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STRESS STATE ANALYSIS OF SEMI-INFINITE LAYER
WITH CYLINDRICAL CAVITIES

The subject matter of the article is the stress-strain state of a semi-bounded isotropic elastic layer with N lon-
gitudinal cylindrical cavities under prescribed displacements on all surfaces of the body. The goal is to develop
an analytical-numerical methodology for solving the spatial elasticity problem for the semi-bounded layer with
cylindrical cavities under kinematic boundary conditions and to investigate the stress state for four qualitatively
distinct variants of boundary conditions differing in the parity of the prescribed displacement components with
respect to the coordinate z. The tasks to be solved are as follows: to construct a solution of the Lamé equations
in Cartesian and local cylindrical coordinate systems; to reduce the problem for the semi-bounded layer to an
equivalent problem for an infinite layer; to satisfy the boundary conditions on all surfaces and reduce the prob-
lem to an infinite system of linear algebraic equations; to obtain numerical stress distributions on the layer
boundaries and cavity surfaces; to verify the methodology against known solutions. The methods used are the
generalized Fourier method with addition theorems for transition between coordinate systems; the mirror re-
flection method, whereby assigning even or odd displacements on the horizontal boundaries automatically en-
forces «smooth wall» or «free face» conditions on the plane z = 0; and the reduction method for solving the
resulting infinite system of linear algebraic equations of the second kind. Conclusions. Even-parity loadings
give rise to nearly the full set of stress components in the cross-section of the cavity, whereas odd-parity loadings
produce a predominantly antiplane stress state. Normal displacement produces stress concentration on the cav-
ity surface 3.5-4 times greater than the tangential displacement of the same amplitude. An oscillatory stress
distribution near the discontinuity points of the prescribed displacements is of a physical nature and is inde-
pendent of the truncation order of the system. Scientific novelty. For the first time, the spatial elasticity problem
for a semi-bounded layer with N cylindrical cavities under kinematic boundary conditions has been solved. The
combination of the generalized Fourier method with the mirror reflection method is extended to a semi-bounded
body with cylindrical inhomogeneity. The methodology is applicable to an arbitrary number of cavities and may
serve as a benchmark for verification of finite element solutions.

Keywords: semi-infinite layer; cylindrical cavity; kinematic boundary conditions; generalized Fourier method;
stress-strain state; spatial edge effect.

than forces are specified at the body boundaries, corre-
sponding to kinematic boundary conditions. Despite the

Introduction

The development of modern aerospace technology
imposes increasingly stringent requirements for the accu-
racy of strength calculations of structural elements of avi-
ation and rocket-space systems. Fuselage panels, wing
stringers, frames, elements of power units and control ag-
gregates contain numerous structural holes, technologi-
cal channels, pneumatic and hydraulic pipelines, which
are sources of stress concentration. Under cyclic loading,
a wide range of operating temperatures and vibrational
influences, most fatigue cracks initiate precisely in stress
concentration zones, determining the resource and relia-
bility of the structure. Therefore, an accurate determina-
tion of the stress-strain state (SSS) near cylindrical chan-
nels and holes is a critically important scientific and prac-
tical design task for aviation structures.

This problem becomes particularly relevant when
calculating parts subjected to forced deformation -
clamping in rigid joints, thermal deformations, interfer-
ence fit deformations. In such cases, displacements rather

widespread occurrence of such structural situations, elas-
ticity theory problems with kinematic boundary condi-
tions for bodies with cylindrical cavities are significantly
less studied than analogous problems with force condi-
tions.

An additional source of complexity is the semi-in-
finity of structural elements: most real aviation parts have
end surfaces where edge effects arise, significantly af-
fecting the stress distribution near cylindrical concentra-
tors. Meanwhile, the majority of theoretical studies focus
on infinite or unbounded bodies, and results from these
works cannot be directly applied to the calculation of fi-
nite structural elements.

Thus, the problem of SSS in a semi-infinite layer
with cylindrical cavities under kinematic boundary con-
ditions is relevant both theoretically and practically: its
solution fills the existing gap in elasticity theory and pro-
vides aerospace engineers with a reliable analytical-nu-
merical tool for assessing stress concentration in critical
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structural elements.

1. State of the art

The fundamental foundations of the theory of stress
concentration around holes in elastic bodies are laid out
in Savin's monograph [1], where plane problems for bod-
ies with holes of various shapes are systematized. Three-
dimensional problems of the theory of elasticity for bod-
ies with cylindrical boundaries are considered in the
monographs of Kosmodamiansky [2] and Podilchuk [3];
however, these works do not consider the case of a layer
with a vertical boundary. Harmonic oscillations and
waves in elastic bodies with cylindrical inhomogeneities
were studied in the monograph by Grinchenko and
Meleshko [4], but static problems for semi-infinite re-
gions are not considered there. For practical calculations,
numerical approaches are widely used — the finite ele-
ment method and corresponding software packages [5,
6]. However, they do not provide analytical relationships
for parametric analysis and require verification.

