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ON ESTIMATES OF COEFFICIENTS OF GENERALIZED ATOMIC WAVELETS
EXPANSIONS AND THEIR APPLICATION TO DATA PROCESSING

Discrete atomic compression (DAC) of digital images is considered. It is a lossy compression algorithm. The
aim of this paper is to obtain a mechanism for control of quality loss. Among a large number of different metrics,
which are used to assess loss of quality, the maximum absolute deviation or the MAD-metric is chosen, since it
is the most sensitive to any even the most minor changes of processed data. In DAC, the main loss of quality is
got in the process of quantizing atomic wavelet coefficients that is the subject matter of this paper. The goal is
to investigate the effect of the quantization procedure on atomic wavelet coefficients. We solve the following
task: to obtain estimates of these coefficients. In the current research, we use the methods of atomic function
theory and digital image processing. Using the properties of the generalized atomic wavelets, we get estimates
of generalized atomic wavelet expansion coefficients. These inequalities provide dependence of quality loss
measured by the MAD-metric on the parameters of quantization in the form of upper bounds. They are confirmed
by the DAC-processing of the test images. Also, loss of quality measured by root mean square (RMS) and peak
signal to noise ratio (PSNR) is computed. Analyzing the results of experiments, which are carried out using the
computer program "Discrete Atomic Compression: Research Kit", we obtain the following results: 1) the devi-
ation of the expected value of MAD from its real value in some cases is large; 2) accuracy of the estimates
depends on parameters of quantization, as well as depth of atomic wavelet expansion and type of the digital
image (full color or grayscale); 3) discrepancies can be reduced by applying a correction coefficient; 4) the
ratio of the expected value of MAD to its real value behaves relatively constant and the ratio of the expected
value of MAD to RMS and PSNR do not. Conclusions: discrete atomic compression of digital images in combi-
nation with the proposed method of quality loss control provide obtaining results of the desired quality and its
further development, research and application are promising.

Keywords: lossy image compression; discrete atomic compression; generalized atomic wavelets; maximum ab-
solute deviation; quality loss control.

In [5 — 7], infinitely differentiable wavelets with a
compact support, which are finite linear combinations of

Introduction

Images have become an essential part of our life [1].
They are acquired by customer digital cameras [2] air-
borne and spaceborne remote sensing sensors [3], medi-
cal imaging devices [4]. Average size of images and pe-
riodicity of their acquiring increase rapidly leading to a
great amount of data that have to be stored and trans-
ferred via communication lines. This explains why there
is an obvious necessity in efficient image compression.
Lossless compression is often not able to satisfy the main
requirements since compression ratio is too small. Then,
one has to apply lossy compression that introduces dis-
tortions.

Lossy compression can be based on different prin-
ciples where the existing standards and other modern
compression techniques usually employ orthogonal
transforms like discrete cosine transform or wavelets.
Type and properties of wavelets have considerable im-
pact on performance of the corresponding compression
method [1]. Because of this, selection of a wavelet basis
and thorough analysis of its properties is an important
task in lossy image compression.

the atomic functions

o " sin? (Stkj
ups (x) 1 J' e“XH (2) dt, s=2,3,...,
2m T kAt g2 ( t J
(@29)% (29)%
were introduced. These wavelets are called atomic wave-
lets. Their generalizations, called generalized atomic
wavelets, were constructed in [8].

Atomic wavelets and generalized atomic wavelets
combine a number of useful properties that makes them
a promising tool for data analysis and processing (a de-
tailed discussion is given in [9]). Digital image compres-
sion is one of the applications of these functions [10 —
12]. Discrete atomic compression (DAC) of digital im-
ages, which was presented in these papers, is based on
the following classic compression scheme: discrete trans-
form — quantization — encoding. In Fig. 1, discrete
atomic compression of full color digital images is shown.

Application of the quantization procedure provides
the possibility of compression, as well as quality loss,
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Fig. 1. Discrete atomic compression of full color digital image

which can be measured using various metrics. The degree
of acceptability of these data changes depends directly on
the area of application of the compression algorithm. Ob-
viously, the following question is of interest: what pa-
rameters of the compression algorithm should be used to
provide loss of quality that is acceptable in the sense of
some given metric?

Itis clear that search for a mechanism, which can be
applied to management of quality loss, is not trivial.
Among the papers focused on this problem, we note  [13
— 15]. Most of them are concentrated on providing a de-
sired mean square error or peak signal-to-noise ratio.
However, the use of other criteria is possible. In particu-
lar, preservation of spectral signatures is important in
near-lossless compression of multichannel remote sens-
ing data [16] and minimal distortions of diagnostically
valuable information is acceptable in lossy compression
of medical images [17].

The aim of this paper is to obtain a technique for
managing of quality loss that appears when using the
DAC algorithm of digital images.

1. Formulation of the problem

Consider the so-called uniform metric or maximum
absolute deviation (MAD)
MAD = max [x;-vY;l,
i=1,2,...,n
where X =(Xg,Xp,...X,) and y=(y;,Y2,....y,) are

the source data and the reconstructed data after their pro-
cessing respectively.

