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In this paper we propose application of the modified generalized Taylor — Birkhoff series, based
on the atomic function up(x), for solving of the initial value problem for the ordinary differential
equations and systems of differential equations. The explicit formulas for the basic functions of
the modified generalized Taylor — Birkhoff series up to the third order are given.
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1. Statement of the problem and analysis of recent research and publications
Consider the initial value problem for the differential equation of the first order

y'(x) =F(x y(x),

(1)
y(0) = yo-
It equivalent to the Volterra integral equation
X
Y(X) = yo + [ F(t y@®)et. 2)
If we solve this equation by iteration method, assuming
Yo(X) = Yo
and
X
Yn1(X) = Yo+ [ F(t, Y ()t 3)
0

then for every iteration step we should find the antiderivative of a function F (X, ¥, (X)).

We cannot use usual quadrature formulas in this case, since the upper limit of
the integral is variable. Classical Taylor series [1-4] has some restrictions in application,
firstly since its radius of convergence may be insufficient, and mainly because the

substitution of the power series instead Y,(t) into a function F(t,y,(t)) requires

further transformations for the obtaining the power series under the integral sign.
In [5-10] so called generalized Taylor — Birkhoff series for the expanding of
infinitely differentiable functions of some Roumieu spaces was introduced:

— n
FOO=Y 2 F 00000k,
n=0kON},
where functions q)n,k(x) are the basic functions of generalized Taylor — Birkhoff series,
which can be expressed as linear combinations of translates of atomic function [11-13]

sint 2 k
up(x) = j 'tX|‘| el
k=1

which is a solution with a compact support of the functional—differential equation
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y'(x)=2y(2x+1)- 2y (- 1)

The points X, | are defined as follows:

for n=0 Xy =K,
for n>0xn’k:k2n_1.
_ _k _k
So Xk =K, Xo =3 X3 k =2 and so on.

With the help of modified generalized Taylor — Birkhoff series method of finding
antiderivatives was proposed in [14]. The corresponding modification of the series is
made to avoid using values of F(x) at X Z Oand the necessity to calculate the definite
integrals.

In this paper we propose to use this modified series for solving of the initial value
problem for the ordinary differential equations of the first order

y(¥)=F(xy(X), Y()=Yo

and systems of ordinary differential equation.
2. Modification of the generalized Taylor — Birkhof ~ f series and the formulas
for the basic functions of the modified series

In this process the basic functions of the generalized Taylor — Birkhoff series
b k(X) are substituted by the modified basic functions ¢, (X). Namely, instead of

defining the values of a function F(X), represented by the generalized Taylor — Birkhoff

series, at the points K#Z0, we define the derivative of this function at the points
o k

k-1/2,k>0,k+ 1/ 2k < (. Thus the modified X4 K :E.

The corresponding modified basic functions for k >0 are of the form

_[0.5up(x—-k)x<Kk,
B k-1/2(%) = {O.S,X ok

Similarly we build the basic functions §; j+1/2(X) for k <O.

Further, all the other modified basic functions @, (X) we obtain from the
standard basic functions by subtraction of functions o [ _1/5(X) , B k+1/2(X)
where o, 3 we choose to make the first derivatives of ¢ (X) at the points
k-1/2,k>0,k+ 1/2 k< (equal to 0.

Give the formulas for the modified basic functions (bn,k(x)’ which are necessary

for the expansion in the modified generalized Taylor — Birkhoff series up to the third
order at [0,1]:

0o, 0(X) =up(x) +up(x-1), xO[0,1],
011/2(x) =0.5up (x-1), xO[0,1]

01109 =08p(-2), x0[0}
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1 1 1
$1,0(x) =7 Up(X) =Zup(x+2) +—up(x ~1), x0[0.1.

2.0 )—5—76 P09+ tP(X -1 = up(x+ ) +~Lp(xc+ ] xC[0F.

02400 = = Up(x=) +-2up(x=—), xC[0.,

13 13 13
Targ POt P00 + 2 p(x—)-
%up(x D+-= up(x i},xD{O,—ﬂ,
0) 1(X)—
2 |Sup(xrp) = L up() 2 p(x=—) -
4 728 7708
%up( —1)+ 13 up(x——?,xD[—lzl]
13
b3,0( )_288E64 pix=1+ 288]64p( )" 2o et ])+

1 3 1 7.
+mup(x 4) &up(x+—2, x0[0,1,

“egrpa P __j 64]6912p( ~D- ezu 28é3 (x __%_

299
“eampo1 " __]2 64]6912p( X" 691[2 6£(X+_}
“pppd X+ X0
&u'o(x_l_s) 6;;:;12 P(x __i me( __§+
(ps,j(x): 64?63912 POx=1)= 28;]64p( __21 64 69120( B ])+
+6j§;9112 HP(x) = 96]64‘11'0()( ])XD[ ]1