A powerful analytical tool is the generalized Fourier
method, systematically developed in the monograph by
Nikolaev and Protsenko [7]. In this work, basis solutions
of the Lamé equations and addition theorems for transi-
tioning between Cartesian and cylindrical coordinate sys-
tems are constructed; however, problems for a semi-infi-
nite layer are not considered there. Fesenko and Vaisfeld
[8, 9] applied the generalized Fourier method to dynamic
problems for an infinite layer with a transverse cylindri-
cal cavity, investigating wave processes and diffraction
of elastic waves. Despite the effectiveness of this ap-
proach for dynamic problems, static problems with kine-
matic boundary conditions for a layer with a vertical end
and parallel cylindrical cavities are not considered in
works [8, 9]. Stress concentration around circular holes
in functionally graded plates under various types of load-
ing was investigated in the work of Khechai et al. [10],
but the problem for a layer with a vertical end is not posed
there.

Static problems for an infinite layer with cylindrical
cavities under prescribed stresses on flat boundaries have
been studied in a series of works. Miroshnikov et al. [11]
solved the second fundamental problem (in displace-
ments) for a layer with one cavity, [12] — for a layer with
a cavity under periodic loading. Nikichanov [13] consid-
ered the problem for a layer with a cavity under condi-
tions of smooth contact on flat boundaries and prescribed
displacements on the cavity surface, however, the layer
in this work is infinite and only one cavity is considered.
Miroshnikov et al. [14] generalized the problem to the
case of N cylindrical cavities, but again for an infinite
layer and only for force boundary conditions. Problems
with elastic inclusions in the form of pipes were investi-
gated in works [15-19], where rotation conditions [15],

hinged joints [16], thick-walled pipes [17], rigid clamp-
ing [18], and combined contact conditions [19] were con-
sidered. However, in all these works [15-19] the layer is
infinite.

Thus, the problem for a semi-infinite layer with cy-
lindrical inhomogeneities is only beginning to be investi-
gated. Arkhypenko and Savin in works [20, 21] proposed
a concept for solving the problem of elasticity theory for
a semi-infinite layer using the method of mirror images:
prescribing even or odd loads on the boundaries of an
equivalent infinite layer allows modeling the "smooth
wall" or "free end" conditions on the plane z = 0 without
directly introducing this boundary. In work [22] this di-
rection is developed for a semi-infinite layer with one cy-
lindrical cavity and a cylindrical pipe. However, in both
works [20, 21], cylindrical inhomogeneities are absent,
and in work [22] the problem is considered only for two
inhomogeneities and in stresses.

Therefore, the problem for a semi-infinite layer
with N cylindrical cavities under kinematic boundary
conditions (prescribed displacements) on all body sur-
faces remains unsolved. It is the combination of the semi-
infiniteness of the layer with a vertical end, an arbitrary
number of cylindrical cavities, and boundary conditions
in displacements (symmetric and antisymmetric) that
forms a qualitatively new mathematical problem that has
not been previously considered in the literature.

The aim of this work is to develop an analytical-nu-
merical methodology and investigate the stress state of a
semi-infinite elastic layer with N longitudinal cylindrical
cavities under prescribed displacements on all surfaces of
the body, taking into account the "smooth wall" and "free
end" conditions on the vertical end z = 0.

2. Materials and methods of research
2.1. Formulation of the Research Problem

In the Cartesian coordinate system (X, y, z), an iso-
tropic elastic layer with modulus of elasticity E and Pois-
son's ratio v, bounded by horizontal planes y = h and
y =—h and a vertical end z=0 (Fig. 1) is considered. In-
side the layer along the axis z parallel to its horizontal
boundaries, N cylindrical cavities of radii R, (p=1,...,N)
are located. The centers of the cavity cross-sections are
located at points (Xp, Yp)-

The stress-strain state of the layer is described by
the vector Lamé equation in displacements:

(1-2v)AU +grad divU =0 (1)

where U =(ux,uy,uz) is the displacement vector, v —

Poisson's ratio, A is the Laplace operator. This equation
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is valid for every point of the layer outside the cylindrical
cavities.