The main feature of this metric is its extremely high
sensitivity to any local changes. This means that if at least
one element x, is different from the corresponding

value of vy, , then this immediately affects the MAD-

metric. Although a high value of MAD does not mean
high visual quality loss (see Fig. 2). Nevertheless, if this
value is small, then difference between each pair x; and

yj is also small, i.e. loss of quality is small.

The main task of this paper is to obtain estimates
of quality loss measured by the metric MAD.

Discrete atomic transform, which is a core of the al-
gorithm DAC, is a transform of the source data

{d,d5,....dn} tothe setof atomic wavelets coefficients.

In DAC, these coefficients are quantized and then en-
coded. It is at this stage that the main loss of quality ap-
pears. Therefore, to solve the current problem, atomic
wavelets coefficients should be investigated and their es-
timates should be obtained.

/

3

&,

Fig. 2. Two 24-bit images: the white pixel instead of
the black one in the lower left corner of the black square
is the only difference between these images. Visually
these images might seem identical, but MAD = 255

2. Solution of the problem
2.1. Generalized atomic wavelets

Consider the set of functions {vy (x)},_, such that
Vi (X) = 1 | e'™v, (tydt,
2n 5,

where
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N =0 and F(t) is the Fourier transform of the function
f(x) e C(R) that combines the following properties:

1) supp f(x) =[-11];
2) f(x) is an even function;
3) f(X)>0if | x|<1;

4) jf(x)dx:l.
R

Here, supp f(x) is a support of the function f(x),
i.e. supp f(x)={x: f(x)=0}.
It is clear that
k+1 ok+1
supp vk(x):[—zT,ZN+ ] 1)

In the paper [4], generalized atomic wavelets
{wy (x)} based on these functions were constructed:

5 ij
Wi (X) =ZCk,ij—1(X—Wj, ()

il

where Ck,l = Ck,5 = _bk—l , Cr=Cg=ax4 +2bk—l )

C3 = —Z(ak_l + bk—l) and

a1 = [ Vi (0dx,
R

k
byt = [ Vi OOV (X - Zﬁ)dx :
R
The main properties of w) (x) are
1) compactness of the support:

k
supp wy (x) = [0;%} :

2) smoothness, the order of which depends on the
choice of the function f(x).

In DAC, atomic wavelets constructed using the
functions up Hm (x) are applied. We note that these func-

tions are infinitely differentiable and non-analytic [18].
These features are important in processing of digital im-
ages with smooth color changes. Moreover, non-analyt-
icity means that atomic wavelets are less smooth than
trigonometric polynomials {cos(nx),sin(nx)} . Hence, the

following hypothesis is plausible: atomic wavelets pro-
vide better compression of images with contrast changes
of color than trigonometric polynomials. Although this
statement requires careful analysis and verification.

The system of functions

k+1 n+l:
| _27
k=1,...,n; jeZ

constitutes a basis of the space

Lz{f(x): f(x) =chv0(x—2ﬁj)}
i

In terms of the A.N. Kolmogorov width, this space
has good approximation properties [19]. Largely due to
this very property, DAC provides good compression with
insignificant loss of quality [10 — 12].

Further, we consider some data presented by the
function

n K -
d(X) = ZZ(DkJWk (X— 2 Nljj+

k=1 ]

2n+1j
+Zujvn X== |- 3)
i
In Subsection 2.3, we obtain estimates of the coef-
ficients {wy j;v;} that can be used to study the effect of

quantization of these coefficients on quality loss in the
sense of the MAD-metric. For this purpose we need some

properties of the functions vy (x), k=0,12,....

2.2. Properties of vi(x)

Forany k=0,1,2,... the following holds:
2k+1 .

1) Vi () =0 if x> 2

. k .
2) Vi(x)>0 if |x|<2—N+l and v, (x) is an even
function;

3) Ivk(x)dx =1;
R

27 _ N N
4) ZVk X—T =F and Vk(O)ZF,
JeZ
__N

5) ak +2bk = W

The properties 1) and 2) are satisfied by the con-
struction of v (x) .

Further, since V| (0) =1, we get the property 3).

Also, V' (—X)=-V'(x) . Combining this with 1)

k+1;
and 2), we obtain Y. V' (x —%j =0 forany xeR .
JeZ

k+1;

Therefore, Y. Vi [x— 2 - JJ =, where ¢ is some con-
JeZ

stant. If we combine this equality with the property 1),

2k+l

we get Vi (X)+ vy (X—T)EC on the closed interval

k
[02_’\:1} . By integrating the left part of this equality, we

obtain
2k+l 2k+l
N k+1 N
I (vk(x)+vk(x—2T)jdx = I Vi (X)dx =1.
0 _akt

N
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If we equate this to integral of the right part, we see

2k+1

that c-“g—=1. Hence, c= M This completes the

proof of the property 4).
In particular, we have shown that

k+1 ; k+1
27 2 (J+1) N
Vi (x— N j+vk (x =1

2k+1 2k+1(1+1)
N

for any Xe|: } and jeZ. Besides, if

P _ N

j=0and x=0, then vk(o)_F.

Finally, the last property can be proved as follows:
2ot

N
ay +2b, =2 I (vﬁ(x)+vk(x)~vk(x—zﬁl)jdx:
0
okt

=2 T vk(x)(vk(x) + V. (x— 2‘:1)}1)( =

0

N
2k-¢—l

2k+1

=2k+1 2 J Vi (X)dx = k+1jvk(x)dx_

Of course, not all properties of Vv (X) are consid-

ered here. The probabilistic properties of these functions
are of particular interest, but this is a topic for another
research.

