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Plasma-ion thrusters with a radial magnetic field in ionization chamber and Hall effect thrusters
are electrostatic electric propulsion thrusters with closed electron drift. Axial symmetry in the
dynamics of the components of propellant in these thrusters allows to write the equations of
plasma-dynamics for electrons, ions and neutral atoms in two-dimensional axial-radial form.
Attempts to reduce the equations to simpler one-dimensional form by simply removing the
components with radius differentiation lead to the loss in the description of important effects,
responsible for values of thruster performance. At the same time, a significant disadvantage of
gas dynamics equation set is its fundamental openness — the correspondence between the
number of unknown variables and equations is achieved approximately basing on some
assumptions. In traditional form of gas dynamics, such closeness is made under the
assumption of thermodynamic equilibrium with velocity distribution functions of components
close to Maxwell one, which is the limit result of collisions. The use of such approximation to
plasma components dynamics in electric propulsion thrusters is impossible due to the
rarefaction of the substance in them. A mathematical model of two-component plasma-
dynamics is represented in stationary form to describe the processes in the Hall effect thruster
channel and the ionization chamber of plasma-ion thruster with radial magnetic field. Due to
the impossibility of using the method of local thermodynamic equilibrium to describe the
rarefied substance in electric propulsion thruster, a more advanced form of equations is used.
A more reliable means of approximate closure of the set of equations is proposed in the
description of the rarified gas. An approach to the description of the specifics of electrons
energy transfer from the plasma to the walls of the channel, as well as the non-mirror
reflection of electrons from the potential barrier within the Langmuir layer is shown. A method
of averaging the parameters over the cross section of the channel is proposed, which allows to
convert the equation into a quasi-one-dimensional form with the preservation of charge,
momentum and energy losses on the channel walls.
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Introduction

Hall effect thruster (HET) relates to electrostatic thrusters where acceleration
of ions is made by electrostatic component of electromagnetic field produced by
electrode system and with direction of electric field tension almost in parallel to
necessary direction of thrust. It is enough for thrust produce but without any other
factor it would mean acceleration of electrons in opposite direction with extreme
electron current and the most their part in power consumption.

To prevent this effect the magnetic field is used in HET. Similar processes
take place in ionization chamber of plasma-ion thruster (PIT) with radial magnetic
field.

The radial magnetic field in the HET created by a special magnetic system
(Fig. 1) ensures the confinement of electrons in the region of the most intense
ionization and eliminates unacceptably high values of the electron current to the
anode so that the main part of the electric energy is spent on the ion component of
the current directly involved in creating thrust.

The HET chamber is an annular channel bounded in the radial direction by the
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dielectric walls of the chamber and in the axial direction by the gas distribution
anode. The working fluid (usually an inert gas — most often Xe) is fed into the thruster
chamber through the holes in the anode.

To compensate the current of the external beam and for ionization of atoms in
the thruster chamber, one electron source is used, called a cathode-neutralizer. The

total current from the cathode |y (discharge current HET) is related to the ion current
of the external beam | as a rule as follows: |4 =(1.2—1.3)l;. Thus, an electron

current equal to the ionic current goes into the external beam ‘I;‘ =1, and the rest

of electrons enter the thruster chamber ‘Ie_‘ =(0.2-0.3)1;.

magnet core

magnet core
Fig. 1. “Closed” electron drift

Electrons enter the thruster chamber with moderate energy. While moving into
thruster chamber the electron energy and the ionization cross-section increase.
Directly near the anode the sign of the axial projection of the mass flow velocity and
ion current density changes — ions born in this region “fall” onto the walls of the
chamber and anode. Thus, the electron current to the anode must exceed the
discharge current by the amount of ion current to the anode.

1. Formulation of the problem

Gas dynamics equation set is fundamentally opened, and the number of
equations is brought into correspondence with the number of unknowns only
approximately — as a result of certain assumptions.