23 1547 Ig
-——)- -— Xx-1)+
9664 Hp(X Z? 64]6912p( 64 6915( )

=X

i (% ——j— o up(x—-—
288Lb4 69121 64 2

4787 3
+ ——u X+ =), xU[—:1],
646912 Up(x) 64 ( ]% [ 4]
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o Up(X ) () - (-
288[b4 288] 64 28. 4{)
1
+ ~1)-—=—up(x—
288 b4 up(x~1) 116 4p( r)
+Lup(x -2, xm{o,—l},
_ 64 8 2
6, 109=
2 —u X+— X+— u +
64 P( 21164 ]2 288] 64p( )
1
+ -= up(x —1) +
28864 up(x ]2 288] 64p( b
+ L up(x—g), xDF,l},
2884 2 2
0310 = up(x =) - —tp(x =) +—up(x -, x0[0d),
7264 2164 64
5435 13
—up(x—-=) - -1+ up(x——
64 P( 8) 641]6912 p(x-1) 72] 64p( :}4
299
+ -)- T P +
646912 up(x ]g 64] 288p( J)4 64 6915()()
1547 3
+ + + 0] 0,1,
64|:69].2up(X ]2 96]6up(x iix [ ]jl
299 1
—— - -2)+
64E96 64]6912( D+ 6%912up(x 2
515
+ -)- -~ X+—)+
5 1(x) = 288 b4 up(x ]2 64] 6912p( ) 72 GZP( :}
3’411 2003 up(x + ]Q —U|o(><+—§3 23 up(x —?xD[— —l
6912164 64 96! 64 4
17 7 707 1151
L -~ 1
288|:54 up(x Z? 691721 64p( ?52 6915()( )t
299 1343
64[6912 up(x El) 288D64 up(x _]2 64] 6912p( X)*
7
+ + )+ —~ +—
288|:54up(x ]2 691@ 64 ]) lZIP(X ?
-3 up(X+—}xD{—1,1]
9664 2
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3. lteration method

Consider iteration method for the Volterra integral equation (2) which is
equivalent to the initial value problem (1):

X
Ynea(X) = Yo+ [ F(t, Y ()t
0
Expand the antiderivative
X
P (X) = J F(t,y,())dt

in the modified generalized Taylor — Birkhoff series up to the third order at [0,1]. Then
since ®,,1(0) = 0 we obtain

Yn+1(X) = y0+Z[q3n+1( )(15 k(X) + P o 2)¢ k(x)]"'
k=0 2

4
+ q"ﬁﬂ(z)@gg(x)

Given that

Ph41(X) = F (X, Yn (X)),

Ph41(X) = F (X, Yn (X)) + Fy (X, Y (X)) Y (X)),
P1(X) = Fu (X, Yn (X)) + 2y (X, Y (X))Yn (X) +

+ Fy (% Yn 00) (Y (9% + Fy (%, Y 00D ()

and denoting

K .
A= F(E’ Yo), k=0,1,Z
k k
'Ah‘l'l,k = F(E’yn(z))’ k = 0’1121 n> (1
K -
B.I.,k = FX(E’yO)’ k:0a114
. K k , K Kk k
Bnsik = Fx(zs Yn (E)) + Fy(_z’)’n (_2))y'n (_2)’ k=0,1,2,n>

Cik = Fxx 5, Yo), k=0,1,2,3,¢

Crreik = xx(" () + 255 (& v €y )+

K ,
Fiy (e I DO + Fy s n EDVR )
k=0,1,2,3,4, n> 0,
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we obtain

2
Yns1(X) = Yo+ D [Ah+1k¢15(x) + Bn+1k¢25(x)] +

k=0 2 2
4
+ > Chark®_ k(X
k=0 3
4

where recurrent formulas for the coefficients A1k, Bhyik, Che1gk are

Atk = FEvor STAD (9 + By o (914
Ak =FG Y0t L <t Ead, )

$=0 2 2

4
+chs¢ s(E)), k=0,1,2, n> 0,
s=0 ’ 3’2 2

ok 2 K k. & K
Bn+1,k_FX(E,yO+Z[AY1,s¢15(E)+anqus(_z)]'i'zcn,sq;gs(_g)+

s=0 2 2 s=0 4

ot S A, (B (153 Cred (T

2 K k. & kK
EQZ[Ah,sqjls(E) + B, o0 §(—2)] +> Cheh 3§(—2)),
s= 2 2 s=0 '4

0 2
k=0,1,2,n> 0,

Cootie = FiE vor S A, o 4B (N3 Cod (K
n+lk — Fxx 4aYO g Ah,s 1’2 4 ns 2% y, - ns 322

ok o+ S A () B (NS Cd ()T
3 Yot Znsb, s Bk, s 2, s 0)