2.3. Estimates of wavelet coefficients

Expansion (3) can be expressed as follows:

d(x) =D (x () +m(x),

k=1
where

2k+lj
(k(X) :ka’jwk X— N
i

and

m(x) = > vjVy [x —~ Zn,\jljj :
j

Here, m(X) is the main value or trend of the data
d(x) . We note that the graph of this function looks like
a small copy of the graph of d(X) . In other words, the set

of coefficients {o J-} describes a small copy of the source

data.
We call n the depth of generalized atomic wavelets
decomposition. The function /) (X) is said to be its k-

th level.

Let Ey ={oy;: jeZ} be bounded set of real
numbers for any k=1,2,...,.n+1.

Consider &g —sup‘ck J‘
J€Z

Let

) 2n+lj
m(x) = Zujvn (x— = |
j
where vj =vj+0py -
It follows from the properties of the function v, (X)

on +1p 2n+l(p+1)

N N

thatforany peZ and x € { j the follow-

ing holds:

a 2n+lj
|m(x)—m(x>|—‘zcn+1,,-vn [x— N j
i

2”*1(p+1)) -

n+1p
=On+1pVn| X=—x [T On+Lp+Vn | X~

2n+lp 2n+1(p+1) e 4N
Ssnﬂ(vn(x— N ]+vn[x— N = ;‘rﬁl
Using the notation &,,,; = ;n*ll , We get
max|m(x) - m(x)| <Oy - (5)
xeR

Hence, if g, is the greatest lower bound of the

absolute calculation error of {uj} ,then the maximum ab-

solute deviation of the function m(x) from m(x) does not
exceed Opq -

Consider any k=1,2,...,n
Let

k+1:

-~ 2

[k(X):Z(DkJ‘Wk(X— < ‘j,
i

where wk,j = (Dk,j +Gk,j .

k
2 (,5+1)j we get

k
Thenforeach peZ and x e [%

|zk (X) — '€k (X)| < €k %(ak{l_ + 2bk,1)x

k k
2%p 2 (p+1) N2
x[vk_l(x— N ]+vk_1(x D € J2ki =0y.

This implies that
max|zk(x)- €k(x)| <8y . (6)
xeR

Combining this with (5), we obtain that the maxi-
mum absolute deviation of the function d(x) from

d(x) = i Ik (X) +m(X)

k=1
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can be estimated as follows:

n+l

me%|d(x) U EDIIE @
Xe k=1

This means that the maximum absolute deviation of
the source data from the data, which were obtained with
some errors, does not exceed the sum of errors of all lev-
els.

Note that the estimate (7) significantly depends on
the depth of decomposition and not just on the errors on
each of level.

In practice, the data function d(x) is usually consid-
ered on the bounded subset of R. This yields that only
finite set of wavelet coefficients is used. Therefore,

gk = m_a.X|Gk'j| .
J

2.4. Quantization of wavelet coefficients

The relations presented in the previous subsection
can be used as the basis of the mechanism for managing
quality losses that occur during the quantization of wave-
let coefficients.

Let {81,8,,....8n,1} beasetof levels errors.

Consider the following wavelet coefficients quanti-
zation approach:

2
ak,j = Round [(’Ok,j '—N2k+1] (8)
82
forany k=1,2,...,n, jeZ and
- =Round| v;-—N 9)
Nj j il
3412

foreach jeZ.

These values can be used to reconstruct wavelet co-
efficients as follows:

Sk 22k+1

ok,j =& j NE (10)
oj = 2227 (1)

Then the estimate (7) is satisfied, i.e.
MAD <81 +85 +...+ 8,1 - (12)

We note that this relation is an upper bound and the
value of MAD can be significantly less than the sum of
levels errors.

A similar approach can be used in the multidimen-
sional case. The main difference is described below.

One-dimensional data d(x) is presented by one-di-
mensional array of wavelets coefficients (see Fig. 3).

L) LX) ‘h(X)  m(x)
— — e—
d) > [oy | [0 oni | ]
T T T T
81 62 6n 8n+1

Fig. 3. One-dimensional data presentation

Description of two-dimensional data d(x,y) is pro-
vided by the matrix of blocks Bj; corresponding to wave-

let levels with respect to x and y (see Fig. 4).

- |, where

d(x,y)¢«—>| -+~

Fig. 4. Two-dimensional data presentation

Each element of the block Bj; is quantized using

formulas that are similar to (8) and (9). In this case, we
get
n+lp+1l

MAD < > %" &,

i=1 j=1
where &;; is an error of block Bj;, nand p are depths of

wavelet decomposition with respect to each variable. We
call the right part of this inequality an upper bound of

maximum absolute deviation and denote it by UB-
MAD. In this notation, we obtain
MAD < UBMAD, (13)
where
n+1p+1
UBMAD = > >3 . (14)
i=1 j=1

We see that using the quantization method de-
scribed above, we guarantee that quality loss measured
by MAD does not exceed the predetermined value.

