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O kpaeBbIx 3a1a4ax 1 ypaBHeHus IlyaccoHa B MHOTOJIMCTHOM
00,12CTH, COCTABJICHHOM U3 PA3HbIX KPYrOBbIX CETMEHTOB

Xapbkosckul HayUoHasbHbIl 3KOHOMUYecKul yHuUsepcumem umeHu CemeHa Ky3Heua

PaccmoTpeHa Heknaccuyeckas KpaeBasi 3ajada mateMatudeckon usmkn Ans ABYMEpPHOro
ypaBHeHus [MyaccoHa. B kayectBe obnactu, B KOTOPOW ULLETCHA pelueHue, B3sTa obnacTtb, COCTaB-
NeHHas M3 pasHbIX KPYroBbIX CEMMEHTOB, CNOXEHHbIX B MHOFOMMCTHYIO NIIACTUHY KHUXXHOW CTPYKTYPbI.
Bce nucTbl oTnvyatoTea Apyr oT Apyra, kak no CBOMM PU3NYECKMM CBOWCTBAM, TaK U MO reomeTpuye-
CKMM pasmepam, 1 coeMHeHbl Mexay cobor no xopae, obuien ans Bcex nuctos. NprBeaeHa nocta-
HOBKa 3a4a4u 1 Mosy4eHOo ee TOYHOE peLleHme.

PelwweHne 3agaym paccmatpyBaeTcs B OMNONSAPHbIX CUCTEMAxX KOOpAWMHAT, Kaxaasi U3 KOTo-
pbiX CBSAA3aHa C OOHMM M3 CerMmeHTOoB. [1pyn aTOM BCe CMCTEMbI KOOPAUHAT MMEIOT obLWwuin napameTp —
ANVHY NPSIMONMMHEVHON rpaHuubl cermeHTa. B kavecTBe mMeToda pelueHus 3agayn MCnonb3yeTcs
Krnaccuyecknii MeToq pasfeneHusi nepemMeHHbIx — metoq ®ypbe. XoTs Kak OCHOBHasA paccmaTpuBaeT-
cq 3agadva [dupwuxne, ogHako, NPeanoXeHHbI MeToa MOXeT ObiTb NMPUMEHEH M B cnydae, Korga Ha
Ayrax oTAenbHbIX OKPYXXHOCTeN ByayT 3adaHbl YCNoBUS ApyrMx TMnoB: HenmaHa nnu TpeTben OCHOB-
HOW 3agauun.

lMocTaHOBKa pacCMOTPEHHOW 3adadn OTNNYaEeTCs OT KNacCUYecKom TeMm, YTO K TPaanUMOHHbBIM
KpaeBblM yCcnoBusiM gobaBneHbl YyCroBUSA CONPSKEHWUS NONen Ha NMHUN COeAMHEHUS CErMEHTOB. 3Tn
yCnoBUS NPeAcTaBnsAlT cobon paBeHCTBa 3HAYEHUN PYHKUNA U PABEHCTBO HYMIO CYyMMbI MMHEWHbIX
KOMOVHaUMi UX HOpMarnbHbIX NPOM3BOAHbIX. PelleHne KoHCTpyupyeTtcs (BbibupaeTcs) Tak, 4To nep-
BOE M3 YCIOBWI COMPSKEHUS MONEN BbINOMHAETCA aBTOMaTUYECKM MpU Mo6om BbIOOpe HEN3BECTHbIX
dyHKUMIN. KpaeBble yCcrnoBusi HA CErMeHTax M BTOPOE YCIIOBUE COMPSXXEHUSA MO3BONAT ONpPeaenvTb
BCE HEM3BECTHble PyHKUUK 3agayn. [na npumeHeHusa metoaa ®ypbe Heobxooumo, YTobbl Bce Kpae-
Bble QYHKLMN B YINOBbLIX TOYKAX CErMEHTOB ObINM paBHbl Hynio. [py HapylleHun 3TOro ycrnosus
npegnoxeHa mogmdvkauns Metoa, No3sBongoLasi Nofy4ymMTs TOYHOE peLleHne U B 3ToM criydae. B
KayecTBe MPUMOXEHNs PacCMOTPEHbI: a) 3adada O KPy4YeHUU COCTaBHOMO CTEPXHS, monepeyHoe ce-
YeHne KOTOpOro npeacTaBnsaeT coboun fBa pasHbiX cermMeHTa; 6) cTaumoHapHas 3agada Tennonpo-
BOAHOCTU AN ABYX CKIMEEHHbIX MOMyCerMeHToB C MCTOYHUKaMu Tenna BHyTpu obnactu. MonyyeHsl
TOYHblE aHaNUTMYeCcKne peLleHns 3TUX HOBbIX 3a4ay.

