces.

The control allocation matrix translates the desired
moments into estimated thrust values for individual ro-
tors according to equation (20).

R Tysa yd yd yak, |Fe

F, _|Y4 yd -yd Yk, R a7
Bl |y yd yd yak, ||F [

e | e -yd vy -y )|

The Controller subsystem generates control volt-
ages with appropriate saturation limits for these thrusts:
u; €[0,1]= F, €[0, Fray ], (38)
ensuring realistic commands from the controller.

The physical constants and parameters are summa-
rized in Table 1.

Table 1
Physical constants and parameters
Parameter Value Parameter Value
m, kg 5.6 l ot » kg/m? 310°
m, , kg 2.4 L,H 0.0001
m;, kg 0.8 R, Om 0.15
a,m 0.7 k., Vl/(rad-s) | 6.4-10°
b,m 0.35 ki, (N-m)/A | 6.4-103
c,m 0.15 K 1.5-10°6
d,m 0.7 Ke 5.10°
h,m 0.15 N, (N-s)/m 2:10°®
I » kg/m? 0.5 Mgy, N-m | 0.0002
lyy » kg/m? 0.57 Kese 22.2
l,,, kg/m? 0.9 Tesc s S 0.02

The simulation results for a specific flight scenario
are presented in Fig. 5. The scenario includes: vertical as-
centto 5 m (0 s), then yaw rotation of 90° (5 s), then roll
rotation of 30° (10 s), pitch rotation of -15° (11 s).
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Fig. 5. Experimental results for the prescribed flight scenario:
a — rotor angular velocities; b — altitude; ¢ — yaw; d — roll; e — pitch
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According to the plots, all rotors rotate at a uniform
speed to lift the vehicle to 5 m (Fig. 5a). The angular ve-
locity peaks at 650 rad/s before stabilizing at 520 rad/s,
allowing the quadrotor to reach the target altitude in 5 s
(Fig. 5b).

Subsequently, a 90° yaw rotation is executed with-
out altitude loss; this is achieved by increasing the speeds
of rotors 1 and 3 while decreasing rotors 2 and 4, main-
taining constant total thrust. The yaw maneuver is com-
pleted within 3 s (Fig. 5¢). At 10 s, the roll angle changes
to 30° (Fig. 5d), followed by a pitch adjustment to -15° at
11 s (Fig. 5e).

The influence of gyroscopic moments is evident
across all plots during these maneuvers. Fig. 4a illustrates
the corresponding adjustments in rotor angular velocities.
Accounting for the compensation of gyroscopic effects,
the quadrotor reaches the desired attitude in about 4 s.

The observed behavior aligns with the characteris-
tics of the nonlinear mathematical model, providing a
verified baseline for the transition to an alternative multi-
domain implementation.

3.2. Multi-domain simulation

To provide an alternative implementation of the
flight dynamics, specifically the rigid-body orientation, a
physical model of the quadrotor was developed using the
Simscape Multibody environment.

Actuation subsystem
(ESC +BLDC)

ui(t)

In this approach, a rigid body was constructed by
integrating geometry, inertia, mass properties, and a
graphical component. The detailed quadrotor assembly
serves as a high-fidelity visual shell, with parameters
strictly corresponding to the values specified in Table 1.
Consequently, the differential equations describing the
mechanical dynamics are replaced by the integrated tools
of the physical simulation environment.

The architecture of the multi-domain computer
model and the internal configuration of the Quadrotor
(Physical model) subsystem are illustrated in Fig. 6.

A rigid interaction is established between the new
Quadrotor (dynamics) physical subsystem and a simpli-
fied Quadrotor (kinematics) subsystem based on the
mathematical model. The mathematical subsystem con-
tinues to compute the generalized forces Q;, which are

then transmitted as input signals to the physical model.
The physical model, acting as a rigid body, adjusts its ori-
entation accordingly and feeds back the orientation an-
gles and angular velocities to the kinematics subsystem
to determine the quadrotor's position in inertial space.
The Controller and Actuation subsystems remain identi-
cal to the previous implementation to ensure consistency.

To evaluate the multi-domain model, an experiment
was conducted using the same flight scenario as previ-
ously described. The results are demonstrated through the

visual orientation of the physical model at key
timestamps (Fig. 7).
Quadrotor
(kinematics)

i (t)

Y

o0 Fo® | X
Qi 0@ [ o® | YO
vy | o0 L 7Z0

.