In discrete atomic compression of full color digital
images, the DAT-procedure is applied to processing of
the matrices Y, Cr and Cb. Obviously, wavelet coeffi-
cients, which are obtained at this stage, describe Y, Cr
and Cb, but not the RGB-matrix of the source image.
Nevertheless, if we apply the proposed approach to quan-
tization, then we get the following estimates:

[v] n+lp+l (Y]
MAD'™ < > 8,
i=1 j=1
[cr n+1p+l [Ch]
MAD™ < 3 > 5™
i=1 j=1
[ch] n+lp+l [cb]
MAD™? < 3 > 8™,
i=1 j=1
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where MAD[Y],MAD[Cr],MAD[Cb] are maximum ab-
solute deviations of Y,Cr,Cb from the reconstructed af-

ter quantization matrices Y,Cr,Cb respectively. Here,
BE;(],SEJ-C'],SEJ-CM are the corresponding block errors. It

can be easily shown that maximum absolute deviation of

RGB-matrix A of the source image from RGB-matrix A
of the reconstructed image satisfies the following ine-
quality:

MAD < UBMAD , (15)

where
Y C Ch
HEMAD= ma"{ZSEj DR EOR ]}- (16)
1) 1] ij
We note that
o -5

where a;; = (aEJR] aEJG] a[B]) and ajj :(5EjR],éEjG],5EjB])

are elements of RGB-matrices A and A respectively.

2.5. Experiments

In this subsection, we illustrate the approach pro-
posed above. Atomic wavelets constructed using the
function ups,(x) are applied in discrete atomic com-

pression of grayscale test images "Baboon", "Boats",

"Frisco”, "Lenna" and their full color versions (see Fig.
5, 6). These images were downloaded from the USC-SIPI
images database [20].

The computer program "Discrete Atomic Compres-
sion: Research Kit" is applied [21].

In the current experiments, we consider two cases
n=p=1and n=p=>5,wheren, p are depths of wavelet

expansions. The value of UBMAD, which is defined by
(14) and (16) in the cases of grayscale test images pro-
cessing and full color test images processing respec-
tively, is varied. In a similar way, other values of n and p
can be used. Actually, each of these parameters can be
any natural number.

Test images processing results are presented in Ta-
bles 1 — 4. In these Tables, values of root mean square
(RMS) and peak signal to noise ratio (PSNR) are given.
Also, dependence of MAD-metric on UBMAD is visual-
ized in Figures 7 — 10 (note that values of UBMAD are
given on the x-axis).

2.6. Discussion of the results

Analyzing the results, we see the following:

1. Upper estimates (13) and (15) are confirmed by
DAC-processing of test images.

2. Equality between MAD and UBMAD is achieved
only in few cases (see Table 2: UBMAD = 4, test images
"Boats" and "Lenna"; UBMAD =7, test image "Lenna").
In all other cases, MAD < UBMAD .

Fig. 5. Grayscale test images: a —

"Baboon", b —

"Boats", ¢ — "Frisco", d — "Lenna"