Knroyesbie crosa: KpaeBas 3apjadva; ABymMepHoe ypaBHeHue [lyaccoHa; MHOronMcTHas MracTuHa;
KpyroBble cermeHTbl; meTod Pypbe; YyCroBUS COMPSHKEHNS; KpyYeHEe CTePXKHS; CTauuoHapHas 3agava
TENNonpoBOAHOCTMW.

BBepeHue

B ctatbe ctaBuTCA U noriy4yaeT CBOE TOYHOE peLLEeHne Hekrnaccudeckas Kpae-
Basd 3ajaya matemaTtumyeckon pmsnkm ons AByMEpPHOro ypaBHeHus [lyaccoHa B 00-
nacTtu, npegcrasnsaiowen cobor MHOTONUCTHYO NNACTUHY KHWXXHOMW CTPYKTYpbl. J1un-
CTbl OTNUYaKTCA APYr OT Apyra, Kak no csBoum (PU3NYECKMM CBOWCTBAM, Tak U Mo
reomeTpuyecknm pasmepam. "HeknaccumyHocTb" 3agjaynM COCTOUT B TOM, 4TO 0O-
nacTb, B KOTOPOW WLLETCA peLleHne, COCTOMT M3 OTAEerbHbIX NNOCKMX obnacten —
NNacTuH (B HaleM criydyae — KpYyroBblX CErMEHTOB), COeANHEHHbIX Mexay cobon no
OoaHon, obLLen ans Bcex CErMeHToB, Xopae.

[MoTeHunanbHOe Momne KpomMe KpaeBblX YCMOBUW [OOMMKHO YAOBNETBOPATH
YCINOBUSAM COMPSKeHUsi. B 3TOM M COCTOMT OCHOBHOE OTNv4ue paccmaTpuBaemown
3ajauyn oT Tex, KOTopble n3yyaeT TpaguLMoHHAA MaTeMaTtuyeckasa pusmka. Cnegyer
OTMETUTb, YTO AN1S NOSTYKPYroBbIX U MOMNYKOSbLEBbLIX IUCTOB TakMe 3ajayv Bnepsble
ObInM paccmoTpeHbl B paboTtax [1 — 3.
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MpuMeHeHe Nony4YeHHbIX pe3ynbTaToB NPOUNNIIOCTPUPOBAHO Ha 3agade Kpy-
YEHUSI COCTABHOMO CTEPXKHS, a Takke Ha CTaLMOHApPHOW 3agayve TENNONPOBOAHOCTU O
pacnpedeneHun Tenna B o6nacTu, cocTosien U3 ABYX pasHblX Mo pu3nMyeckum
CBOWCTBAM CErMEHTOB.

1. MocTaHOBKa 3apgaum

MycTb umeetca N KpyroebiX CErMEHTOB pasHbIX paguMycoB, COEAMHEHHbIX MO
obwen xopde Tak, Kak 3TO MokKasaHO Ha PUCYHKe ANA crydas OBYX CErMeHTOB
(pnc. 1).

B:Bz

1y2
Puc. 1. Obnactb n3 gByx pasHbIX CErMEHTOB

O6nacTtb, B KOTOPOW HY)XHO HaAWUTU peLleHne KpaeBou 3ajaudun, npeacraBnser
co6oii N -nNUCTHYI NNacTUHY KHUXXHOW CTPYKTYpbI.

B paboTte [1] paccMOTpeHa MHOrofIMCTHas nnactuHa, CoOCTaBfeHHasa U3 nosy-
KpYroB, JaHHas e ctaTba sBnseTca ob6obweHnem 3agayu, peweHHon B [1]. C kax-

AbIM NCTOM CBSKEM AekapToBy cuctemy koopauHat XYy (K=1,2,...,N). dyHkumio
U, 6ynem paccmatpusatb Ha K-om nucte B cucteme XY. UHaekc K npu Yy, 6ynem

ornyckaTtb, OCb X AO5nd BCEX CUCTEM OAHA U Ta Xe.
KpaeBaﬂ 3aja4a COCTOUT B HaxoXXAeHUn peweHna ypaBHEHUA nyaCCOHa

Ayt =F(x,y) (1)

B MHOIOJINCTHOM NflacTUHE Mo 3agaHHbIM KpaeBbIiM yCIioBUAM Ha Ayrax Opr)I(HOCTeVI
N yCrnoBusaM Corps>xeHnd suga:

Uy (x.0) =ty 1 (%0), k=12,..,N—1, @
N
8uk
Sl S| =o, 3)
k=1 oy y=0

roe Wy >0 — HekoTopble 3agaHHble NapameTpbl, PasnyHbie Ans pasHbIX MUCTOB.
oyukumsa (X, y) npeocrasnsieT coboi MCTOUHMKK Monist; Ha K-om nucte Gy-
nem obosHavath ee vepes fi (X,Y).
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3apadvy 6ygem paccmaTpuBaTb Ha Kaxaom nucte B GUNonspHon cucteme Ko-
opAauHarT [4], cBsi3aHHOM C eKapTOBOM cuctemoun oopmMmynamu:

sha _ sin
cho.+cosp’ Y=CChar cosp’
roe C — pa3MepHbI mapameTp.
NHnm 3 =CoNst — Ayru oKpYy>KHOCTEW, KOTOPbIE NMPOXOASAT Yepes TOUKM £ C:

o € (—o0,+0), Be(—n, 7],

2
x% +(y—c-cthp)? = _C2 : (4)
sin“ 3
Mpu oL =CONSt nmeem OKPYKHOCTK:
2 2 ¢
(x—c-ctha)“ +y =—>—, (5)
sh“a

OopTOoroHarnbHble K (4).
[Onsa Hawmx uenen [ocTaTOMHO paccMmatpmBaTb JULb BZO, KoopauHaTty

o € (—o0,+00) BO BCEX CMCTEMaX, CBSA3AHHbLIX C KOHKPETHbIMW nuctamu, Bynoem oT-
CUMTbIBaTb OT TOYKM X = —C Tak, Kak 3TO NokasaHo Ha puc. 1.
Onepartop Jlannaca B GunonspHom cucteme KoopamHat UMeeT BUA;:
2 2
2 | 0°u , 0°U
12t 2
oo Op
[ina nonHoi nocTaHoBKM 3afayn Ha ayrax okpyxHoctel =, >0 3apgagum
KpaeBble ycrnoBus Oupuxne:

Uk(OL,Bk):\Vk(OL), k=12,...,N. (7)

Ewle pas nogyepkHeMm, 4To BCE CUCTEMbI BGUMOMSAPHBLIX KOOPAWHAT, CBSA3aHHbIE
C KOHKPETHLIMU NIUCTaMK, COBMadaloT Mpu COXEHWUW NUCTOB B "TeTpadb'", CLUMTYIO
no otpesky [—C,C].

Ay = (choc+cos[3)2 -C (6)

2. MeTop pelwieHus

3apavy ans ypaBHeHusa (1) ¢ ycnosuem (7) pasgenum Ha gBe: nepeasi — 3TO
3agava ans ypasHeHus Jlannaca AU =0 c kpaeBbiM ycrioBuem (7) 1 yCroBusiMu co-
npskeHus (2), (3), a BTopas — 3agada ans ypaBHeHus [lyaccoHa (1) ¢ HyneBbiMK

KpaeBbIMU ycnoBusMM Ha ayrax =[x 1 Temu xe ycrnoBusiMu conpsikeHusi. Ove-
BMOHO, YTO CyMMa peLUeHunii 3Tux AByx 3adad OyaeT pelueHvem ypaBHeHus MNyacco-

Ha Npu KpaeBbIx ycrnoBusax (7) n ycrnosusax conpskeHuns (2), (3).
2.1. PeweHune ypaBHeHus Jlannaca npu HeHyneBbIX KpaeBbIX YCIOBUAX

C yyeTom (6) Ha kaxxgom nucte byaem MMeTb YypaBHEHUE:
o%u . 8°u

= 4+92 2 =0, —o<a<wo, >0 8
do®  op® ®)

PelueHne ans cermeHTta ¢ Homepom K Gepem B Buae:
U = [[Ac()ship + B )chap]e”dn., ©)
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rae A (L) n B(A) — nponaBosbHble yHKLMN.
Ha otpeske [—C,C] umeem: =0, noaTomMy nepeoMy YCrOBMIO COMPSHKEHNS

(2) dbyHKUMM (9) yAOBNETBOPSIOT NpY NPOM3BOIbHBLIX yHKUMsX A (A) n B(A).
BTopoe ycnosue COI'IpFDKeHI/IFl (3) nepexoguT B ycrosue:

k 85
KoTopoe Ans pyHKuun (9) NnpeBpallaeTcs B paBeHCTBO:

N
D i Ac(A) =0. (11)

k=1
Ons onpepenenus dyHkunin A, (L) n B(L) Bocnonb3ayemcsi kpaeBbiMM ycrno-
Busamu (7). N3 (9) u (7) Hangem:

=0, (10)

[[Ac)shiBy + BOChAB ] d = yy (o). (12)

