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NOISE OF ELASTIC THICKNESS VIBRATIONS OF A HELICOPTER BLADE
INDUCED BY AERODYNAMIC LOADS

This study develops a theoretical model of vibration-induced noise generation in helicopter blade elastic
vibrations. Vibration and aerodynamic noises are generated during helicopter rotor rotation. Numerous
studies have been conducted on aerodynamic noise, and a number of theories have been proposed. However,
vibration noise has been mainly studied experimentally or modeled only by the ordinary mechanical vibrations
of the blade as a single body—a beam or plate. This does not consider the blade s elastic deformations, which
generate elastic sound waves inside the body. Until now, no model has mathematically described the
transformation of elastic longitudinal and transverse waves arising inside an elastic blade into sound waves.
These waves emerge from the blade and propagate into the air during elastic thickness vibrations, which are
formed by variable deformations under the action of variable blade loads. The research methods are based on
the analytical solution of the boundary value problem for the Navier-Cauchy equation, which is divided into
four Helmholtz equations: one for the scalar potential and three for the vector potential. Elastic waves of the
Love's wave type are studied, but for a finite-sized thin elastic plate. Limiting standing waves to only one direc-
tion is impossible for a helicopter rotor blade of finite sizes, since the blade has finite dimensions. Therefore,
the following model of vibration noise generation was proposed: the blade is approximately replaced by a thin
elastic plate, inside which elastic longitudinal and transverse waves arise, which are governed by Helmholtz
equations. The general solution to these equations is found using the method of variable separation (Fourier
method). The reflection and scattering issues of sound waves from the interface between an elastic body and
air are not considered in this study. Results and conclusions. This paper proposes a hew physical model of vi-
bration-induced sound: vibration-induced sound is generated as a result of the emission of elastic longitudinal
waves, which are emitted from inside an elastic blade outward into the air. An analytical solution of scalar and
vector potentials in the form of standing sound waves was obtained for a boundary value problem with a
known distribution of aerodynamic, time-harmonic loads on the blade surfaces. This solution allowed us to
write expressions for normal stresses on the blade surface. Time-varying stresses transfer the energy of longi-
tudinal standing sound waves, which emanate from the blade’s center outward into the air. They are the source
of vibration-induced noise. The expression for normal stresses on the blade surface contains derivatives of
both scalar and vector potentials, i.e., it considers the influence of both longitudinal and transverse waves.
Thus, both wave types implicitly participate in the formation of normal stresses on the blade surface. The pe-
riodic change in these stresses over time causes periodic blade thickness deformation, which is the source of
air acoustic vibrations. The calculated data for the longitudinal wave potential on the blade surface coincide
with the well-known Gutin’s theory of rotational sound: the maximum generated sound wave is located near
the blade’s outer end. This indicates that the analytical solution obtained in this work physically describes the
vibration-induced noise generation process.

Keywords: vibration-induced noise model; aerodynamic load on helicopter blades; generation of elastic sound
waves on helicopter blade surfaces.

It is known that during the rotation of a helicopter
rotor, two fundamentally different types of noise arise:

Introduction

Existing models of vibration-induced noise in
helicopter blades are based on the vibration of the blade
as a single solid body, i.e. in the approximation of the
theoretical mechanics model, or it is assumed that the
sound is caused by the bending vibrations of the blade,
which are described by the Lagrange-Sophie Germain
plate vibration equation. This raises the question: what
exactly causes vibration-induced noise?

noise of vibrational origin [1] and noise of aerodynamic
origin [2]. These are two completely different types of
noise. Noise of vibrational origin has been studied
mainly experimentally. Gutin's model [1] is a simplified
model: it considers sound emissions caused by
mechanical vibrations of the blade under the action of
an external load.
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Let us consider the main existing models describ-
ing the sound of rotor blade rotation and its control with
the aim of reducing it.Thus, in [3], a model is proposed
that relates the aerodynamic characteristics of the blade
to the resonance frequencies of the blade. One of the
most common methods of reducing blade noise is indi-
vidual blade pitch control (IBC) [4]. IBC is used to min-
imize noise and improve performance. In [5], a new
device called smart pitch link is proposed, a device with
superelastic material for passive vibration control. To
achieve this goal, a shape memory alloy (SMA) is used.