Fig. 6. Full color test images: a —

"Baboon", b —

"Boats", ¢ — "Frisco", d — "Lenna"
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Table 1
DAC-processing of grayscale test images: n=p=1
Baboon Boats Frisco Lenna
UBMAD
MAD | RMS | PSNR | MAD | RMS | PSNR | MAD | RMS | PSNR | MAD | RMS | PSNR
4 2 0,703 51,2 2 0,697 | 51,27 2 0,686 51,4 2 0,699 | 51,244
5 2 0,739 | 50,75 2 0,734 | 50,82 2 0,689 | 51,36 2 0,734 | 50,817
7 3 0,891 | 49,13 3 0,885 49,2 3 0,784 | 50,25 3 0,884 | 49,204
8 3 0,964 | 48,45 3 0,961 | 48,47 3 0,864 494 3 0,96 | 48,488
9 4 1,061 | 47,62 4 1,058 | 47,64 4 0,876 | 49,28 4 1,047 | 47,73
11 5 1,236 | 46,29 5 1,235 46,3 4 0,967 | 48,43 5 1,226 | 46,362
12 5 1,33 45,65 5 1,325 | 45,69 5 1,096 | 47,34 5 1,318 | 45,731
15 6 1,591 44,1 6 1,585 | 44,13 5 1,179 46,7 6 1,56 | 44,267
19 7 1,982 | 42,19 7 1,98 42,2 8 1,393 | 45,25 8 1,932 | 42,413
23 10 2,365 | 40,65 9 2,356 | 40,69 8 1,616 | 43,96 9 2,227 | 41,177
27 11 2,762 | 39,31 10 2,76 39,31 10 1,836 | 42,85 10 2,513 | 40,127
31 13 3,14 38,19 12 3,136 38,2 12 2,088 | 41,74 12 2,781 | 39,246
35 14 3,631 | 37,17 14 3,534 | 37,17 13 2,289 | 40,94 13 3,024 | 38,518
39 15 3,903 36,3 16 3,908 | 36,29 13 2,596 | 39,85 15 3,273 | 37,831
43 17 | 4276 | 3551 17 432 | 3542 16 | 2,751 | 39,34 18 | 3,502 | 37,245
47 18 464 | 348 19 | 4,697 | 34,69 16 | 3,016 | 38,54 18 | 3,726 | 36,706
51 20 | 4999 | 3415 | 21 [ 5084 | 3401 | 17 | 3,49 | 3817 | 18 | 3,956 | 36,186
59 24 | 5703 | 3301 | 23 [5843| 328 23 | 4007 | 3588 | 24 | 4,401 | 35259
Table 2
DAC-processing of full color test images: n=p=1
Baboon Boats Frisco Lenna
UBMAD
MAD | RMS | PSNR | MAD | RMS | PSNR | MAD | RMS | PSNR | MAD | RMS | PSNR
4 3 0,733 | 50,83 4 0,716 | 51,03 3 0,731 | 50,85 4 0,734 | 50,81
5 4 0,912 | 48,93 4 0,836 | 49,68 4 0,909 | 48,96 4 0,913 | 48,92
7 6 1,229 | 46,34 6 1,123 | 47,13 6 1,226 | 46,36 7 1,229 | 46,34
8 7 1,381 | 45,32 7 1,282 | 45,97 7 1,378 | 45,35 7 1,381 | 45,32
9 8 1,548 | 44,33 7 1,345 | 4555 8 1,54 44,38 8 1,539 | 44,38
11 9 1,878 | 42,66 9 1,596 | 44,07 9 1,858 | 42,75 10 1,861 | 42,74
12 10 2,047 | 4191 10 1,785 43,1 10 2,026 42 10 2,03 41,98
15 13 2,541 | 40,03 13 2,021 | 42,02 12 2,438 | 40,39 12 2,47 40,28
19 16 3,204 | 38,02 14 2,414 | 40,47 16 2,96 38,7 16 3,016 | 38,54
23 19 3,863 | 36,39 15 2,793 | 39,21 19 3,424 | 37,44 18 3,498 | 37,26
27 26 4517 | 35,03 18 3,163 | 38,13 21 3,877 | 36,36 21 3,911 | 36,28
31 28 5,146 33,9 21 3,568 | 37,08 25 4,289 | 35,48 24 4,307 | 35,45
35 30 5,764 | 32,92 23 3,977 | 36,14 28 4,61 34,86 29 4,685 | 34,72
39 33 6,362 | 32,06 26 4,379 35,3 32 5,076 | 34,02 33 5,042 | 34,08
43 38 6,946 31,3 27 4,76 34,58 35 5,355 | 33,56 31 5,382 | 33,51
47 42 7,505 | 30,62 33 5,164 | 33,87 35 5,979 32,6 34 5,736 | 32,96
51 44 8,066 30 29 5,6 33,17 39 6,056 | 32,49 38 6,156 | 32,34
59 48 9,099 | 28,95 34 6,365 | 32,06 45 7,119 | 31,08 44 6,908 | 31,34
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Fig. 7. Dependence of MAD-metric on UBMAD: grayscale test images, n=p=1

Table 3
DAC-processing of grayscale test images: n=p=5
UBMAD Baboon Boats Frisco Lenna
MAD | RMS | PSNR | MAD | RMS | PSNR | MAD | RMS | PSNR | MAD | RMS | PSNR
36 4 0,908 | 48,97 5 0,915 | 489 5 0,881 | 49,23 4 0,914 | 48,91
39 4 1,019 | 47,96 5 1,025 | 47,91 4 0,951 | 48,57 5 1,024 | 47,92
46 5 1,136 | 47,03 6 1,14 | 46,99 6 1,053 | 47,68 6 1,139 47
57 6 1,317 | 45,74 6 1,32 | 45,72 7 1,17 | 46,76 6 1,304 | 45,82
66 7 1,422 | 45,07 7 1,426 | 45,05 7 1,281 | 45,98 7 1,409 | 45,15
71 7 1,487 | 44,68 8 1,492 | 44,65 7 1,352 | 45,51 8 1,475 | 44,76
77 8 1,752 | 43,26 10 | 1,757 | 43,24 8 1,437 | 44,98 8 1,729 | 43,37
91 12 | 2,017 | 42,04 11 | 2,021 | 42,02 9 1,62 | 43,94 10 1,974 | 42,22
113 12 | 2,408 | 40,5 12 | 2,405 | 40,51 12 1,846 | 42,81 13 | 2,232 | 41,16
125 14 | 3,033 | 38,49 14 | 3,027 | 38,51 13 1,97 | 42,24 14 | 2,664 | 39,62
161 21 | 4,298 | 35,47 20 | 4,389 | 35,28 17 | 2,286 | 40,95 17 | 3,204 | 38,02
189 24 | 4513 | 35,04 21 | 4,597 | 34,88 20 | 2,585 | 39,88 19 | 3,461 | 37,35
Table 4
DAC-processing of full color test images: n=p=5
UBMAD Baboon Boats Frisco Lenna
MAD | RMS | PSNR | MAD | RMS | PSNR | MAD | RMS | PSNR | MAD | RMS | PSNR
36 8 1,216 | 46,43 8 1,171 | 46,76 7 1,213 | 46,46 8 1,221 | 46,39
39 11 1,446 | 44,93 8 1,345 | 45,56 9 1,439 | 44,97 8 1,448 | 44,92
46 10 1,671 | 43,67 11 1,542 | 44,37 10 1,661 | 43,72 10 1,67 | 43,68
57 12 2,008 | 42,07 11 1,778 | 43,13 12 1,925 | 42,44 12 1,956 | 42,3
66 14 | 2,207 | 41,26 14 1,95 | 42,33 13 | 2,086 | 41,74 13 2,14 | 41,52
71 15 | 2,326 | 40,8 13 | 2,071 | 41,81 15 2,197 | 41,3 15 | 2,261 | 41,05
77 16 2,8 | 39,19 15 | 2,278 | 40,98 16 | 2,645 | 39,68 16 | 2,704 | 39,49
91 20 | 3,259 | 37,87 19 | 2,586 | 39,88 21 | 3,016 | 38,54 19 | 3,093 | 38,32
113 25 3,91 | 36,29 22 | 2,923 | 38,81 23 3,35 | 37,63 21 | 3,425 | 37,44
125 28 | 4,947 | 34,24 25 | 3,115 | 38,26 26 3,94 | 36,22 25 | 4,005 | 36,08
161 37 6,88 | 31,38 28 |3521| 37,2 44 | 4,643 | 34,79 34 | 4,608 | 34,86
189 43 | 7,253 | 30,92 30 | 4,004 | 36,08 45 | 4,975 | 34,19 34 |5,018 | 34,12
30 4 MAD
25 A
20 1 ==4==Baboon
15 - == Boats
Frisco
10
== | enna
5 .
0 I B o s m B L B e e B o Y |
4 5 7 8 9 11 12 15 19 23 27 31 35 39 43 47 51 59 UBMAD
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Fig. 8. Dependence of MAD-metric on UBMAD: full color test images, n=p=1
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Fig. 9. Dependence of MAD-metric on UBMAD: grayscale test images, n=p=5