Fig. 1. Semi-infinite layer with cylindrical cavities

On the horizontal boundaries of the layer, displace-
ments are prescribed. Four independent variants of non-
zero boundary conditions that differ in the parity of func-
tions with respect to coordinate z are considered:

Variant 1 (uy even in z— condition of a "smooth

wall™):
uy (x,h,z)=uy (x,h,~2) )
Variant 2 (u, even in z — condition of a "smooth
wall"):
Uy (X, h,2) =uy (x,h,~2) (3)
Variant 3 (U, odd inz— condition of a "free end"):
uy (x,h,z)=-uy (x,h,~z) 4)
Variant 4 (u, odd in z— condition of a "free end"):
Uy (X,h,2) =-uy (x,h,~2) (5)

All prescribed functions are rapidly decaying as
|x|—0 and |z|—.

On the surface of each cylindrical cavity (pp=Rp,
p=1,...,N), displacements are prescribed:

=7 (0p.2) ©)

ul
Pp=Rp

where pp, @p are polar coordinates in a local cylindrical

<(p)

system centered on the axis of the p-th cavity, f

the prescribed displacement vector function.

A key feature of the mathematical model is the ap-
proach to satisfying conditions on the vertical end z=0.
Instead of directly solving the problem for a semi-infinite
body, the mirror reflection method is applied [20 — 22]:
an infinite layer is considered , on the horizontal bound-
aries of which even or odd (in z) displacements are pre-
scribed. Due to the properties of symmetry and antisym-
metry of the solution, the following conditions are auto-
matically satisfied on the plane:

— "smooth wall" (variants 1, 2): absence of normal
displacement and tangential stresses:

is

Uy =01 Tizlyog =01 Ty, o =0 ©

— "free end" (variants 3, 4): absence of normal and
tangential stresses:

GAF0=0vGHh0=OvGAho:0- @)

Thus, the four variants of boundary conditions (2)—
(5) generate four qualitatively different problems, which
cover practically important deformation modes of a semi-
infinite layer with N cylindrical cavities.

2.2. Solution method

To solve the boundary value problem (1)—(6), a set
of analytical methods is applied, based on the generalized
Fourier method [7] in combination with the mirror reflec-
tion method [20 — 22].

The displacement vector of the layer is sought in the
form of a superposition of basis solutions of the Lamé
equation in the Cartesian coordinate system and local cy-
lindrical coordinate systems associated with each cavity
[14]:

oS T ()
Up =Zj j( )G (XY, Zi k) +
k=1—o0 -0
+Hy (A, p)- G|£ )(x, y,z;k,p)dudk)+ 9)

where Hy (A,p), Hy (A1), B&%(x)—unknown func-
tions (k = 1..3), which must be determined from the
boundary conditions (2) — (6); U|£+), U|(<_)' Skm

— basis vector functions in Cartesian and cylindrical co-
ordinate systems, which are presented in the form [7]

ﬁk,m

G (%Y, 22, 1) = N gl

ka(p 0, Z; )\')

()I (xp) (7\1+m(p)

Skm (P 0, 2;%) = N(p [ signt)" Ky (M p)
Xei(kz+m(p);
k=123
d) 1 d) _ | (1
M):Xv;@)=xm%%u;
d)_4 L1, 1
NG =2 (v-De) + v ()
1 i "
NP =5V N{P) ——rot(eéz))
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y:\/kzﬂ,tz, —0 <A, U <0

are modified Bessel functions.

According to the method of mirror reflection [20 -
22], the problem for a semi-infinite layer is reduced to a
problem for an infinite layer by prescribing displace-
ments with a certain parity in the coordinate z on the hor-
izontal boundaries. For each of the four variants of
boundary conditions (2)—(5), this ensures automatic ful-
fillment of conditions (7) or (8) on the plane z = 0, with-
out introducing this boundary directly into the solution.

The evenness or oddness of the prescribed displace-
ments in z determines the corresponding parity of spec-

tral densities Hy (A,p), Hy (A p) with respect to the

parameter A in the expansion (9), which significantly
simplifies the structure of the system of equations.

Since boundary conditions are prescribed on sur-
faces described in different coordinate systems ( planes y
=zh and cylinders pp = Rp), addition theorems are applied
to compare the basis solutions [7]:

— transition from external solutions for the cylinder

§k,m to solutions for the layer Higf) (aty > 0) and Ul(:)
(aty <0):

m oo L B
Sk m(p,(p,z k) ( |2) J‘ co? .e"HXpin «
— (10)
Xﬁlgi).d_u’ k:1,3’
Y
& )" )2
otz = fo a2y, |
= - ) \\ o IHXp D
;) ¢7~2l7§+)i4u(1—v)6§,+))e 2 e

Y
where X, = {1, C0S0y,; Y, ={qpSiN0y, ,

o, ()= “I"’ m=0,+1,+2,.