Quadrotor (dynamics)
(Physical model)

Fig. 6. Structure of the multi-domain quadrotor computer model
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Fig. 7. Visual orientation of the physical quadrotor model at key simulation milestones:
a — prior to yaw rotation (5 s); b — post-yaw rotation and prior to roll maneuver (10 s);
¢ — during roll rotation and prior to pitch maneuver (11 s); d — post-pitch rotation (15 s)

The transition to a multi-domain simulation envi-
ronment effectively bridges the gap between abstract
mathematical derivations and physical system realiza-
tion, providing a robust platform for verifying nonlinear
dynamics through integrated physical constraints and
real-time visual feedback.

4. Results and Discussion

Simscape Multibody enables the extraction of inter-
nal sensing signals directly from the physical model com-
ponents. To evaluate the consistency between the mathe-
matical model (Fig. 2) and the multi-domain model (Fig.
6), the transient characteristics of the orientation angles
were compared (Fig. 8). The rotor speeds and altitude
plots are omitted here, as they are computed by identical
mathematical subsystems and perfectly replicate the re-
sults shown in Fig. 5a and Fig. 5b.

Preliminary analysis of the yaw and roll variations
indicates that discrepancies between the two models pri-
marily emerge following the activation of gyroscopic
moments. Consequently, a detailed comparative analysis
was conducted for the interval [11, 15] s, where these
nonlinear effects are most prominent. The quantitative
data is summarized in Table 2.

Table 2
Quantitative comparative analysis of the quadrotor
orientation configuration

Angle Indicator Fig.2 | Fig.5 Error

Yaw Deviation 0.1° 1° 0.9°

Max. error 2.4° 3° 4.2°

Roll Deviation 0.1° 0.9° 0.8°

Max. error 0.1° 0.9° 0.8°

. Deviation 0.12° 1.3° 1.2°
Pitch

Max. error 0.15° 1.3° 1.23°

The observed deviations between the analytical and
multi-domain models can be attributed to several factors.
The most significant discrepancies occur during simulta-
neous multi-axis rotations. While the mathematical

model accounts for gyroscopic effects through explicit
cross-product terms in the Euler-Lagrange equations,
Simscape Multibody computes these effects implicitly
through the recursive Newton-Euler algorithm applied to
the rigid body's inertia tensor. The divergence in both
magnitude and sign of the error (Fig. 8) suggests that the
physical simulation environment captures higher-order
inertial interactions that may be simplified in the analyt-
ical derivation.

The mathematical model utilizes a standard rotation
matrix based on Euler angles, which is susceptible to trig-
onometric singularities. In contrast, Simscape Multibody
typically employs quaternion parameterization for inter-
nal computations. The necessary transformation between
these coordinate representations for visualization and
control introduces minor numerical residues, contrib-
uting to the total error margin.

Unlike the explicit ODE-based implementation in
Simulink, the multi-domain model involves a topological
analysis of the physical assembly. The difference in how
the solver handles algebraic loops and stiff physical con-
straints in Simscape compared to the purely differential
approach in the mathematical model results in the ob-
served transient offsets.

In conclusion, while the linear controller maintains
stability, it does not compensate for the inherent nonlin-
ear differences between the two modeling approaches.
However, the high degree of correlation between the re-
sults confirms that the developed nonlinear mathematical
model is a valid representation of the quadrotor's physical
dynamics.

4. Conclusions

The research presented in this paper successfully
demonstrates the development and verification of a re-
fined nonlinear mathematical model for an H-frame
quadrotor, bridging the gap between theoretical analyti-
cal derivations and practical multi-domain simulation.
By employing the Euler-Lagrange formalism, a rigorous
6-DOF dynamic framework was established, accounting
for critical nonlinearities such as gyroscopic moments
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Fig. 8. Comparison of experimental results for the prescribed flight scenario:
— —model Fig. 2 (analytical); --- —model Fig. 6 (Simscape); -.-.- — difference between models;
a—yaw; b —roll; ¢ — pitch

and complex electromechanical interactions within the
actuation system. The subsequent implementation of this
model in a Simscape Multibody environment provided a
robust platform for comparative analysis, where the
physical modeling approach validated the analytical find-
ings through high-fidelity visual and numerical feedback.