50 ~

40 -

30 A

20 A

10 -~

0 T T T T T T T T T T T 1
36 39 46 57 66 71 77 91 113 125 161 189

UBMAD

=4—Baboon
== Boats
=== Frisco
=>é=|enna

Fig. 10. Dependence of MAD-metric on UBMAD: full color test images, n=p=5
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Fig. 11. Graphs of the ratio UBMAD for the case n=p =1
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This is primarily due to how this estimate was obtained.
It is obvious that sometimes the difference between the
left and right parts of the inequality

la+b|<|a|+b|
is quite significant. In the proof of (13) an (15), replacing
of |a+b| with [a|+|b| is used.
This is the reason for the inaccuracy of the esti-

mates. Note also that such a fundamental property of the
applied functions as the compactness plays an important

role. It is clear that
- 3 2n+1j - _ 2n+lj
ch+1,JVn X N On+1,jVn | X N :
Nevertheless, compactness of the function v, (x) pro-

J
2n+1j
N

>

J

vides more accurate estimation

chﬂ,jvn [X -
i

<

2n+lp 2n+1(p+1)
<1%n+1,pVn [X N [ F|On+paVn| X—— )
n+1 n+1
where p is such integer that x e [Z—NF’?‘T@”)J :

3. The maximum difference between MAD and
UBMAD is observed for in the case of DAC-processing
of full color test images and n =p =5. DAC-processing

with n=p =1 of full color test images provides the min-

imum difference between MAD and UBMAD. This
means that depths n and p of the applied wavelet expan-
sion affect the accuracy of the obtained estimates.
4. The following inequality is satisfied:
MAD <c-UBMAD,

where ¢ is a correction value, which actually depends on
a number of factors. From Tables 1, 3 and 4, it follows
that

MAD < % UBMAD

in the case of processing grayscale test images and
n=p=1;

MAD < -2 UBMAD
in the case of processing grayscale test images and
n=p=5;

MAD < £ UBMAD
in the case of processing full color test images and
n=p=5. Although the search for correction value re-

quires a detailed investigation.
Hence, the following approach can be applied.

Denote by MADIsd] the desired loss of quality
measured by the MAD-metric.
Let

[desired]
usmaD = MAD
c

where c is a correction value defined in Table 5.

Table 5
Values of correction value in the case n=p

Type of image
n, p
grayscale full color
1 % 1
5 1
5 36 39

This implies that the inequality

MAD < MADLdesired]
is satisfied. In other words, quality, which is not worse
than required, is guaranteed.

5. In all cases, %zconst, i.e. this ratio be-

haves relatively constant (see Fig. 11, 12). It is not hard

UBMAD UBMAD ; i
to show that RMS and PSNR do not have this prop

erty. This means that dependence of quality loss meas-
ured by RMS and PSNR on UBMAD is more complex.

Conclusions

Quantization mechanism, which guarantees that
quality loss measured by MAD-metric do not exceed the
given value UBMAD, is the main result of this paper. It
is based on the obtained upper estimates of coefficients
of the generalized atomic wavelet expansions. These re-
sults have been confirmed by a number of experiments.
When processing full color test images using the algo-
rithm DAC with wavelet expansions depths, which are
equal to 1, the value of MAD is closest to the correspond-
ing value of UBMAD. In other cases, accuracy of the es-
timates can be improved by applying of the correction
coefficients. Thus, DAC provides the ability to obtain the
desired loss of quality.
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PO OLIHKH KOE®IUIEHTIB PO3BUHEHD 3A Y3AI'AJIbBHEHUMH ATOMAPHUMH
BEWBJIETAMH TA iX 3ACTOCYBAHHS B OBPOBIII JAHUX