Due to the rarefaction of the substance in the electric propulsion thrusters the
local thermodynamic equilibrium method is insufficient to describe the processes
there, and there is a need to use more extended form of equations as it was done in
the article [1] but here — in stationary form:

- substance equation of the particle of o sort:
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where N, — population (number of particles in unit volume), 1/m?3;

—

I, = na<\7a> = na\7a — particles flow density, 1/(m?s);

) . -
a— parameter change in time because of collisions;

—_

Ha = mana<\7a\7a> =m,n,V V, + ch — momentum flow density 2™
rank tensor, Pa;
g, — charge, C;

E — electric field tension, V/m;

—

B — magnetic induction, T;
ﬁg/) — momentum density, kg/(m?s);

P, - My Ny (U Uy ) — pressure tensor, Pa;

Ga =My Ny (VU ¥y ) — "pressure flow" 3" rank tensor, W/m?

V, = <\7a> — mass flow velocity m/s;
V, - particle's velocity m/s;

=V —\7a — velocity linear deviation (chaotic velocity), m/s;

(00
W, = My N (U U U U, ) — Nameless 4" rank tensor, kg-m/s*;
eg/) — energy density, J/m>;

qac"”d) — thermal conductivity, W/m?;
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() L J — averaging and tensor symmetrization operations.

A half of pressure tensor trace is the density of particles thermal (chaotic)
movement:

1 1 (mm) _ 3 3
“1rP, ==y pMM_Zp —Zp kT, . 6)
2 a 2 % a 2 a 2 a a

In fact, the 3" rank tensor "pressure flow" Ga has not own name but a half
of it's vector trace is thermal conductivity:

G, =12in6&mm’”) —j{cond). (7)
2 2~

Equation similar to (3) is used, for example, in the book [2] in components but

without the discussion about "pressure flow" Ga as well as without equation (4).

Energy equation (5) here is not independent one but can be obtained like
linear combination of equations (1) — (3). Equation set (1) — (4) is opened and can be
approximately closed using the generalization of Maxwell form of tensor made in [1]:

Woc :3\—]‘)0‘—m, (8)

mOLmO(.
which gives:
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The radial magnetic field is a strong factor in the isotropy of the electron
distribution along the axial and azimuth velocity projections — the axial projection of
the velocity of each individual electron after a quarter of the cyclotron period (at a
small bias) becomes to be azimuth one and vice versa with small change of absolute
value of velocity and position on small displacement equal to cyclotron radius.

In turn, elastic but non-mirror reflection of electrons from a potential barrier at
the plasma boundary [3] means that there is a tendency to isotropy in the distribution
of velocity projections along the transverse (radial) and parallel (axial and azimuth)
projections to the boundary. Non-mirror reflection also means the presence of the
azimuth projection of the momentum flow in the radial direction in the absence of
mass flow in this direction. As a result, it is possible not to distinguish the diagonal
components of the electron pressure tensor but one off-diagonal components of the
electron pressure must be taken into consideration:

pxx) < p(rr) < plow) o p (10)

Pe(“f’) 0. (11)

The recombination of ions on the surface (or their escape into a vacuum

surrounding the external beam) means the flow of their momentum and energy

together with the mass, that is, the absence of dissipative transfer of momentum and
energy — the off-diagonal components of the pressure tensor can be neglected:

Pl(r (P) = O, PI(Xr) = 0, PI(X(P) = 0 . (12)

On the other hand, the appearance of new slow ions in a stream of already
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accelerated ions decreases the mass flow velocity and increases the velocity
dispersion. In each direction, the variance of each ion velocity projection is
determined by the value of this particular projection. In this case, the ion acceleration
in the axial direction (thrust direction) is noticeably greater than the radial
acceleration (in the flow to the walls). The acceleration of ions in the azimuth
direction does not occur at all. Thus, the values of the diagonal components of the
pressure tensor must be distinguished — the dispersion factors in different directions
are different, and the mechanism of pressure degeneration into a scalar (ion-ion
collisions) is practically absent:

The electron flow in the entire channel volume is substantially subsonic:

II. =P, (14)

In a rarefied electric propulsion thruster medium, the characteristic times of
momentum and energy exchange between atoms and ions are large compared with
the residence time of atoms and ions in the volume of the thruster chamber — a
change in the densities of momentum and energy of atoms and ions as a result of

elastic collisions can be neglected. In this case, the right-hand sides of (1) — (5) for
different components can be written as follows:

V-T, =V T} =-V-T; =ngn,Veo;j, (15)
v-P, +e(neI§+1:e xﬁ):—vgp)mene\@, (16)
v.II; —en,E =0, (17)
v V,P+G, +2iLPe><§ +2\_Pe vvejz——ﬁeq),v I, @s)
me
V(\/_]Pl)-i- ZLPI -VViJ: miViViV'fi, (29)
V-(%VEPE +V, - P, + qécond)j+efe E=—eq;V-Tj, (20)
R .2 - - -
vV, %%H +Vi-Pi)—eF-E:O, (21)

A.
where v((ep) = V{h{ﬁea + Oj —m' Pe

j+ne6eij — electrons momentum transfer
eVe

frequency, 1/s;
Ve —the average modulus of electron velocity, m/s;

Cea» Ogj» Oj — average cross-sections of electron-atom and electron-ion
elastic collisions and average cross-section of ionization, m?;
(¢; — ionization potential, V;

Aj Pe — the average loss of momentum of an electron as a result of ionization
collision, kg-m/s;
O - unit tensor.
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Equation set (15) — (21) is written neglecting magnetic field action on ions and

difference between electrons and ion population in plasma. Electric field tension E is
present in four equations (17), (18), (20) and (21). As it was mentioned already,
equations (20) and (21) are not independent. It is possible to build the equation set

where E is present only in one of them. The first step is to make total plasma motion
eguation as the sum of electrons and ions ones:

v.IH +enV, xB=—v{Pm.nV,, (22)

where IT - summary plasma momentum flow density, Pa:
=P, +1I. (23)
Electric field tension can be found from any of (17), (18), (20) or (21)

equations.
Cylindrical form of equation set is:
- substance equations (15):
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OX  ror OX  ror OX rar(”) ellaVedi: (24)
- projections of motion equations (16) — (18) and (22):
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-en, —-el,,B=0, 25
O X ® ox o (29)
o1
! +1i(1‘[i(”)r)+enea—(p=0, (26)
O X ror O X
ori® 1 5 (xr)
+—-—\L;" 'r|-el,,B=0, 27
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or1i*")
! +1i(Hi(”)r)+ene6—(p:O, (29)
0 X ror or
aH_(xr) P
! +mi1i(1‘1§“)r)+a e -0, (30)
O X ror or
10
FE((Pe(HP)r) r] +elg,(Br)= —vgp)me(l“eq)r); (31)

- equations of the diagonal components of the ion pressure tensor (19):

0 10 Nix (0lix 10
o ixPi(XX))ﬂLFEﬁ/irPi(XX)r)JFZPi(XX) a;(x =£ a;(x+Fa(Firr))miVi2x,(32)

d 10 oVir (0lix 10 5
x ixPi(rr))"'Fa irPi(rr)r)+2Pi(rr) ar | ax +FE(Firr) miVir
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(33)
- energy equations of electrons (20) and ions (21):

0 op 10 0
_[C]ex"'rexeq)i]_eF _(P"‘__[(qer"‘rire(l)i]rj_eri 8_(:’):0’ (34)

ox X ox  ror
0 Qix op 10 o¢
+elyy —+——\q; r)+el;, —=0. 35
o x ix 33 rar(q” ) ir 5, (35)
Total current density on the surface of the insulator is equal to zero:
T, =0, (36)

Equation (24) also takes into account the equality of the atomic flux density
from the surface of the insulator and the ion flux density to the surface (surface
recombination):

Far =—Tir. (37)
From (24), the laws of charge and mass conservation follow:
[y :Fix—l“ele—d:const, (38)
es
[, =Ty, + Ty = =const, (39)
m; S

where | 4 — discharge current, A;

M — mass flow rate through the thruster (without flow through the cathode-
neutralizer), kg/s;

S — channel cross-section, m?.