+
— transition from solutions for the layer Gﬁ” and

UIE‘) to internal solutions for the R, ,:

Ulgi)(x,y,z):empiyyp- i (ir

M=—o0

7) Rem: (11)
(k=13);

a i)(x, y,z)=ei“Y"in~ i [(i«mJ_r)mm‘zx

mM=—o0

(
2
((m B+ A yp) R1m+Y R2m+4u(1 V)R3m):|

where R, , = t:)k,m (p.2)-€'mer2)

Ir'](kp)+i~In(kp)'[%klp+§zj;
& [(4v=3)-15 (hp)+2pp 11 (2p) |

( Y, (xp)J+ézixpla (Ap):

Ve m( (hp)+

b31"(p’7‘):{ép"n(hp)x—;%'i"ﬁ(xp)};

€ €
nate system.

- transition from solutions for cylinder number p
to solutions for cylinder number g

€, — unit vectors in the cylindrical coordi-

Sk (pp,(pp,z 7» HZ: b n (Pq ol nq>q+xz) )
k=1 2, 3
b’ (Pa) = (-1)" Kin-n (2 pg) S 61n(Pq,7»),

m n

b3'pa (Pq) = (-1)" Kmfn(Mloq) "y (Pq:2):

where o, is the angle between the axis X, and the seg-

ment (g, ; Ky, (%) =(sign(x))" Ky ().

Satisfying the boundary conditions (2)—(5) on the
flat boundaries y = +h and conditions (6) on the cavity
surfaces pp = Rp using addition theorems (10)—(12) re-
duces the boundary value problem to an infinite system
of linear algebraic equations with respect to the unknown

amplitude functions BIE,?% (n):

5 (1)+3 S Sl (98 ()= FP) a3
k,m( )+Z Z Z J,nkm( ) km( ) j,n (13)

3
where ZC(-pq)

iink.m (1) are the system kernels expressed
k=1

via addition theorems and problem characteristics; Fj(vﬁ)

are the right-hand sides determined by the prescribed dis-
placements

The resulting system (13) is a regular infinite sys-
tem of the second kind, which guarantees the conver-
gence of the reduction method. The system is truncated
to a finite order n=—M, ..., M, which ensures the neces-
sary accuracy of calculations. The found amplitude func-
tions are substituted into expression (9) to determine the
full field of displacements, and then — through Hook's
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law — the field of stresses in the entire volume of the
layer.

2.3. Numerical studies of the stress state and dis-
cussion

Before conducting the main numerical studies, ver-
ification of the developed methodology was performed
by comparison with known special cases. First, when
moving to an infinite layer (z — o) and one cavity (N =
1), the obtained results coincide with the solution of work
[11], where the second fundamental problem of elasticity
theory for a layer with a cylindrical cavity under pre-
scribed displacements is considered. Second, in the ab-
sence of cylindrical cavities, the obtained displacement
fields on the plane z = 0 reproduce the solution of work
[21] for a half-space-shell. In all verified cases, the dis-
crepancy between the results does not exceed 0.1%,
which confirms the correctness of the developed method-
ology.

Numerical results were obtained for a layer made of
ABS-plastic with three cylindrical cavities. Physico-me-
chanical characteristics of the layer: Poisson's ratio vo =
0.38, Young's modulus Eo = 1700 MPa.

Geometric parameters of the model: h = h = 10
mm, cavities with radii R, = 5 mm are located on one
horizontal line y = 0, distances between cavities
£12 = €13 =20 mm.

On the horizontal boundaries of the layer y = £h and
on the surfaces of the cavities p, = Ry, displacements are
prescribed. All components not explicitly stated equal
zero. Four loading variants are considered that corre-
spond to different combinations of parity of displacement
functions with respect to the coordinate z.

Variant 1. On the horizontal boundaries of the layer,
a normal displacement that is an even function in z is pre-
scribed:

~10* -(x2 +102 )_2 —20<7<20;
0,|2| > 20.

Variant 2. On the horizontal boundaries of the layer,
a tangential displacement that is an even function in z is
prescribed:

Ul (x,2)=

-2
4 (2 2
Ul (x,2)= 1710 (¥ +10?) 7, ~20< 2 <20
0,|z|>20
Variant 3. On the horizontal boundaries of the layer,

a normal displacement that is an odd function in z is pre-
scribed:

~10* -(x2 +102 )_2 ,0<2<20

)
U (x,2) =110%(x2 +102) , ~20< 2 <0
0,|2| > 20

Variant 4. On the horizontal boundaries of the layer,
a tangential displacement that is an odd function in z is
prescribed:

~10% -(x2 +102 )_2 ,0<2<20

2
Ul (x,2) = 104.()(2 +102) ,—20<12<0.

0,|z|>20

In order to avoid stress singularity caused by a dis-
continuity of the first kind, the prescribed displacement
function is smoothed in the vicinity of the points z = 20
mm: the transition from non-zero values to zero is carried
out not abruptly, but smoothly over a small interval,
which corresponds to a trapezoidal approximation of the
function's support.