The observed discrepancies between the two mod-
eling methodologies, particularly during high-intensity
maneuvers involving simultaneous multi-axis rotations,
highlight the sensitivity of quadrotor dynamics to inertial
cross-coupling and kinematic parameterization. While
the analytical model provides a transparent basis for con-
trol law synthesis, the multi-domain approach offers su-
perior capabilities for verifying physical constraints and
sensor integration without the need for excessive mathe-
matical simplification. Ultimately, the high degree of
correlation between the two implementations confirms
the validity of the proposed nonlinear model as a reliable

foundation for the development of advanced robust con-
trol strategies. The prospects for further research lie in
the synthesis of nonlinear control laws, such as Sliding
Mode Control and Backstepping, which require the pre-
cise mathematical descriptions derived in this study to
ensure stability under uncertainty. Furthermore, the de-
veloped multi-domain framework provides a scalable en-
vironment for investigating the quadrotor's behavior un-
der complex environmental disturbances, including wind
gusts and payload variations, as well as for implementing
Hardware-in-the-Loop testing of real-time flight control-
lers.
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HEJITHIMHE MOJIEJTIOBAHHS KBAJIPOKOIITEPA:
BIJ AHAJITUYHOI'O BUBEJEHHS 10O ®I3MYHOI'O MOJEJIOBAHHS