Expressing the derivative of the potential with respect to the radius from (28)
and the axial coordinate from (29), the electron energy equation (34) can be
rewritten:

o, 10 ()
0 X ror

10 0P,
+Fa{[%r +1 re(PiJrj =Vir 6—I’e =0

The sum of the equations of energy of electrons (34) and ions (35) taking into
account (38) gives the equation of plasma energy:

0 10
_(qex"‘rexe(Pi +Qix +rde(P}+Fa[[qer +1ieq; "‘QirJr]:O- (41)

0
5[Qex +Fexe(Pij+Vex

(40)

oX

Expression (31) is a record of the angular momentum conservation law. The
first term on the left side (divergence of the momentum flux density, where radial

projection is equal to Pe(rcp)r), corresponds to the moment exchange with

neighboring volumes; the second term of the left side is the moment of force acting
on a unit volume; the right side is the loss of the angular momentum of the electrons
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as a result of collisions in the volume.
In accordance with (12), (13), the projections of the ion energy flux density in
equations (35) can be written as follows:

mineVi2 +Vi2 )+ 3P0 1 p(rr)

Qix :Vix 2 , (42)
Mm;Ne <V|§( +Vi% )+ Pi(XX) +3 Pi(rr)
Qir :Vil’ > . (43)

Equations shown here can be used in simulating soft creation for analysis of
the processes inside HET channel. But the problem remains because of couple-
dimension form of equations and large number of parameters.

2. Method for solving the problem

Due to axial symmetry in Plasma-ion and Hall effect thrusters it is possible to
write the equations in two-dimension axial-radial form. Transformation of these
equations into one-dimension axial form would mean great facilitation in making of a
calculation method. But simple elimination of all the compounds with radius
differentiation, as it was done in the papers [4 — 6] would mean the loss in description
of the most important effects responsible for engine performance: the loss of ions
and electrons on the walls, the loss of the momentum of the ions and the energy of
the electrons on the walls - which is simply not the case in a one-dimensional
description. However, it is possible to transform the equations into one-dimensional
form without the named losses.

The flow of electrons in the axial and azimuth directions is restrained by a
radial magnetic field. The flow in the radial direction is not limited by the magnetic
field. Thus, the distribution of all plasma characteristics over the radius is smooth.
This allows you to go to a simplified form for writing equations in full derivatives —
only along the axial coordinate.

Such a transition is possible when solving the problem in quantities averaged

over the channel cross section so that for any quantity A the average value over
the cross section is as follows:

A- 2 A
:—j rdr, (44)

r?—r?

where I'_, I, — internal and external radius of channel.
Here the terms with derivatives with respect to radius are reduced to the form:

s 12 ( Ar)rdr=ir . 2(A(r+)r+ —A(r_)r_)_ 45)

_ |r .
rZ-r?’ ror r>—r?

Thus, the quasi-one-dimensional approximation retains a description of the
loss of particles, momentum, energy and angular momentum on the lateral surface of
the channel, allowing us to simultaneously write equations as one-dimensional. The
only uncertainty that remains in this case is the uncertainty in the ratio of plasma
concentration at the Langmuir boundaries to the average in channel cross section:
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In future expressions it will be used the following notation:
N\ )r, + N\ )1
E_,n — € ( + ) + € ( ) , (47)

(r+ + r_)ﬁe
omitting the averaging sign " " for simplicity.
Using averaging it can be obtained from expressions (24), (27), (31) — (33),

(41), (45):
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where Ar =r_ —r_ —channel thickness, m;

V¢ — ion-sound velocity, m/s;

(M) _ Veptls . .
Ea /= V— — relation of rotation moment boundary value to average one;

e(pr

1—ngp) — relative electrons rotation moment lost because of non-mirror
reflection from potential barrier near the plasma bound;
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Equations set (48) — (52) with consideration of (_38), (39) and dependence of
€e, At and (.4 on P, and Ne is closed but only one of them (52) includes the

electric field tension E, . Thus subsystem of four equations (48) — (51) is also closed

(xx)

parameters except E, and ¢ using iteration method. The last step must be the

calculation of potential distribution among the channel.
General form of subsystem (48) — (51) can be written as

with four parameters Ne, Ljx, Pe and Pi can be used independently to find all

4
Za,(n”)Zm=bn, 1<n<4, (54)
1

where Z;...Z, — ne, T'iyx, Pe and Pi(xx).

The problem remains as for factors &,,, @gM), €e, € and Agg, which can be

solved either with some suppositions or through approximate solution of task about
radial distribution of plasma parameters with use of equations (9), (28) — (30) and
(33).