Variants 1 and 2 correspond to loads that are even
in z and model the “smooth wall” condition on the verti-
cal end z = 0. On this plane, the following conditions are

automatically satisfied: the normal displacement ng:o)

and tangential stresses r(xizo), 1_(yzz=0) are equal to zero;
meanwhile, the displacements U)((ZZO), ngzo) , normal
and tangential stresses G(yz:o) L o\ G20, I_(sto)
are non-zero.

Variants 3 and 4 correspond to loads that are odd in
z and model the "free end" condition on the plane z = 0.
In this case, the following conditions are automatically

satisfied: uF9 —u glz:o) =0 and

Gg(z:o) = G(yZ:O) = G(ZZZO) = rgé:o) =0; meanwhile, the

0)

normal displacement ngz and tangential stresses

r%,zo), t(yz;o) are not equal to zero.

On the surfaces of the cylindrical cavities, zero dis-
placements are prescribed. The accuracy of the numerical
solution of the infinite system (13) was controlled by the
reduction method by increasing the truncation order M,
results were considered converged at a relative error not
exceeding 0.1%.

Fig. 2 shows the stress distribution on the upper
boundary of the layer (y = h) along the z-axis for loading
variants 1 and 2, which correspond to displacement func-
tions that are even in z (the "smooth wall" condition).
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Fig. 2. Stress state on the upper surface of the layer:
(a) — variant 1; (b) — variant 2; 1 — stress oy;
2 — stress ox; 3 — Sress Tyy; 4 — stress 1tx;

For variant 1 (Fig. 2(a)), where normal displace-
ment is prescribed on the layer boundaries, the dominant
component is the normal stress oy (curve 1), which
reaches a maximum absolute value of 548 MPa in the
zone z = 17 mm, which directly corresponds to the
boundary of the support of the prescribed displacement.
The normal stress ox (curve 2) is significantly smaller in
magnitude. The normal stress o, practically coincides
with oy, S0 it is not shown in Fig. 2(a). All other stress
components are zero, which confirms the correctness of
the implementation of the “smooth wall" condition: 1, =
1y, = 0.

For variant 2 (Fig. 2(b)), where tangential displace-

ment U)((h) is prescribed, the dominant component is the

tangential stress Ty, (curve 3), which reaches a value of
264 MPa. The tangential stress 1, (curve 4) has the op-
posite sign and a smaller maximum absolute value — 195
MPa. Both components are localized in the zone z = 17—
20 mm and rapidly decay to zero as the distance from this
zone increases. All normal stresses are zero.

In both variants, a characteristic oscillatory stress
behavior is observed with gradual decay at z > 25 mm.
The nature of these oscillations is related to the near -
jump discontinuity of the first kind of the prescribed dis-
placement functions at z = 20 mm — at the point of sharp
transition from non-zero load to zero. A step-like change
in the boundary displacement causes a local stress con-
centration in the zone z = 20 mm, which propagates in the
form of decaying spatial waves along the axis z. Increas-
ing the reduction order of the system does not eliminate

these oscillations, which confirms their physical nature:
they are an inherent response of an elastic body to a sharp
loading transition. At z > 30 mm, the stresses are practi-
cally equal to zero in both variants, indicating the local
nature of this effect.

Fig. 3 shows the stress distribution on the upper
boundary of the layer (y = h) along the axis z for loading
variants 3 and 4, which correspond to displacement func-
tions that are odd in z (the "free end" condition).

200

< /.3 \ z
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Fig. 3. Stress state on the upper surface of the layer:
a—variant 3; b — variant 4; 1 — stress oy; 2 — stress oy;
3 — stress ty;; 4 — Stress txy; 5 — Stress tx,

For variant 3 (Fig. 3(a)), where odd normal dis-
placement Ug,h) is prescribed, the dominant component

is the normal stress oy (curve 1), which reaches a maxi-
mum absolute value of 654 MPa — noticeably higher
than in variant 1. The normal stress ox (curve 2) is smaller
in magnitude and also has an oscillatory character with a
maximum of 400 MPa. The normal stress o, practically
coincides with ox and is not shown in Fig. 3(a). The tan-
gential stress 1y, (curve 3) is small compared to the nor-
mal components. All other stress components are zero. It
should be noted that, unlike variant 1, where the load is
even in z and the stresses have one pronounced extremum
near z = 20 mm, in variant 3, the oddness of the load
causes the appearance of a stress concentration directly
near the vertical end (at z = 0), where the prescribed dis-
placement undergoes the largest sign-change gradient.
For variant 4 (Fig. 3b), where an odd tangential dis-

placement U)((h) is prescribed, the dominant component

is the tangential stress Ty, (curve 4), reaching a value of
about 354 MPa near z = 0 and gradually decaying at z >
25 mm. The tangential stress Tx; (Curve 5) has a maximum
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value of 379 MPa directly at the vertical end (z = 0). All
normal stresses are zero.