B. O. Makapiues, B. B. JIykin, 1. B. bpucina

VY po6orti po3risiHyTO auckpetHe aromapue crucHenHs (JJAC) uudpposux 300paxens. Lle anroputm € aaropu-
TMOM CTHCHEHHS 3 BTpaTaMu sikocTi. OCHOBHA MeTa JIaHOi pOOOTH — OTPUMATH MEXaHi3M YIPaBJIiHHS BTpaTaMH SIKO-
cti. Cepen BemuKOi KiNBKOCTI METPHK, 1[0 BHKOPHCTOBYIOTHCS AJIS OLIHKK BTpaT sfKocTi, oopano MAD-merpuky
(maximum absolute deviation). BaxxinBoro 0coOMUBICTIO i€l METPHUKH € TyKe BHCOKA Yy TIUBICTH 10 OYIb-IKUX 3MiH
JIAHUX, 0 00pobiotoThes. B anropurmi JJAC 0cHOBHI BTpaTH SKOCTI BiJOYBAOTHCS MiJl YaC KBAHTYBaHHS BEHBIICT-
KOe(iIi€EHTIB aTOMapHUX PO3BUHEHB, IO € MPEAMETOM JaHOTO JOCHTiKeHHS. MeTor0 € TOCIiKeHHS BIUTUBY Hapa-
METpiB KBAHTYBaHHS Ha aTOMapHi koedimieHTH. 3aBAaHHA: OTPUMATH OI[IHKYU IIUX KOe(ilieHTIB. Y poOOTI BUKOPH-
CTOBYIOTbCS METOIM Teopii aToMapHUX QyHKIiH Ta dpoBoi 00poOKK 300paXKeHb. 3 BUKOPUCTAHHSIM BIaCTHBOCTE I
y3araJbHEHHX aTOMapHHUX BEHBIETIB OTPUMAHO OI[IHKM KOe(]illiEHTIB PO3BHHEHb 3a y3araJlLHEeHUMH aTOMApPHUMHU
BeliBieramu. L{i HepiBHOCTI MOAIOTH 3aJICKHICTh BTPAT SIKOCTI Bifl MapaMeTpiB KBAHTYBAaHHS Y BUIJISA/II BEPXHIX OIli-
HOK. IX Takox miaTepmkero JJAC-06po6Ko0 TecTOBHX 300pakeHs. OKpiM Toro, oburcieHo 3HaueHHs RMS (root
mean square) Ta PSNR (peak signal to noise ratio). Ananizyrouu pe3yabTaTH eKCIIEPUMEHTIB, sIKi 0yJI0 MPOBEIECHO 3a
JIOIIOMOT 010 KOMIT'IoTepHOI tporpamu "Discrete Atomic Compression: Research Kit", 6yio orpuMano Taki pe3yJib-
TaTH: 1) BiAXWICHHS 04iKyBaHOTO 3Ha4eHHS MeTpukd MAD Bix peanpHOTo 3HAYCHHS Y ACIKUX BUIIAIKAX € JOCHTH
3HaYHUM; 2) TOYHICTh OLIHOK CYTTEBO 3aJIS)KUTh BiJ MapaMeTpiB KBaHTYBaHHS, a TaKOX I'TMOWHU PO3BUHEHHS 3a
aTOMapHUMH BeHBIIETAMH Ta THITYy 300pakeHHS (IOBHOKOJIFOPOBi ab0 y Tpajarisx ciporo); 3) po30iKHICTE MOXKHA


https://doi.org/10.32620/reks.2018.1.03

Memoou i 3acoou 06podKu 300pasicens o7

3MEHILNTH 33 JOIIOMOT0I0 BUKOPUCTAHHS ONPABOYHOTO Koe(illieHTy; 4) BiHONIEHHS 04iKyBaHOro 3HaueHHss MAD
JI0 OTO PeajbHOTO 3HAYEHHS MOBOAMUTH Ce0€ BITHOCHO MOCTIIHO, a BiJHOIICHHS MPOTHO30BaHOro 3HadeHHs MAD
10 RMS ta PSNR — Hi. BUCHOBKM: THCKpETHE aTOMapHEe CTUCHEHHS ITU(POBHUX 300pakeHb Y IMMOEHAHHI 3 3aIpOIIo-
HOBAaHHM METOJIOM KepyBaHHS BTpaTaMH SIKOCTI HaJja€ MOKIMBICTh OTPUMATH PE3yIIbTaTH MOTPIOHOT AKOCTI, IO po-
OWUTH FOTO IMOAANBII TOCTIHKEHHS Ta 3aCTOCYBAHHS MEPCICKTHBHIMHU.

Ku11040Bi ci10Ba: CTHCHEHHS 3 BTpaTaMu SIKOCTi; AUCKPETHE aTOMapHEe CTUCHEHHS, y3araJlbHeHI aTOMapHi Bel-
BJICTH; MaKCHMaJbHE aOCOOTHE BiAXWICHHS, YIIPABIiHHS BTPaTaMH SIKOCTI.