Conclusions

As the initial data of the task with fixed sizes and configuration of thruster can
be used mass flow rate and discharge current. One of the most complicated
questions in the task is that only one boundary condition can be written directly in
numeric form — electrons temperature in the entrance of cathode beam into thruster
plume (X=X¢) and potential difference between this entrance and cathode emitter,
given from cathode calculation or testing results.

As for anode section (X=0) it is known that main determinant of system (54) is
equal to zero — critic condition for bound between plasma and Langmuir layer:

A=0. (55)

Also it is known that the section exists (x=xo) where two conditions take place
at the same time:

I, =0 v RX) =, (56)

but the coordinate Xp is unknown.
The last condition means that the critic section exists (X=X.) where both main
and all partial determinants are equal to zero at the same time:
A=0 ) Al..A4 :O, (57)

but also with unknown coordinate X..
So the algorithm of the task solution is as follows (Fig. 2):
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Fig. 2. Iteration method

1. Electrons temperature distribution is set.
2. The coordinate Xy and plasma concentration here Ne(Xo) are set.
3. Move to anode coordinate X=0.
4. Correction of Xg and reiteration pp. 1 — 3 until condition (55) satisfaction.
5. Move forward from Xg until one of condition (56) satisfaction.
6. Correction of Ne(Xo) and reiteration pp. 1 — 5 until both of conditions (56)
satisfaction.
(xx)

7. Move forward from X. to X to find Ne, Ijx and P, distribution in

channel.
8. Move back to X=0 to find P, and T, distribution in channel.

9. Correction of T, distribution and reiteration of pp. 1 — 9 to reach appropriate
accuracy.
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KBaziogHoBUMipHa MaTeMaTH4YHA MO/ eJb MPOLECiB B
XO0JLTIBCbKOMY Ta IJIa3MOBO-IOHHOMY JIBUTYHi

[MNasmoBO-iOHHI ABUIYHW 3 pajiafibHUM MarHiTHAM MnonemMm B iOHi3auinHin
Kamepi Ta XOnniBCbKi OBWUIYHWM BIOHOCATBCA [0 €neKTPOCTaTUYHUX ABUIYHIB i3
3aMKHeHUM gpericom enekTpoHis. OcboBa CUMETPIA B AUHAMIL KOMMOHEHT pobo4oi
PEYOBMHN B LUMX OBUryHax AO3BOMSAE 3anmMcaTu PIBHAHHA MnasMoguHaMiku ans
€EeKTPOHIB, IOHIB i HENTparbHUX aTOMIB Yy ABOBUMIPHI akcCianbHO-pagiansHin opmMi.
Cnpobu 3BedeHHs piBHAHb [0 6inbll NPOCTOI OAHOBUMIPHOT  (hOPMM  LUNSXOM
NPOCTOro BMAaneHHsa CKnagoBux 3 AudpepeHuitoBaHHAM MO pagiycy npu3BoAsTb A0
BTpaTM B ONUCAHHI BaXnvMBuMX eqekTiB, BigMOBiJaNbHUX 33  BeNUYUHU
eKkcnnyaTtauinHUX XxapakTepucTuK ABUryHa.

Mpn ubOMy TaKOX ICTOTHUM HeOOSIIKOM CUCTEMMU PIBHAHb rasoguvHaMiku €
npuHUMNoBa 1 HE3aMKHEHICTb — BIONOBIOHICTb KISIbKOCTI HEBIAOMWUX | PIBHAHb
A0CAraeTbCa NpUBMM3HO Ha OCHOBI NEBHUX NpunylieHb. Y TpaguuinHin dopmi
rasoguMHaMikM Take 3aMWKaHHA 3OINCHIOETLCA B MPUNYLLEHHI Npo TepMOANHAMIYHY
piBHOBary 3 QYHKUiSMA pPO3MOA4isly KOMMOHEHT 3a LWBWOKOCTAMU, OAM3bKUMKU [0
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MaKCBEMMIBCbLKOrO  po3noainy, SKMW € TPaHUYHUM  pe3ynbTaTOM  3iTKHEHb.
BukopucTaHHs Takoro HabnwkeHHs [0 AMHaMiKM  KOMMOHEHT nnasmvm B
erekTpopakeTHUX OBUIYHaX € HEMOXIIMBUM 4Yepes pOo3pifKeHICTb cepefoBulla y
HUX. Y cTauioHapHin opMi NnpeacTaBneHo MateMaTUyHy MoAernb ABOKOMMNOHEHTHOT
nrasmMoanHaMmiki a4fs onucy NpoLeciB B KaHamni XOonsiBCbKOro ABUryHa i iOHi3aLinHIin
Kamepi NNasMoBO-iOHHOMO ABUryHa 3 pafianbHUM MarHiTHAM nosieMm.