—0
MpeanonoXxum, 4To PyHKUUS \pk(oc) pasnaraetcsa B uHterpan ®dypoe. Torga
n3 (12) nmeem:

AOIShAy + BOICTABY = [wic e Mt = (1) 19

nnn

Ac(M) = h%Bk (Wi (A) — B(A)chABy). (14)

HainpenHbie dyHkummn A, (A) noactasum B (11), B peaynbraTte Yero nonyymm
ypaBHeHue ans onpegenenus B(A):

N
2 hjﬁk W) - Zs(x)ukcthmk =

k=1
N
B(L)- thap, = > —FK
) kZ:‘,leC Bk = kzl Sy yi (A,
Mg —
v (2)
B(L) = B . (15)
ZMkCth?ka
k=1

Mocne onpepenenus B(L) dyHkumm A (1) Hangem us (14).

Ha aTom pelueHue nepBou 3agayv 3aseplueHo. HanageHHble doyHKuum (9) yoo-
BMNETBOPSAIOT BCEM YCIOBUAM 3agauu.
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3ameyaHue 1. MoXeT cryunTbes, YTo pyHKUMM | (1o0) = 0, Toraa uHTerpan

dypbe B (13) pacxogntcsa 1 NOMyYUTb peLLEHME NO NPeasIoXKEHHON cxeMe Henb3s. B
9TOM Crly4ae nocTynMM HECKOSIbKO MHaYe.

Mpeacraeum dyHkumm (o) B BUge:
Vi (a) =0y (@) +o(a), ofa)=ax+b, oy (o) =y (o) —c(a).
MapameTpbl & u b BbiGepem u3 ycnosus: . (+00) =y (—o0) =0.

CnepnyeT 3aMeTWTb, YTO 3TU MapameTpbl ONpefensitoTcs eaUHCTBEHHbIM 06-
pa3om v He 3aBucsT oT K, Tak kak Bce dyHKuMn Wy (+0) n | (—o0) oanHakoBbl

ans scex K.
dyHkumsa o(o) yaooBneTBopsieT ypaBHeHuio Jlannaca v BceM YCroBUSIM CO-

npsbkeHus. Vicxoas us aToro, npeactasum Uy (o, 3) B Buge:
uy (o, B) = U (o, B) + o(ar) ,
roe Uy (o,B) — pewenve ypaBHeHus Jlannaca ansi rpaHuyHon yHkumm o (o) ¢

MPEXHUMM YCTIOBUSIMM COMPSHKEHMS.
Oanee Uy (o,3) Haxogum no cxeme, M3NOXEHHON BbILUE.

3ameyvaHue 2. Ha nuHusix =P, MoryT 6biTb 3aaaHbl KpaeBble YCroBus 3a-

Aauv HelimaHa; kpoMe Toro, Ha pasHbix [3 = MoryT 6biTb 3aAaHbl pasHble kpae-
Bble YCINOBUS.

2.2. PeweHue ypasHeHus MyaccoHa A, U= f (X, y) npu HyneBbix
KpaeBbIX YyCNOBUAX
HeobxoanmMo HanTu peleHnsa ypaBHeHUM
82Uk 4 azuk B C2 fk (OL,B)
oo 8[32 (cha+cos[?>)2 ’
npw rpaHnyHbIx yenosusix Uy (o, By ) =0 v ycnosusx conpsixerust (2), (3).
[na aToro npasyto YacTtb (16) npeactasum B BUuAe uHTerpana ®dypoe:

k=12...N, (16)

c*fy(ap) i ina
= | f.(BA da,
(cho. + cosp)? _J;o (e 0
roe
T 2T htpe™
fo(Br)=so [ K dt .
(P ZTC_J;O(chtH:osB)2

Pewenne Uy ypaBHeHus (16) npeactasum B BUAE:
+00
Uy = jck(ﬂ,x)e"“dx, k=12,...N, (18)

roe yHKumMm Ck (B, k) AOJDKHbI YOOBETBOPSATL YPABHEHUIO:
Ch-22C = f (B2, (19)
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n yCcnoBuAam:

C(Br,\)=0, CL(01)=Cy,1(0,2) (k=12,...,N-1),

N
D 1 Ci (0,1) =0.
k=1
MocnegHue aea ycnosus B (20) ABNAIOTCS YCNOBUSMUN CONPSXKEHUS.
Hangewm peweHune ypasHeHus (19) meTogom Bapuaumm Npon3BOsibHbIX NOCTO-
AHHBIX:

(20)