Comparing variants 3 and 4 with variants 1 and 2,
the following observations can be made. First, odd loads
(variants 3, 4) generate higher maximum stresses: oy in-
creases by approximately 23%, and t, — by 35%. Sec-
ond, for odd loads, the stress concentration zone shifts
toward the end z = 0, whereas for even loads, it is local-
ized near z = 20 mm — at the point of discontinuity of
the prescribed displacements. Third, the oscillatory na-
ture of the stress distribution is a common feature of all
four variants and is caused by the sharp transition of the
prescribed displacements from non-zero values to zero.

Fig. 4 shows the stress distribution on the surface of
the most loaded cylindrical cavity p = 1 with respect to
the rotation angle ¢ € [0, 2x] for loading variants 1 and 2
(displacements even in z, the "smooth wall" condition).
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Fig. 4. Stress state on the upper surface of the layer:
a—variant 1; b — variant 2; 1 — stress op; 2 — stress o,
3 — stress oz; 4 — Stress Tpo

For variant 1 (Fig. 4(a)), all stress components ex-
hibit pronounced non-uniformity with respect to the rota-
tion angle. The radial stress o, (curve 1) is the largest in
absolute value, reaching a minimum of about —462 MPa
in the zone ¢ = m/2, thatis, at the point closest to the
loaded upper boundary of the layer. The axial stress o,
(curve 3) is also significant (—277 MPa) and is similar in
the nature of its distribution to o,. The hoop stress o,
(curve 2) is smaller in magnitude with a minimum of
—255 MPa. The tangential stress t,, (curve 4) changes
sign: it reaches a maximum of +172 MPa at ¢ =~ n/4 and
a minimum of —172 MPa at ¢ = 3n/4, which corresponds
to the inclined sections of the cavity surface relative to

the direction of the applied load. All other stress compo-
nents are zero.
For variant 2 (Fig. 4(b)), where tangential displace-

ment Uf(h) is prescribed, the nature of the stress distribu-

tion is significantly different. The dominant component
is the tangential stress 1, (curve 4), which reaches a max-
imum of +116 MPa at ¢ = 7/2. The radial stress o, (curve
1) reaches £19.4 MPa, the hoop stress o, (curve 2) is
+13.6 MPa, and o (curve 3) is —15,3 MPa. All other
stress components are zero.

A comparison of variants 1 and 2 indicates that nor-
mal displacement on the layer boundaries causes a sig-
nificantly greater stress concentration on the cavity sur-
face than tangential displacement: the maximum stresses
in variant 1 exceed the corresponding values in variant 2
by approximately 3.5-4 times.

Fig. 5 shows the distribution of stresses on the sur-
face of the most loaded cylindrical cavity p = 1 with re-
spect to the rotation angle ¢ € [0, 2xt] for loading variants
3 and 4 (displacements odd in z, condition of a "free
end"). Unlike variants 1 and 2, only the tangential com-
ponents t,; and t,; are non-zero, which fully corresponds
to the condition of a "free end" on the plane z = 0.
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Fig. 5. Stress state on the upper surface of the layer:
a— variant 3; b — variant 4; 1 — stress t,;; 2 — Stress te;

For variant 3 (Fig. 5(a)), where an odd normal dis-
placement Ug,h) is prescribed, the dominant component

is the tangential stress 1,,, (curve 1), which reaches a min-
imum of —235 MPa in the zone ¢ = n/2 — that is, at the
point of the cavity surface closest to the loaded layer
boundary. The tangential stress t,, (curve 2) is signifi-
cantly smaller in absolute value, at +25 MPa. All other
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stress components are zero.
For variant 4 (Fig. 5(b)), where an odd tangential

displacement U>((h) is prescribed, both components are

comparable in magnitude. The tangential stress 1,, (Curve
1) changes sign along the circumference of the cavity: it
reaches a maximum of £9.47 MPa. The tangential stress
T4, (CUrve 2) is also alternating with a maximum of +7.2
MPa at ¢ = n/4 and a minimum of about —12 MPa at ¢ =
Sn/4. All other stress components are zero.