One of the means of passive blade noise control is
the use of blade trailing edge serration technology [6].
This approach reduces the noise generated when the
flow leaves the blade at its trailing edge. This technolo-
gy is presented in [7], which considers the use of modi-
fied double-wave saw-like serrations implemented on
the trailing edge. This allows noise to be reduced by 3.3
dB. An experimental study [8] investigated the effect of
changing the blade phase angle on the combined noise
level of two propellers. It was found that at certain
phase angles, noise can be reduced to 26 dB. Further
experimental studies in this field [9] focus on the acous-
tic characteristics of overlapping propellers, with atten-
tion concentrated on the effect of transverse and axial
separation under different flow conditions and propeller
rotation speeds. Experimental studies are not always
able to reveal the internal physical relationships and
patterns of mutual influence between different types of
noise. Therefore, theoretical research also continues.
Thus, in [10], a theoretical and computational analysis
of the differences between tonal and broadband noise
was performed, which allows it to be used for prelimi-
nary propeller design. However, the theoretical studies
listed above concern noise of aerodynamic origin. Noise
of vibrational origin, as shown by the above analysis,
has been studied mainly experimentally.

Today, another method of modeling helicopter
blade noise is known, which is based on the equation of
small plate vibrations. However, this approach is not
perfect from the point of view of the physical model.
We will present an analysis of works in this field, after
which we will formulate the research objectives of this
work.

1. Analysis of existing studies
on blade vibration noise

Let us consider the existing models of vibration
noise of a thin rectangular plate. In [11], the vibrations
of an orthotropic plate are considered based on the
bending equation of normal vibrations of a plate for a
moving load. These vibrations include dependencies on
the damping coefficient, boundary conditions, and speed
of movement. In this case, the sound field is modelled

based on the second derivative of the plate deflection. It
is known that the equation of small plate deflections,
obtained on the basis of a rigid plate model, allows for
maximum deflections of this plate w=h/5, where h
- is the plate thickness.

This model actually allows us to describe sound
using small deflections of the plate: during the vibration
of the plate, small changes in the amplitude of the plate
deflection are considered to be the source of sound vi-
brations. But what if the blade deflections during screw
rotation exceed this range? In this case, we are dealing
with an elastic model of the blade, specifically the plate.
And the amplitude of its deflection is no longer a small
value. Therefore, it is no longer possible to consider
sound as the source of these vibrations. Even in the first
case, with small blade deflections, sound as such is not
generated: the equation of plate bending vibrations is
not a wave equation for a sound wave, i.e. it does not
describe sound. Take, for example, an iron ruler and
start to vibrate it perpendicular to the plane of the ruler.
Can you hear a sound? No,you can not. You will only
hear the rustling of air, i.e. its local fluctuations. Very
often, hydromechanics mix up local air fluctuations with
sound. These are not the same thing: local pulsations do
not propagate at the speed of sound. However, if you
press the ruler to a table and make it vibrate, the impact
of the ruler on the table surface generates elastic waves
inside the table surface, which we can hear.

In [12], the equation of bending vibrations of a
plate is also used to model sound generation processes,
taking into account incident and reflected waves.
However, sound pressure is directly added to the plate
vibration equation, on the right-hand side, as an external
load. But this is not a physically correct model: the
sound pressure is at least two orders of magnitude
smaller than the usual plate displacements. And the
equation for displacements is linear, with nonlinear
terms, which are precisely small values, neglected in its
derivation. In general, the equation for displacements
can only include pressure caused by force loads on the
blade, for example, aerodynamic forces. And sound
pressure is too small in magnitude to be taken into
account in the same equation with non-sound quantities.
In [13], the external load is taken into account in the
equation of bending vibrations in the form of a force
applied to the plate.

In [14], a simplified one-dimensional non-
stationary model of sound radiation is considered. In
this case, the equation for modelling sound is a special
case of the equation of bending vibrations of a plate,
which, in the case of one variable, turns into the
vibration of a rod. In [15], the problem of sound
radiation by a plate under the influence of a random
pressure pulsation field is solved. A non-resonant
mechanism of sound radiation is considered. The
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equation of vibrations of a plate in the form of a circular
rib dividing infinite space is modelled by a bi-harmonic
operator plus an inertial term, externally in the same
way as for a rectangular plate. However, acoustic
pressure is added to the equation in addition to the
pressure generated on the surface of the plate. This is
again a mistake: mechanical pressure and small
perturbations cannot be written together in the equation.
Sound is the result of vibrations and requires a separate
equation. Once again, we see a lack of understanding of
the difference between ordinary mechanical vibrations
of a plate and sound vibrations. By the way, the speed
of sound is completely absent from the plate vibration
equation. So what sound are we talking about? An
implicitly present one? This is an incorrect physical
formulation. Work [16] describes an algorithm for
calculating the acoustic radiation of a plate located in
the field of wall-bounded turbulent pressure pulsations.
This model describes the sound radiation of fuselage
panels into the aircraft cabin.