Ci (B:2) = ay (B, A)shAB + by (B, A)chAp, (21)

roe

B
a (B,A) =21 j f\ (t, A)chatdt + A (1),
0

by (B,1) = —x—l??k (t,A)shatdt + B()).
Torpa ’
Cr(B.A) = x—l??k (t,A)shA(B —t)dt + A, (\)shAp + B(L)ChAB.
Venosust Cy (Bk,xo) =0 Ha ayrax P =Py AaloT pasercTsa:

Bk
At j f\ (t, A)shA(By —t)dt + A, (A)shApy + B(L)chABy =0.
0

Otkyna

Pk _ _
A, (L) =—B(\)cthap, — At j fk(t,x)%‘ékt)dt. (22)
0

BTopoe ycnosue (20) BbINONHAETCS aBTOMATUYECKMN.
Haiipem Ci (B,A):
Cr (B, M) =ay (B, A)shAp + Aay (B, A)chAB + by (B, A)chAp + Aby (B, A)shAp.
Torpa
Cr (O,1) =Aay (0,A) +by (0,A) =AA (L) .
[Ons onpenenenust A (A) nmeem paBeHCTBO:
A (L) +pp A (1) =0.
MopcTtaBum B Hero doyHkumn Ay (L) 13 (22), B pesynbTaTe Yero nonyyum:

Br B
(gCtTABy + oot BB = g | Ty(t0) T~ Pa) g
0 shi 3y

P2
—sha(t-B,)
+M2£ fz(t’k)TBZZdt’
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_ 1 H1 H2
B(») = K(plcthwl+u2cth7u[32){shx[31h shmzyz}

roe
B P2
1) = [ F1EA)shAE-Br)dt, yo(a)= [T, (t2)sha(t—B,)dt.
0 0
Torpa
Sh?bBlsh}sz _
_ v (A)ShAB, +poy, (R)shAB,
Ay ChAByshABa +ppchABoshify) |
roe

Pk
V)= [ T (GA)sha(t—py )t
0

BbipaxeHue ans dpyHkumin A (A) cnegyet u3s (22):

A () =—B(1)cthABy _%,

Mony4yeHHoe peLleHne yooBNeTBOPSIET BCEM YCIOBUSIM NOCTaBIIEHHONM 3aayun.

2.3. 3apaya 0 KpyYeHUU HeOQHOPOAHOro CTePXKHSA, COCTAaBIIEHHOro U3 ABYX
KPYroBbIX CErMeHTOB

B kauyecTBe NpUNOXeHWs U3NOXEHHOro Bbille, PewnM 3adady O KpyyYeHuu
CTEpPXHS, COCTaBNEHHOro U3 matepuanos ¢ mogynsmu casura G; n G, B obnactsix

1 1 2 cooTBeTCTBEHHO (puc. 1). MapameTpbl Ry, Ry un otpesok 0;0, =l cuutaem
3apaHHbIMU. Toraa MaclwTabHbI napaMeTp C HaxoAWMM W3 ypaBHEHWS:

\/Rlz—c2 +\/R22—c2 =1,
. ol _C . _ C
a By v By —wu3 pasencts: SINBy ==, SINBy ="
Ry R2
3agadva cBOAUTCA K peLleHnto ypaBHeHUS KpydeHus [5] B obnactax 1 u 2:

Axyuk =—ZGk , k 21,2 ,

C rpaHn4YHbIMUA YCITOBUAMMU Uk =0 wu YCIOBUAMU COonpAXXeHNA Ha JTIMHNN y:OZ

Uy =Us, _1% G_16u2 =0.

G
N %%)
C y4eToOM TOro, 4To yl n y2 MMEeT OONH N TOT Xe CMbICI and obnacten 1 n
2, nocriegHee ycroBue 3anuwemM creayowmym o6pasom:
1 0u 1 0u
Gy =t +Gt 22 =0.
oy oy
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B koopauHaTax bMnonsipHon cucteMbl OHO OyaeT BbIrNsAeTb Tak

au 6u 1
L, =2 =0, =G
"o M el
Torga ypaBHEHWE KpyYeHsa NpumMeT BUA:
2 2 2
0 Uk +8 Uk _ ZGkC ’ k=1,2,

8[32 d0.2 (cho + cosB)2

a ero npaByo 4YacTb MOXHO npeacTtaBnTb B Buge (17), rae
2 o
— - 2G,c COSAt
f (BA)=——X j dt.
T o (cht +cosp)

OTOT MHTErpan BbIYUCASETCA 4Yepe3 aneMeHTapHble yHKunn [6]

, €CInn

y4yecCTb, 4YTO
COSAt _dt - shAf

- J-(cht +cosp) smB shm.

v npoamddepeHLpoBaTe NocneaHuii no 3.
B pesynbtate nonyyum:
Of cosrt . m  AchABsinp—cospshap
(cht + cosB)? shmx sin B