A comparison of Fig. 4 and Fig. 5 reveals a funda-
mental difference between the conditions of a "smooth
wall" and a "free end" from the standpoint of loading of
the cavity surface. Under even loads (variants 1, 2), all
stress components in the plane of the cross-section (o,
Gy, Oz, Tpe) arise on the cavity surface with maximum val-
ues up to 462 MPa. Under odd loads (variants 3, 4), only
the components t,; and 1, are non-zero, and their level is
significantly lower: maximum values do not exceed 235
MPa in variant 3 and 12 MPa in variant 4. This difference
is explained by the fact that odd loads induce predomi-
nantly an antiplane stress-strain state in the cavity cross-
section, whereas even loads induce a plane one.

Conclusions

In this paper, an analytical-numerical methodology
has been developed for solving the spatial problem of
elasticity theory for a semi-infinite isotropic layer with N
longitudinal cylindrical cavities under prescribed dis-
placements on all surfaces of the body. The obtained re-
sults allow for the following conclusions.

1. The application of the mirror reflection method
to the problem for a semi-infinite layer with cylindrical
cavities under kinematic boundary conditions is an effec-
tive approach that reduces the problem for a semi-infinite
body to an equivalent problem for an infinite layer. Pre-
scribing displacements with even or odd parity in the co-
ordinate z on the horizontal boundaries of the infinite
layer automatically ensures the fulfillment of the ™
smooth wall " or " free end " conditions on the plane z =
0 without directly introducing this boundary into the so-
lution.

2. The reliability of the obtained results is con-
firmed by verification: in the limiting transitions to spe-
cial cases — an infinite layer with one cavity [11] and a
semi-infinite layer without cavities [21] — the discrep-
ancy with known solutions does not exceed 0.1%.

3. The four considered variants of boundary condi-
tions generate qualitatively different stress fields both on
the horizontal layer boundaries and on the surfaces of the
cylindrical cavities. Loads even in z (variants 1 and 2,
condition of a "smooth wall") cause the emergence of a
full set of stress components in the cavity cross-section
with maximum values up to 462 MPa. Loads odd in z
(variants 3 and 4, condition of a "free end") generate pre-

dominantly an anti-plane stress state: only the compo-
nents t,, and t,; are non-zero on the cavity surface, with
significantly lower maximum values.

4. The highest stress concentration on the cavity
surface is observed under the action of normal displace-
ment on the layer boundaries (variant 1): the maximum
value of o, reaches 462 MPa, which is 3.5-4 times higher
than the corresponding values under tangential displace-
ment (variant 2). This indicates the decisive role of the
normal displacement component in the formation of the
stress concentration around the cavity.

5. On the horizontal layer boundaries, in all four
variants, an oscillatory stress distribution is observed, lo-
calized near the point of discontinuity of the prescribed
displacements (z = 20 mm) or near the vertical end (z =
0). The oscillations have a physical nature — they are the
response of an elastic body to a sharp loading transition
from non-zero values to zero, which is confirmed by their
independence from the reduction order of the system.

6. Odd loads (variants 3 and 4) form higher levels
of normal stresses on the horizontal layer boundaries
compared with the corresponding even variants: the max-
imum of oy increases from 548 MPa (variant 1) to 654
MPa (variant 3), and the maximum of 1, — from 264
MPa (variant 2) to 354 MPa (variant 4). This is explained
by the shift of the concentration zone toward the vertical
end z = 0, where the "free end" condition does not limit
the development of deformations in the plane of the end.

7. The developed methodology is general and can
be applied to an arbitrary number N of cylindrical cavities
with different radii and locations in the layer cross-sec-
tion, as well as to other isotropic materials. The obtained
results can serve as a benchmark for the verification of
numerical methods of calculation (FEM) in the analysis
of structures with cylindrical channels undergoing forced
deformation.
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AHAJII3 HAITPYKEHOI'O CTAHY HAINIBOBMEKEHOTI'O IIAPY 3 HWITHAPUYHUMHA
HHOPOXKHUHAMMU