OB OLIEHKAX KO3®®UIUMEHTOB PA3JIOKEHUM IO OBOBIIIEHHBIM ATOMAPHBIM
BEMBJIETAM U UX IPUMEHEHUE B OBPABOTKE JJAHHBIX

B. A. Makapuues, B. B. /Iykun, H. B. bpvicuna

B pobote paccmoTrpeHo nuckperHoe aroMapHoe ckarne (JJAC) nudpoBbIx H300paKeHUH. DTOT alNrOpuT™M  SIB-
JISICTCS AITOPUTMOM CIKATHS C MOTepsIMU KadecTBa. OCHOBHAS IIEJ)b TaHHON pabOThI — MOJIYYUTh MEXaHU3M YIIpaBJIe-
HUs moTepsiMu KadecTBa. Cpeau OOJBIIOTO YKCia METPUK, KOTOPBIC MCIIOIB3YIOTCS JJIS OIICHKH MOTEPh KadecTBa,
BeIOpana MAD-MeTpuka (maximum absolute deviation). BaskHoit 0COGEHHOCTBIO 3TOM METPHUKH SABJISIETCS €€ BBICOKAS
YYBCTBUTEIBHOCTh K JIFOOBIM M3MEHEHUsIM 00pabarhiBaeMbiX qaHHbIX. B anropurme JJAC OCHOBHBIE MOTEPHU Kaye-
CTBa MOJYYAIOTCs B MPOLECCE KBAHTOBAHUS BEHBIET-KOA(DPHUIIUCHTOB aTOMAPHBIX PA3IOKECHUH, KOTOPBIE SIBISIFOTCS
NpeaIMeToM JaHHOro uccienoBanus. Lleablo sBiseTcs uccieaoBaHne BIMSHUS MapaMETPOB KBAHTOBAHHS HA aTo-
MapHble K03(hbunnenTsl. 3agaua UCCICIOBAHMUS: MOIYYUTh OLIEHKH 3TUX KO3 duirenToB. B pabote ucnons3yrores
MeTOJbl TCOPHH aTOMAaPHBIX PYHKIHHA U MUPPOBOH 00padboTKH M300paxeHuid. C UCIIOIb30BAaHUEM CBOMCTB 0000-
IICHHBIX aTOMAPHBIX BEHBIICTOB TOJIYUYCHBI OICHKH KO3 (PHUIIMESHTOB COOTBETCTBYIOIIUX PA3JIOKCHHIA. DTH HEPaBCH-
CTBa TPEJCTABJISAIOT 3aBUCUMOCTH B (hOpME BEPXHUX OIICHOK MOTEPh KauecTBa OT MapaMeTpoB KBaHTOBaHus. [lyTem
00pabOTKK TECTOBBIX U300PAKCHUH TTOIYUICHO UX IKCIIEPUMEHTAILHOE TOATBEepkAcHNEe. KpoMe Toro, HaiiieHb! 3Ha-
genuss RMS (root mean square) u PSNR (peak signal to noise ratio). Amanusupys pe3ynbTaThl SKCIIEPUMEHTOB, KO-
TOpBIE IPOBOAMIMCE IIPH IIOMOILY KOMIBIOTEPHON porpamMmsl "Discrete Atomic Compression: Research Kit", 6buiu
MOJTyYEeHbI TaKHE Pe3yJIbTAThI: 1) OTKIIOHeHHE OKugaeMoro 3HaueHnss MAD-MeTpUKH OT peabHOrO B HEKOTOPBIX
CITy4asix sIBISIETCS] 3HAYUTEIBHBIM; 2) TOYHOCTh OL[EHOK CYIIECTBEHHO 3aBHCUT HE TOJIBKO OT MapaMeTpOB KBAHTOBA-
HUSI, HO ¥ OT TJIyOWHBI TIpeoOpa3oBaHus U THIA 00padaThiBaeMOro n300paxeHue (MOJHOIBETHOE WIIM B IPaJIalusixX
ceporo); 3) UMEIOIHecs: PACX0XKICHUS MOKHO YMEHBIIUTD C TOMOMIBIO TIONPABOYHOTO BCIIOMOTAaTEIbHOTO KO3(h(hu-
1reHTa; 4) oTHoOILIeHHe oxuaaemMoro 3Hadennst MAD k ero peanbHOMY 3HAUEHHIO BIET ce0si OTHOCHUTEIBHO MOCTO-
SIHHO. a oTHomeHue oxumaaeMmoro 3HaderHnss MAD k RMS u PSNR — HeT. BIBOABI: TUCKPETHOE aTOMapHOE CKaTHE
IU(PPOBBIX H300PAKECHUIN B COYCTAHUM C MPEIOKECHHBIM METOOM YIIPABICHHUS TOTEPSIMUA Ka4eCTBA MO3BOJISIET IM0-
JIYYUTh PE3yJIbTaThl TPEOYEMOT0 KauecTBa, UTo AeJaeT ero JajJbHeHIee pasBUTHE U IPUMEHEHHUS IePCIICKTUBHBIMHU.

KiwueBble ¢jI0Ba: cxxatue ¢ MOTEPSIMU KayecTBa; TUCKPETHOE aTOMApHOE CiKaTHe; 000OIICHHBIC aTOMAPHBIC
BEHBJICTHI; MAKCUMAJIbHOE a0COIOTHOES OTKIIOHEHHUE, YIIPABICHUE MIOTEPSIMHU KaueCTBa.
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