0

Torpa
T (B = 2G+C(cosﬁshm %.sin Bchap).
shm. sin®

CornacHo (18) nmeewm:

(23)

U = [C B2 du,

rae Cy (B,A) onpenensiotes dopmynont (26), a f (B,t) B Helt — chopmyroii (23)
Taknm obpa3om, Nony4eHo TOYHOE peLleHne 3aaa4ym KpyyeHus.
PaccmoTpym BTOpOM cnocob pelleHns 3Ton xe 3agayn. Beegem 3ameHy

U, =o — Gy y2, rae Uy — HoBas Hem3BecTHas PYHKUMA.
Onsi HaxoxaeHus vy, MmeeM ypaBHeHve Nannaca: Avy =0, kpaeBble ycrioBus
2 i 2
a“®sin” Py
vk\Bk =Gyy ‘ 5 Ck (24)
(cha + cosBk)

M Te e YCNOBWSI CONPSKEHNs], 4To 1 Ans Uy
67)1 67)2
v1(a,0) =v5(a,0), =0.
1(0,0)=0v2(0,0), pg—= aﬁ 55 (25)
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PelwweHne ypaBHeHus Jlannaca B 6MNonsipHbIX KOOpAMHATaxX C y4eTOM YEeTHO-
CTM NO O KpaeBblX ycrnosun (25) Bbibupaem B BUAE:

vy (o, B) = T[A(k)chm + By (\)shpi]coshada . (26)
0

Mpu y=0 (B=0) nepsoe ycnosve conpsixennst v;(a,0) =v5(a,0) BbINON-

HsieTCS.
KpaeBble ycnoBusi Ha ayrax NpUBOAST K paBeHCTBaM:

J[A(X)chkﬁk + By (A)shABy Jcoshadh = G a?sin? By (chou + cosBy ) 2. (27)
0

O6patum 3T paBeHCTBa, UCMoONb3ys OpPMyIly KOCUHYC-NpeobpasoBaHus
dypbe:

AQCy -+ By (1)shpy = 222Gy sin By dy (B ) (28)
J1(B)=——"—(rsinBchAB —cosBshap), |Bl<=.
1(B) Shmmgﬁ( BchAp—cosBshap), [B|<m
13 chopmynbl (28) onpenenum By (A):
1 2 .
B ()= [Easzsmzﬁlemk)—A(x)chwk] (29)

BTopoe ycnosue conpsixxeHus (25) nepenget B ycriosue:
-1
B (A) +poBr(A) =0, py =Gy,

W3 KOTOPOTO Nocre NOACTaHOBKU B HETO HaiAeHHbIX dyHkumuin By (1), nonyumm:

1y AGCHABy + 1o AG )G, = %a{ﬂﬁkgf 3B+ Jl(Bz)} .
Otkyna
AG) = 252 SIN” P1ShAB 31 (By) +5in” BashBydy (B)

T M]_Ch}\.BlSh)\.BZ + M2Ch7\.B25h7\.B1
®yHkummn By (A) Haipem n3 chopmynbi (29).

2.4. 3agava cTauMoOHapPHOM TeNnSIONPOBOAHOCTU ANA ABYX CKIEeHHbIX MexXay
cob60o1 NoNnycerMeHToOB Npu HyNeBbIX KpaeBbiX YCIOBUSIX

MycTb UCTOYHMKM Tenna pacrnpegerneHsl no 3akoHy fi =—0L/uk, rae Uk —

KO3 PULMEHT TENNONPOBOAHOCTUN B nNosiycermeHTe [7] (puc. 2).
Bbibepem pelueHve 3agaum B Buge (cMm. popmyny (18)):

uy (o, B) = j Cy (B, 1) sin Aoudi . (30)
0

Torga 6yoem umeTs:
u (0,3) =0. (31)
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Puc. 2. K 3agade TennonpoBogHOCTH

[anbwe Becb NpouecC peLUeHUs MOBTOPSET CXEeMY, U3MOXEHHYIO B MyHK-
Te 2.2.

Wuterpan ana T (B,A) MoxeT 6biTb BblUMCTIEH:

T2 [ tsinadt 2 0 (pemp-mcthiishap)

T 0 (Cht + COSB)Z B sin BShTf}\, op sin B

3ameyaHue 3. Bce dopmarbHble BblKNagkM M OKOHYaTernbHble (OOpPMYyIbl
MOXXHO CTPOro 0GOCHOBATb, HANOXMWB COOTBETCTBYIOLIME OrpaHMYeHUs Ha OYHKLMK
rPaHNYHbIX YCMOBUIA U Ha (PYHKLUUN UCTOYHUKOB. B npuBeadeHHbIX 3agadax uHTerpa-

nbl ans f(B,A) vmetot acumntoTuky npu >0 u A — o Buaa O(e_m‘w‘B ) B aTux

cryyasx nerko nokasaTb, YTO BCE HECOBCTBEHHbIE MHTerparbl CXOAaTCA paBHOMep-
Ho. MpepenbHbIn nepexoa B (30) npy oo — 0 paet Uy (0,By) =0.