1. O. Apxunenko

IIpenmeTom cTaTTi € HampyXeHo-Ae(hOPMOBAHUI CTaH HaNiBOOMEKEHOIo 130TPOITHOTO MpykHoro mapy 3 N
MO3JI0BXKHIMH [IMJIIHAPUYHIMH [TOPOKHUHAMHU 32 3aJJaHUX IepeMillleHb Ha BCiX MMOBEPXHsIX Tina. MeTolo € po3-
poOKa aHaNITHKO-YHCENBFHOI METOMOJIOTIT PO3B'sI3aHHS IPOCTOPOBOI 3a1aui MPY>KHOCT1 AJIsl HariBOOMEXEHOTO
mapy 3 IWIHAPUYHUMHU MOPOKHHMHAMH 32 KIHEMAaTHYHHMX I'DAaHUYHUX YMOB Ta JOCIHIIKCHHS HAlpy)KEHOTO
CTaHy ISl YOTUPHOX SKICHO Pi3HUX BapiaHTIB TPAaHUIHHUX YMOB, IO BiIPi3HAIOTHCS MAPHICTIO 3aJaHUX KOMIIO-
HEHT IepeMilIeHb BiTHOCHO KOOPIUHATH Z. 3agayi, 0 MOTpeOyIOTh BUPIMICHHS, Taki: MoOyIyBaTH PO3B'I30K
piBHAHB JlaMe B mekapToBiil Ta TOKaNBHIN HUTIHAPUIHIN CHCTEMax KOOPIMHAT; 3BECTH 3aJa4y AJIs HalliBoOMe-
JKEHOTO IIapy J0 eKBiBAICHTHOI 3a7adi Il HECKIHUEHHOTO Iapy; 33J0BOJBHUTH TPAaHUYHI YMOBH Ha BCiX IT0-
BEPXHAX Ta 3BECTH 3a/1auy JI0 HECKIHUCHHOI CHCTEMH JIHIHHUX aireOpaidHuX piBHIHB; OTPUMATH YHCIIOBI PO3-
MOIIN Halpy’KE€Hb HAa MEXax MIapiB Ta MOBEPXHIX MOPOKHHH; IEPEBIPUTH METOAOJIOTIIO HA BiIOMUX PO3B'sI3-
kax. Bukopucrani Meroau: y3aragpHeHnid Meton Dyp'e 3 TeopeMaMu JOAAaBaHHS JJIsl IEPEXOY MIXK CHUCTe-
MaMy KOOPJHMHAT; METOJI I3E€PKAIBLHOTO BiIOUTTS, 32 IOMOMOIOIO SIKOTO NPU3HAYEeHHs MapHUX abo HemapHHUX
nepeMilleHb Ha TOPU30HTAIBHUX MeEXKax aBTOMATHYHO 3a0e3ledye YMOBH «IJIafKoi CTIHKM» abo0 «BUIBHOT
rpaHi» Ha IIOmKMHI Z = 0; Ta METOA PENYKLIT s PO3B'si3aHHS PE3yJIbTYI0U0i HECKIHYEHHOI CHCTEMH JIIHIHHUX
anreOpalyHuX piBHSHB APYroro poay. BucnoBku. [TapHi HaBaHTa)XEHHsI TPU3BOIATH J10 Maiike MOBHOTO HAOOPY
KOMITOHEHTIB Halpy>XEHb y MONEPEYHOMY Tepepi3i MOPOKHUHM, TOA1 K HeNapHi HaBaHTA)KEHHS CTBOPIOIOTH
MEepEeBAXHO aHTHUILIONIMH HanpyXeHui cTaH. HopmanbHe 3MilleHHS IPU3BOANUTE 10 KOHIIEHTpaNii Harpy>keHb
Ha TIOBEpXHi TOPOXKHUHY, KA B 3,5—4 pa3u NepeBHUILly€e TaHTCHIlIaJIbHE 3MIMEeHHS Tiel )k aMmrutiTyau. Konusais-
HUH PO3IIOJLT HANIPY>KeHb TTOOIM3Y TOUOK PO3PUBY 3aJaHUX MEPEMILICHb Ma€ (hi3UIHy MPUPOLY Ta HE 3aJICKUTh
BiZ mopsiiKy ycideHHs cucteMu. HaykoBa HoBH3Ha. Briepiie po3B's3aHo 3a1ady MPOCTOPOBOI MPY>KHOCTI ISt
HariBoOMexeHoro mapy 3 N HITIHAPUIHUMH TOPOXKHUHAMH 32 KIHEMaTHIHAX IPaHUIHHUX YMOB. [loenHaHHS
y3arajgpHeHOT0 MeTony Dyp'e 3 METOIOM A3epKANTBHOTO BiIOUTTS TOIMIMPEHO HAa HAIBOOMEKEHE TLIO 3 IMITiH-
JPUIHUMHU HEOIHOPITHOCTSIMUA. METOI0JIOTIs 3aCTOCOBHA [0 JIOBIIBHOT KIJIBKOCTI TIOPOXKHUH 1 MOXKE CITYIKHTU
CTaJIOHOM JIJIs1 TIEPEBIPKH PO3pPaxXyHKIB METOJIOM CKIHUCHHHX CJICMEHTIB.

Kniouoei cnosa: HaniBoOMe)xxeHUH 1ap; NUIIHAPUYHA TOPOKHUHA; KIHEMAaTHYHI T'PAaHUYHI YMOBH; y3arajibHe-
Huii Meto Pyp’e; HaNpykeHO-1eOPMOBaHHI CTaH; IPOCTOPOBHIA KpailoBUii eeKT.
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