Today, it is known that elastic Lamb waves are
formed in an infinite elastic layer with two coordinates
[17]. There are many works devoted to these waves
[18, 19]. These waves emerge from the centre of this
layer to its surface. Some of them are scattered, some
return back, and some emerge into another acoustic
medium [20]. The latter part of these waves actually
forms the sound of vibrational origin. Since in this work
we are considering not an infinite layer of finite
thickness, but a helicopter blade, which is modelled as a
thin rectangular plate of finite dimensions in three
coordinates, a standing wave packet is formed in it.

Objective: To develop a theoretical model of
vibration-induced noise in helicopter blade elastic
vibrations and to perform a numerical calculation of the
sound field potential in accordance with the suggested
model.

2. Vibration noise model

Physical model. Let us approximate the blade
with a thin rectangular elastic plate (Fig. 1), in which
variable elastic normal deformations occur. In
Kirchhoff-Love's hypotheses [21], on the basis of which
the Lagrange-Sophie Germain equation was obtained,
these deformations are neglected. Therefore, the
Lagrange-Sophie Germain equation cannot describe the
longitudinal sound waves that generate inside the plate.

It is known, for example, that thickness vibrations
of piezoelectric transducers are a source of sound
waves. It is the type of vibration caused by elastic
deformations of the body that is the source of sound
vibrations. Therefore, in this work, we will assume that
vibration-induced noise is generated by the propagation
of elastic waves from the body, the helicopter blade,

into the surrounding environment — the air.

Thickness
vibrations

Fig. 1. Elastic vibrations of a helicopter blade

It is known that according to the hypothesis of
small displacements and deformations, the existence of
longitudinal and transverse sound waves inside an
elastic body is governed by the Navier-Cauchy equa-
tion [22, 23]

pu = (A +2u) graddivii — protrott (1)
where

A= Ey U= E .
L+7)2-2y) 2(1+7)

The displacement vector U can be decomposed
into longitudinal and transverse components:

U=T, +U;. )
At the same time:
rott, = 0,divi; =0. 3)
Taking into account (2) and (3):
pl) +ply = (A+2p)graddivl; —protrotl, . (4)

In case of fulfilment (3), we can write:

U, = Vo, U; =roty ()

and equation (1) will be transformed into two equations
for scalar ¢ and vector y potentials:

Ap+kip=0, Ay +kZy=0, (6)

where
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The first equation (6) describes longitudinal sound
waves inside the blade, and the second describes
transverse sound waves.

Hypothesis. Since the plate is thin, the intensity of
sound waves emitted at the ends of the blade is
significantly lower than the intensity of sound emitted
by the upper and lower surfaces of the blade. Therefore,
we will assume that the energy of elastic deformation
under the action of a normal load on the plate is mainly
spent on generating sound of vibrational origin during
thickness vibrations of the blade. Thus, we neglect the
lateral radiation at the ends of the blade.

3. Expressing stresses through scalar
and vector potentials

Formula (5) expresses the vectors of longitudinal
and transverse displacements through scalar and vector
potentials, respectively. Taking into account (2), we
have:

U=U+U; =Ve+roty . @)
In the Cartesian coordinate system, the components of
the displacement vector U on the axis X,y,z are

written as [20]:

op Oy, oy
x=aot—= ~ !
oX oy oz
uy = %, Vg _ a‘V_X @)
oy Ox oz
_9¢ 6\|/y a‘Vx
2 % ox oy

The components of the stress tensor are expressed
in terms of displacement as follows:

Oxx =MA+218yy, Oy =AA+2eyy, 67, = AA+218,,

Oxy =Meyy, Oz =HExz,07y =Hey,, 9)
where
ou, Ouy au
A:exx+eyy+ezzz—x+—y+—z,
x oy oz
ou, ou au, ou duy ou
e, =—24-Y g =2, %X o ¥V X

ey oz P o ax oaz Y oax oy

8UX oy €57 :au_z

e 10
XX T e yy = ay oz (10)

components of the small deformation tensor [24, 25].
Taking into account (10), the components of the stress
tensor can be written as follows:

5| O f %0, dvp Sy, a[a(p o, awx)+
x\ox oy oz | oyloy ox @

a(P 8(py a‘l’xji|+2u [a(P oy, a\vyj
OX

{ a2 x oy
N VO T 2 o, v, ¢* Sy |
a><f’?y dyoz ax2 X0y  oxoz

2 2 02 2 2 2
cwlea o Py, vy o 0 wz_m]+

ox oy oz

ox? Oxdy oxoz gy oyox  dyoz

2. 52 2
+ 6_(P+ Wy_a Yx +2u£ a_¢+%_% =
0z2  0z0x  ozoy oyley ox oz
2 2 2 2 2
=\ A(p+2 M_% +2”’ 6_¢+%_M =
oxoy — oyoz oy? oxoy  oyoz
2
Crapr20 Yz D) o, 00
oxoy  oyoz ayz

2 2
6, =7 Ags2| T2 U || o 00 Ny Duy
oxoy  oyoz oz\oz ox oy
2 2 2 2
=L Ap+2 OV 0¥ +2u @+5\Vy_6wx =
oxoy  oyoz oz2  oxoz  ozoy

2
0" yy
OXozZ

cyzzu{a[éq) Ny a\va+ﬁ[6_(p+8\|/Z —%Hz
oyl oz ox oy oz\ oy 0OX oz

B 2
Po vy Py Po Py, _azwx]:

2 2 2
2ol ap+28Y2 | o Sx 4 (20
oXoy oyoz 572

Moy oxoy o2 oy azox a2

=n

i 2
, 0% vy Pyy Py L%,
oyoz oxoy  oy? oz’ 070X

S 0 6(p 5\Vy Oy +ﬁ 6_(p+8\|12_% _
@ =M ol @ ox oy | ezlox oy oz

2 2
:u[a% vy Py e Py, @ wy]:

oX0z  px2  Oxoy 0z0x 020y oz
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oX0z  px2  pz2  ozoy  oxoy

:{2

2 2
%o  Pwy 0 wy+62wz_azwx]

potential as a product of functions:

o(x,,2) = X(X)Y(Y)Z(2). (15)

op oy, oy op oy, vy
ny=k{—{—+ Eo— X | =Substituting (15) into the first equation (6), we obtain:

0 0
ax\oy ox ez ) oylox oy  az
P v Puy P Py Py |
X0y x> oOxdz oyox  py?  oyoz
2 2 2 2 52
:u26@+a\l’z_a\l’x+a\l/z_ Wy . (11)
Xy ox? oxoz gy oyoz

Now, using the representation of the stress tensor
component, we formulate the boundary conditions.

4. Boundary conditions

1. The free boundary condition (Fig. 2) means zero
stress. The condition applies to the blade ends:

— atthe border y=0, y=R:

oyx =0, 6y =0, 6., =0, (12)
— atthe border x=0, x=c:
Oxx =0, 6, =0, 5y, =0. (13)
2. On the surfaces of the blades z ==h:
Gz =—0(X,Y), 0y, =0, 6y, =0, U, =0.  (14)

Fig. 2. Boundary conditions on the surface of the plate

5. General solution of equations (6)

Let us solve the equation for the potential using the
method of separation of variables. According to the
method of separation of variables, we represent the

X0, YD), 2@ 2 _

= (16)
X(x)  Y(y) 2@

Since each of the terms, except for k|2 , are functions of

different coordinates, and k|2 is a constant, then

X0) 2 Y0)_ 2

X(x) Y(y) ’

" 2 2
Z—(Z)=—[klz—(”—kj —(“—”j J (17)
Z(z) c R

Next, let's solve the problem for eigenvalues by
coordinates X,y , i.e. we assume that

¢(0,y,2) = ¢(c,y,2) = 9(x,0,2) = p(x,R,z) =0 . (18)

We can make this assumption approximately
because we are considering small displacements
determined by sound potentials. And we neglect the
sound field at the ends of the blade accordingly. The
solution for the function X(x) has the general form:

X(x) =Acosx +Bsiniyx , (19)
X(0)=0:A-1+B-0=0,=A=0,
X(c)=0:BsinA;c=0,B=0,=sinA,c=0.

mk .
A= ' k€0,1,2,... — are the eigenvalues.
Then
X(x) = Bsinn—kx . (20)
c
Accordingly y=0;R:Y(0)=Y(R)=0.
Y (y) =Ccosiyy+Dsiniyy,
C=0, A, =%”, ne0l2,..
And then
Y(y) = Dsin%y. 1)