3 ypaxyBaHHAM  HEMOXIIMBOCTI  BMKOPUCTAHHA  MeTody  JfoKasnbHOT
TepMOAMHaMIYHOI  piBHOBarM Ond  ONMUCY  PO3pigKeHOro  cepefosuwa B
€reKTpOpaKeTHOMY OBUryHIi BUKOPUCTOBYETLCS Binbll po3wmpeHa opma piBHSAHb.
3anponoHoBaHO 6Ginbl HaginHWA B ONUCI PO3pigkeHoro rasy 3acid npubnmsHoro
3aMUKaHHA cUCTeMM pPiBHSAHL. [lokasaHo nigxig Ao onucy crneundiknm nepeHeceHHsA
€Heprii eNnekTPOoHIB Big NfiasMu 40 CTIHOK KaHarny, a TakoX Hea3epKarbHOro BigouTTa
€NeKTPOHIB Big NOTeHUiHOro ©Oap’epy BCepeauHi JIEHrMIOPIBCKOro NpoLlapky.
3anponoHOBaHO MeTo4 YCepedHEeHHs napamMeTpiB Mo nepeTuHy KaHany, LWwo
A03BOSISIE NEPETBOPUTU PIBHAHHS Y KBaA3i0OAHOBUMIPHUIA BUA 3i 30epeXeHHaAM BTpar
3apsagy, iMnynbCy i eHeprii Ha CTiIHKaX KaHarny.

Knroyoei cnoea: XOnniBCbKMW  OBWUIYH;  NIa3MOBO-iOHHUA  [OBWUIYH;
NEHrMIOPIBCbKNA NPOLUAPOK; TEH30P TUCKY.

Quasi-one-dimensional mathematical model of processes
in Hall effect and plasma-ion thrusters

Plasma-ion thrusters with a radial magnetic field in ionization chamber and
Hall effect thrusters are electrostatic electric propulsion thrusters with closed electron
drift. Axial symmetry in the dynamics of the components of propellant in these
thrusters allows to write the equations of plasma-dynamics for electrons, ions and
neutral atoms in two-dimensional axial-radial form. Attempts to reduce the equations
to simpler one-dimensional form by simply removing the components with radius
differentiation lead to the loss in the description of important effects, responsible for
values of thruster performance.

At the same time, a significant disadvantage of gas dynamics equation set is
its fundamental openness — the correspondence between the number of unknown
variables and equations is achieved approximately basing on some assumptions. In
traditional form of gas dynamics, such closeness is made under the assumption of
thermodynamic equilibrium with velocity distribution functions of components close to
Maxwell one, which is the limit result of collisions. The use of such approximation to
plasma components dynamics in electric propulsion thrusters is impossible due to the
rarefaction of the substance in them. A mathematical model of two-component
plasma-dynamics is represented in stationary form to describe the processes in the
Hall effect thruster channel and the ionization chamber of plasma-ion thruster with
radial magnetic field.

Due to the impossibility of using the method of local thermodynamic
equilibrium to describe the rarefied substance in electric propulsion thruster, a more
advanced form of equations is used. A more reliable means of approximate closure
of the set of equations is proposed in the description of the rarified gas. An approach
to the description of the specifics of electrons energy transfer from the plasma to the
walls of the channel, as well as the non-mirror reflection of electrons from the
potential barrier within the Langmuir layer is shown. A method of averaging the
parameters over the cross section of the channel is proposed, which allows to
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convert the equation into a quasi-one-dimensional form with the preservation of
charge, momentum and energy losses on the channel walls.

Keywords: Hall effect thruster; plasma-ion thruster; Langmuir layer; pressure
tensor
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