B. I'. /xcyneakos, J1. B. Coxon

IIpenMeToM BHBYEHHS B CTaTTi € PO3MIMPEHHST MaTeMaTHYHOI Mojeni KBajpokonrtepa 3 H-moxioHOI0 pamoro
LULIXOM ypaxyBaHHSl HEJiHIHHOCTEH Ta peasizamis HOro AWHAMIKM B CEPEIOBHIII MOJENIOBAHHS Simscape
Multibody. MeTo¥o € cTBOpeHHs KOMIUICKCHOI HEiHIITHOI MOZieni pyxy KBaapokonTepa Ta Bepubikamil il TOYHOCTI
4yepe3 MOPIBHAUIBHUH aHali3 aHATITUYHUX ONHKCIB 3 (Di3WYHO-OPIEHTOBAHUM MOJICTIOBAHHSIM KOMIIOHEHTIB. 3a-
BJIAHHS: IPOBECTH aHAJi3 MPOOIIEM OIIMCY Ta peaizallii HeJTiHIHHUX MOJeJIeH KBaIpoKonTepa; chopMyBaTH CHCTEMY
HENiHIRHIX OudepeHIiaTbHIX PiBHAHb KBaJPOKOITEpa 3a gonomorow dopmamizmy Einepa—Jlarpamka; mpoBecT
iMiTaniHI eKcriepuMeHTH Ha 6a30Biif MaTeMaTHYHIN MOIETi; pO3pOOUTH Ta iHTEerpyBaTH (Pi3HIHY MOAETH KBaIPOKO-
nTepa siK TBEPIOTo TiJla B 3aTalbHy CUCTEMY aBTOMATHYHOI'O YIIPABIiHHS, BUKOHATH IOPIBHAIBHHI aHaJIi3 OTpUMa-
HUX pe3yibTaTiB. MeToau po3B's3anHs 3anad: Gopmarizm Einepa—Jlarpanka, 9ucenbHi METOIH iHTETPYBaHHsI, Me-
TOJIM TTOPIBHSUIBHOTO CTATUCTHYHOTO aHaii3y. OTpHMaHO TaKi pe3yJIbTaTH: pO3pO0JIeHO YTOYHeHY HeMiHiiHy MaTe-
MaTH4HY MOJIeNTb KBaJpoKonTepa 3 H-1mo1idHo0 paMolo, sika BpaxoBYe€ IEPEXPECHi MPOCKOITIUHI 3B'I3KH Ta ANHAMIKY
eJIEKTPOMEXaHIYHUX MPUBOIB. ¥Y cepenoBuili Simscape Multibody peanizoBaHo AMHaMIiYHY MOJIEIb, 3aCHOBaHY Ha
¢bi3nuHKX 3B'sI3Kax 1 TeH30pax iHepuil. Pe3ynbTaT cueHapiro MaHeBpyBaHHs 11 000X TUIIB MOJieNieil BKa3yIoTh Ha
XapaKTepHi MepexigHi MpolecH 3a KyTamu opieHrauii Ha iHTepBaii [11, 15] c. BeTaHoBieHo, 110 ctatnuHa noxubka
JUIsl MaTeMaTH4Hol Mojieni ctanoBuTh 0.1° 1yist KyTiB puckanHs Ta kpeHy 1 0.12° jyist TaHraxky, Toai K MakCUMajbHe
BiZXHMJICHHS cKiajio 2.4° nust puckanss, 0.1° nst kpeny Ta 0.15° nnst Tanraxy. BiamnmoBinHi moka3sHUKH 17151 6aratoo-
MEHHOI MofeNi: ctaTuyHa moxubka — 1° s puckanus, 0.9° ns kpeny, 1.3° it TaHTaXy; MaKCIMaIbHE BiAXMICHHS
—3°,0.9° ta 1.3° BignoBigHo. Taki 3HAYCHHS 3yMOBIICHI IPUPOTHAM HAKOITMYCHHSIM MOXHOKH Yepe3 BUKOPUCTAHHS
PI3HHX METOZIB KiHEMaTHYHOI ITapaMeTpH3allii, IPOSBOM TiIPOCKOMIIYHHX MOMEHTIB Ta Cenn(iKOI0 IHHAMIKA eJIeK-
TpPOMEXaHIYHHUX eJIeMeHTiB. BucHoBku. HaykoBa HOBH3HA OTPHMaHUX PE3yJIbTATIB NOJIATAE B HACTYITHOMY: JIiCTaB
MOAAIBIINNA PO3BUTOK HAYKOBO-METOJIMYHHUMN IMiXiJ O OLIHIOBaHHS aJCKBaTHOCTI CKJIAJHUX THHAMIYHHX CHCTEM,
SIKM, Ha BIIMIHY Bifl iCHyFOUHX, 0a3y€TbCsl Ha Kpoc-TutaThopMHii Bepudikamii anamiTaaHOro opmainizmy Eftmepa—
Jlarpanska Ta 6araTogoMeHHOTO MOJIeTIOBaHHsL. L{e 103BoNIIO Briepiie BCTAHOBUTH MEXi 3aCTOCOBHOCTI HEJIHIHHUX
MoJieJield Ta KUTbKICHO BU3HAUUTH MOXMOKY BIATBOPEHHS CLIEHAPIIO MOJIBbOTY, CIPUYMHEHY CHEHU(IKOI0 KiHeMaTHY-
HOI IapaMeTpH3alii Ta TUHaMIKOI TIepexpecHuX 3B’ a3kiB. KijbKicHa OlliHKa MiZATBEpIHia aIeKBaTHICTh 000X MOJIie-
JIeW: PI3HUIA y CTATUYHHUX ITOXUOKaX MK HUMU ctaHoBUTH 0.9° uist puckanust, 0.8° mis kpeny ta 1.2° st TaHraxa,
a y MakcuMalbHuX BiaxuieHHsXx — 4.2°, 0.8° ta 1.23° BignoBinHo. Bukopucranus (i3n4HUX KOMIOHEHTIB Simscape
3HAYHO CIPOILy€e MOIU]IKAIiI0 MapaMeTpiB pamMH, Bi3yalli3aIlilo MPOIECiB, OCKIIBKA IHCTPYMEHTapild aBTOMATU3Y€
3aIiC PiBHSHB B3a€MHUX 3B'SA3KiB. 3allPpONOHOBAHUH MinXix 3a0be3medye CTBOPEHHS BHCOKOTOYHOTO BipTyallbHOTO
NPOTOTHIY JUISl TECTYBaHHS POOACTHUX AITOPUTMIB YIPABIIiHHS B YMOBAaX, HAOJIMKEHNX JI0 PealbHOT eKCILTyaTamii.

Karo4oBi ciioBa: kBagpoKomTep; CHCTeMa yIpaBIIiHHS; HeJiHIiHA nuHaMika; Gopmanizm Einepa-Jlarpanxka;
0araToJJOMeHHE MOJICIFOBAHHSI.
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