BbiBoAbl

PelweHa HoBas 3agjaya O pacyeTe MOTeHUManbHOro nons Ans ABYMEPHOro
ypaBHeHus1 [lyaccoHa B MHOFOMMCTHOW MMNacTUHE KHWDKHOW CTPYKTYpbl, COCTaBMEH-
Ho 3 N KpyroBbix cerMmeHTOB. OT KnaccuM4eckon NOCTaHOBKM Takas 3adava OTnu-
YyaeTcsa HanuyMem YCIoBUI COMPSXKEHUS Ha NUHUKN coeanHeHusa nuctoB. MeTtop pe-
LeHMa ocHoBaH Ha npumeHeHun N BUNONAPHLIX CUCTEM KOOPAMHAT, Kaaas w13
KOTOpPbIX CBSI3aHa C oAHMM nMcToMm. Mcnonb3oBaH knaccuyeckuii metog dypoe.

B kayecTBe MpUIOXEHWs JaHO TOYHOE peLleHne 3adadn KpyYeHUst HeoaHo-
POOHOIO CTEPXKHSl, COCTaBNEHHOro M3 ABYX CErMeHTOB, W 3adaun cTauuoHapHOW
TenrnonpoBOAHOCTM O pacnpedenieHun Tenna B NnacTuHe, COCTaBMEHHON U3 ABYX
pasHbIX NOSyCerMeHToB.

PaccMoTpeHa Tonbko 3agada C KpaeBbiMU ycrioBusiMu [upuxne Ha gyrax
OKPY)XHOCTEN, XOTS METO/], PELLEHUS MOXHO Pa3BUTb U AN APYTUX KPAeBbIX YCIOBUN
(ycnoBusi 3agaun HeiimaHa, TpeTbel KpaeBown 3adayn), a Takke Ans criyyas, korga
Ha Ayrax pasHblX NUCTOB 3a4aHbl pa3Hble KpaeBble YCroBUS.
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IIpo kpaiioBi 3axaui nus pisasaHHs [lyaccona y 60araroJsmcriii
00J1aCTi, CKJIa/IEHIH i3 PI3HUX KPYrOBHX CerMEHTIB

Po3rnsHyTo HeKknacuyHy KpanoBy 3afadvy MatemMaTuyHol (pisuku ans gBoBUMIp-
Horo piBHsIHHA lMyaccoHa. 3a obnacTb, B kil 3HAaXO4ATb PO3B’SA30K, y3ATO obnacTb,
YTBOPEHY 3 Pi3HUX KPYrOBUX CErMEHTIB, CKNnageHnx y 6aratonumcty nnacTuHy KHUXKO-
BOI CTPYKTYpu. BCi NnCTK Bigpi3HAOTLCSA OOUH Bi4 OOHOro, SiKk 3a CBOIMU Ri3U4HUMMU
BNacTUBOCTAMM, TaK i 3@ reOMETPUYHMMK po3MipaMu, i 3'egHaHi Mixx coboto 3a xop-
A010, 3aranbHOK AN1a BCiX NUCTIB. HaBeageHO NOCTaHOBKY 3ajadi Ta OTPUMaHO 1i TOu-
HUW PO3B'A30K.

Po3B’a30k 3agadi po3rnsHyTo y GiNONSpHMX CUCTEMAaxX KOOpAWMHAT, KOXHa 3
AKUX NOB'A3aHa 3 NeBHUM cermeHToM. [1o Toro X, yci cuctemu KoopauHaT MaroTb 3a-
ranbHUN NapameTp — AOBXUHY MPSMOSIIHIMHOI MeXi cermeHTa. Ak MeTo po3B'a3aHHS
3aavi BUKOPUCTAHO KITaCUYHUA MEeTO[, BiJOKPEeMIeHHA 3MiHHUX — meTog dyp'e. Xo-
Yya sk OCHOBHY 3aaJvy po3rnsHyTo 3agadvy dupuxne, ogHak, 3anponoHOBaHUN MeTo[
MOXHa 3acTOCyBaTM 1 y pasi, KONn Ha gyrax OKpeMUX Kin 6yayTb 3agaHi YyMOBM iHLLMX
TnniB, a came: HenmaHa abo TpeTboi OCHOBHOT 3aAaui.