13 1A (4B 1+ 3 Co o)+
Sl 1,2 4 N 2,2 7 S S
4

L ot S 1A (9 +Bred N+ 3 Cad (T
yy 4’y0 = S 1’% 4 n,s 2% 4 =~ n,s 3% 2

(S 1A (9480 (943 Crat (2
r S 1,2 4 NS 2,2 g7 e 3% z?
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.k 2 k K., < k
+ Fy(zl Yo+ Z [Ah,sqjl s(z) + Bn,s(p2 S(Z)] + Z Ch P 35(_2) [
s=0 ) P s=0 4

2 4
n k n k n k
QZ['Ah,s(‘]j s(_) + Bn,s(]j s(_)] + Z Cn,sq5 8(71))
<=0 1~ 4 2= 4 - 3=
= 2 2 =0 4
Consider, for example, the initial value problem for the Riccati equation:
Y() =y + f(x),
¥(0) = Yp.
Then

(x,y)=ty? + f (),

- <

And we obtain the following recurrent formulas for the coefficients
Ak Brrikr Creak:

K 2 k k
Ariag = f (5) t[yo+ S;)[Ah,sqj 1;(5) + B, 0 2;(—2)] +

4
£ Chd N2 k=012, n>o0,
s=0 371 2

ok 2 k Ky | < k
Bn+1,k = f (E) * 2[y0+ Z[Ah,sqjls(z) + Bn ,s¢2§(_2)] + ch ,s(p 3§(_£] [
s=0 ) 2 s=0 '4

2 " .k "
EQZ['%,stls(E) + By 0 E(E)] + Chsh 3§(—2)),
2 2 s=0 4

s=0 2
k=0,1,2,n> 0,

Coosi = 19220 I o)+ B8 o1+ 30 oS24
n+1,k 4 - s ) 1,§ 4 n,s 2% 4 = ns 3% ZP T

20+ S e, (B b (43 Cred (K0
S AV 2047 o s, .
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13 1A 9+ B <91+ 3 G’ ()
= 'S 1,2 4 NS 2,% 7 = n.s 3% 4)
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3acTocyBanHs y3arajbHeHOro psiay Teitsiopa — bipkroga
IJIs1 po3B’ si3yBaHHs 3aaa4i Ko /151 3BuyaiiHuX
nudepeHniaIbHNUX PiBHAHD

Y po6oTi 3anponoHOBaHO 3aCTOCyBaHHS MOLMKIKOBAHOrO y3aranbHEHOro psay
Tennopa — bBipkroda, nobygosaHoro Ha OcHOBI aTtomapHoi dyHkuii UP(X) , ans

po3B’A3yBaHHA 3afadi Kowi ans 3BuMYyanHuMX AudpepeHuianbHUX piBHSAHb Ta CUCTEM
andepeHuianbHUX piBHAHb. HaBegeHo sBHI dopmynn ana  0asmvcHUX  yHKLUin
MoAMikoBaHOro ysaranbHeHoro psay Tewunopa — bipkroha Ao TpeTboro nopsiaky
BKITHOYHO.

Knroyoei cnoea: nepsicHa, 3agjaya Kowi Ana 3BuvyanHux aundepeHuiansHuX
PiBHSIHb, y3aranbHeHun psag Tennopa — bipkroda, 6a3ncHi yHKUIT y3aranbHEHOro psagy
Tewnnopa — bipkroga.

IIpumenenue o000menHoro psiga Teisiopa — bupkroga
st pemienus 3aaa4u Ko 1711 00bIKHOBEHHbBIX
g @epeHIHATBHBIX YPABHEHU I

B paboTe npeanoxeHo npuMeHeHne MoaudULMPOBaHHOro 0606LEHHOrO paaa
Tennopa — Bupkroda, MOCTPOEHHOrO Ha OCHOBE aToMapHon dyHkumm UP(X) , ans

peweHnsa 3agayun Kowm ans 06bIKHOBEHHbLIX AndddepeHumanbHbIX YPaBHEHNA U CUCTEM
anddepeHumaneHbiX  ypaBHeHW. [lpuBedeHbl sBHble opmMynbl  Ans  6asncHbIX
dyHKUMn MmogmdmumpoBaHHoro obobuieHHoro psga Tennopa — bupkroda oo Tpetbero
nopsgka BKNIOYNTESbHO.

Knroyeeble crioea: nepBoobpasHas, 3agjayva Kown ans  oBbIKHOBEHHbLIX
anddepeHumanbHbIX ypaBHeHUn, 060bweHHbIn pag Tennopa — bupkroda, 6asncHble
dyHKUMn 060obLeHHoro paga Tennopa — bupkrodga.
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