[MocTaHoBKa pPO3rnsHyTOI 3afadi BiAPI3HAETbCA Big KMNAaCcU4YHOI TUM, LLO OO0
TPaaULINHUX rPaHUYHUX YMOB OOAAHO YMOBW CMPSPKEHHS MOMiB Ha NiHIiT 3'€QHaHHSA
cerMeHTiB. LiuMmn ymoBamu € piBHICTb 3HAYeHb OYHKLIN i PIBHICTb HYMO CyMWU MiHIiRn-
HUX KOMBiHaUin X HOpManbHUX NOoXiaHMX. PO3B’A30K CKOHCTpYnoBaHoO (BUBpaHo) Tak,
LLIO nepLia 3 YMOB CMNPSKEHHS NOSIiB 3a0BOSIbHAETLCA aBTOMaTMYHO 3a Byab-9KOoro
BMOOpPY HeBigoOMUX PyHKUiN. KpanoBi yMOBM Ha cermMeHTax i Apyra ymoBa CrpsKeHHS
[03BONAIOTbL BU3HAYUTK YCi HEBIAOMI (PYHKUII 3agadi. [1na 3acTtocyBaHHA meToay Dy-
p'e HeobXiaHOK € yMOoBa, WOO6 yCi rpaHnyHi YHKLUIT Y KyTOBUX TOYKaxX CerMeHTiB J0-
piBHIOBaANM Hymnto. Y pasi Il NopyLIEeHHA 3anponoHoBaHO Moaudikauito meTtoay, LWo
A03BOSISIE OTPMMATU TOMHUIM PO3B’A30K | B LIbOMY BUMAAKy. AK 3aCTOCYyBaHHS poO3rnis-
HYTO: a) 3agayy Npo KPYTIHHA CKIageHOro CTPWIKHS, NONEepeYHuin nepepis gkoro €
ABOMa pi3HMMKU cermeHTamu; 6) cTauioHapHa 3agady TensonpoBiAHOCTI ANA OBOX
HaniBCErMeHTIB, sIKi CKNEeEeHO MiX coboto, 3 mkepenamu Tenna BcepeauHi obnacri.
OTpuMaHO TOYHI aHaniITUYHI PO3B’SA3KM LMX HOBUX 3adau.

Knroyoei cnoea: rpaHnyHa 3agadva; ABOBMMIPHE piBHAHHA [lyaccoHa; Gara-
TONUCTa MnacTuHa; KPYrosi cerMeHTn; meton dyp'e; yMOBU CNPSPKEHHS; KPYTIHHA
CTPWXHSA; cTauioHapHa 3agava TensionpoBigHOCTI.

On the boundary problems for the Poisson equation
in a multivalent domain composed of different circular segments

The non-classical boundary problem of the mathematical physics for the two-
dimensional Poisson equation is considered. As the area, in which the solution is
sought, the area, made up of different circular segments, folded into a multi-sheet
plate of a book structure, is taken. All sheets are different from each other, both in
their physical properties and in geometric dimensions, and are interconnected by a
chord common to all sheets. The problem statement is given and its exact solution is
obtained.

The solution to the problem is considered in bipolar coordinate systems, each
of which is associated with one of the segments. In this case, all coordinate systems
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have a common parameter - the length of the rectilinear segment boundary. As a
method for solving the problem, the classical method of separation of variables is
used — the Fourier method. Although the Dirichlet problem is considered as a basic
one, however, the proposed method can be applied in the case when conditions of
other types are given on the arcs of separate circles: Neumann or the third main
problem.

The statement of the considered problem differs from the classical one in that
the conjugation conditions of fields on the line of connection of segments are added
to the traditional boundary conditions. These conditions represent the equality of the
values of the functions and the equality to zero of the sum of linear combinations of
their normal derivatives. The solution is constructed (selected) in such a way that the
first of the field conjugation conditions is fulfilled automatically for any choice of un-
known functions. The boundary conditions on the segments and the second conjuga-
tion condition make it possible to determine all the unknown functions of the problem.
To apply the Fourier method, it is necessary that all boundary functions are equal to
zero at the corner points of the segments. If this condition is violated, a modification
of the method that allows one to obtain an exact solution in this case is proposed. As
an application, such problems are considered: a) on the torsion of a composite rod,
the cross-section of which is two different segments; b) the stationary heat conductiv-
ity problem for two glued half-segment with sources of heat inside the area. Exact
analytical solutions to these new problems have been obtained.

Keywords: boundary problem; two-dimensional Poisson equation; multi-sheet
plate; circular segments; Fourier method; conjugation conditions; torsion of the rod;
stationary heat conductivity problem.
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