Stresses different from zero are specified on the upper
and lower surfaces of the blade. We can find the
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solution Z(z)as follows. For numbers n,k=0, we
have X(x) =Y(y) =0. Therefore, we finally have:

o(x,y,2)=X-Y-Z=
:ZZBksinn—kx‘Dnsinn—ny'Z(z). (22)
k=1n-1 ¢ R

Substituting the simplified expression ¢(x,Y,z) into
equation (6), we obtain:

2 2
Z”(z)+[k,2—(n—:j —(“?:j JZ(z)zo. (23)

However, analysis of the sign of the expression

2 2
k,z—(n—kj —(%nJ indicates that k2 is significantly
c

2 2
less than [n—kj _(%nj for all non-zero values k,n.
c

Therefore, the only standing wave that can exist
corresponds to the values k=n=0. But according to
(22), we only have zero. Therefore, the only possible
solution is:

Z(Z) = Ank C htnkz + Bnk S htnkz , (24)

Ultimately, the expression for potential will take the
form:

o(x,y,2)= Z Z (Ank Chtyyz +Bpy shtpyz) -

k=1n=1 (25)
.k . m@n
-sin—x-sin—y.
c R

As we can see, we have not yet determined the
unknown constants Ay, B, . They will be determined
later, together with the unknown constants for the vector
potential y(X,y,z) when performing the boundary
condition on the blade surfaces.

Since the second equation of the system of
equations (6) for the vector potential y(X,y,z) has the
same form with an accuracy of the square of the wave
vector ktz , its general solution for the three components
can be written as follows:

Y (X,y,2) = Z Z (Crk chppkz +Dpy shppi2) -
k=1n=1

.mk . mn
-sin—x-sin—v,
C R

Yy (X,y,2) = Z z (Fak €hppkZ + Epg shppgz) -
k=1n=1

.mk . omn
-sin—x-sin—y,
c R
v, (XY,2)= Z Z (Gnk chppkz + Lk shppkz)-
k=1n=1
. mk . omn
-sin—x-sin—y,
c R
(26)

where

2 2
_ 2 [ mk mn
Prky 5 _J_kt +(7j +(?j :

Thus, we have a general solution for both scalar
and vector potentials. It remains to find the unknown
constants Ank’ Bnk s an, an s Fnk’ Enk s Gnk1 Lnk .
Note that we actually used boundary conditions (12)-
(13) when finding eigenvalues for the scalar and vector
potentials, equating them to zero. Since, according to
(11), the components of the stress tensor are expressed
in terms of potentials that are zero at the ends, the
stresses are also zero. Only the normal stresses
G, =—q(X,y) are non-zero.

Next, we will apply an unusual approach. Usually,
the number of unknown constants must correspond to
the number of boundary conditions. However, from the
zero boundary conditions for  ,, =0,6y, =0,u, =0

we can find a linearly dependent or trivial, i.e. zero,
solution, since we have a linear system of algebraic
equations with a zero right-hand side:

M, - w . mn ik
GZX‘Z=J_rh =U Z?tnkzzzl(ih)XSIHEyCOS? -
n=1k=1

2 o0 00
_“{(%kj >>7, (ih)xsin%‘ysin %kx}—

n=1k=1

—u{pnkz >>'7, (ih)xsin%‘ysin %kx}r

+p{pnk n_nz zzs(ih)xcos%]ysinn—:x}—

m,. o< . 7K
Gzy‘zzih =p(2 R tnkzzzl(ih)XCOSEysm?X +
n=1k=1
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N 7K o — 7n nk
-y ——ZZZZ(ih)xcos—ycos—x:l+
l:R C 1 okal R c

2 o0 00
7 nik
L (—j 2224(ih)xsm ysin— x}+
{ RJ noia R ¢
+p{pnkzz S 2, (=h

. mn .7k
)xsin—ysin—x |+
n=1k=1 R ¢

{pnk—k2223 (th) xsm—ycos—kx}_o ,(28)
c

n=1k=1

cszz\z=ih = 7"|:_

{TcnrckOO &

k'zz 275 (J—rh)sinn—kx-sinn—ny}r
k=1n=-1 c R

2R 32

nin nk
h)xcos—ycos—x |+
n=lk=1 R ¢

M
M

—2(k+u){

nn . 7wk
Z+(+h)xcos—ysin—x |+
7( )X Ry o }

N

k

N

n

+2},{ to? Z5(J_rh)sin%kx-sin%ny:|+

TM:
LM

8
8

+2u pnk—ZZZg (£h xsm—ycos—kx =0, (29)
€ naka c

NN
Uzlg—sh _pnkZZzl xsmﬁysm—x+
n—1k-1 ¢

ZZZZ (th xsm—ycos?kx—

C ok
nk
2224 xcos—ysm—x 0. (30)
n=1k=1 ¢

In expressions (27)-(30), the following are denoted:

Zy (£h) =—Ank shty (£h) + By chtpy (£h)
Zy (h) = Fo chpp (£h) + Ep shpg (h)
Z3(h) = -Gy shppy (£h) + Ly chppy (£h)
Z4(£h) = Cpy chppy (£h) + Dy shppy (h)
Zs (ih) A chtyy (£h) + Bpysht (£h)

Zg (£h) = Grychppy (£h) + Lycshpp (£h)
Z;7 (£h) = —Cyshppy (£h) + Dy chppy (£h)
Zg(£h) = —Foshpp (£h) + Epychppy (£h) .

What should we do in this situation? Let's use the
orthogonality of the trigonometric function system. This
property will allow us to use only the boundary

condition ©,, =—q(X,y)to determine the unknown
constants.

Indeed, equation (29) contains all eight unknown
constants Ank’ Bnk s an, an s Fnk’ Enk s Gnk’ Lnk .The
orthogonality property of the trigonometric function
system will give us non-zero coefficients only for those
basis functions that we multiply and integrate over
0<x<c,0<y<R. We will find the unknown
coefficients step by step:

Step 1: multiply (29) by sin%nysin%kx and

integrate over the intervals 0<x<c, 0<y<R:

2 2 R ¢ _
¢R X
Jj{un( ) }sm—ysm kxdxdy {wl} (31)
00 QIow(X,y) R (9]
4
A Chtph + By shtpch = A (32)
RC()\.k| +2utnk )
4
A Chtych =By shth = 2 (33)
RC(}\.k| +2“tnk )

Adding and subtracting (32) and (33) will give us the
following:

AL 4(wp +p)
R-c-cht,h (xk,2 + 2utnk2)
Ay —

R'C'Shtnkh()\.k|2+2|,ltnk2)
Step 2: Multiply (29) by cos%nysinn—kx and
c

integrate over the intervals 0<x<c¢,0<y<R . As a
result, we have:

n
_2(7L + H) Pnk (%j(_cnk shppk (2h) + Dy chppk (ih)) =

cR
”cos ysin— il x{qu(X ) }dxdy:—{%}. (35)
00 R c q|OW (X,y) g

2(1+11) Pk (%”j

“(~Cnk shppkh + Dpk chppih) = ws,

(36)
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n
2(A — |
( +H)pnk( RJ
(Cpi Shppich + Dy chppych) = (37)
g — O
4(A+ 1) Prk (RJShpnkh
05 +©®
Dy = g (38)
4(h+u)Pnk (RjChpnkh

Step 3: Multiply (29) by cos%nycosn—kx and
c

integrate over the intervals 0<x<c,0<y<R . Asa
result, we have:

HEES

cR X
- {un( ) }cosn_nycosn_kxdxdy:{%}, (39)
iow (X, Y) R c g

nk €NPpk (£h) + Lk Shppk (+h))

00

Or

Arenk

(Gnk chppi (£h) + Lk shppg (ih)) = {033} , (40)
g

Gk hpph + Lo Shppgh = xi(;r?;k ,
G ChPrih — Ly Shppch = ki(;)ék . (4
__ 3+0y
an?nkchppch
B Msfk; ;);nkh' 42

Step 4: Multiply (29) by sin%nycosn—kx and
c

integrate over the intervals 0<x<c,0<y<R . As a
result, we have:

I\J|:U

[T;kj( Fk Shpnk (£h) + Epy chpp (£h) ) %

_ m . Tc_k qup( YY) _ o
”sm ysin {%W(X " xdy = {(ﬂs}’ (43)

20
—Fshppkh+Epchppgh=——1—, (44
nk S MPnk nk CNPnk 1 kR (44)
F o shpoch+Ep chph=—298 (a5)
nk nk nk nk Hpnk“kR )
7 + g
Bk =— > —
HPnkkR chppych
g —®7
Fy=——"-—""—". 46
" Hppk kR shpph )

Thus, all unknown coefficients in the expressions for
scalar and vector potentials have been found. Let us
write down the final expressions for the scalar potential
¢ and the components of the vector potential v :

(,01 +my Shtnkh ChtnkZ

X,y,z2)=4
o(xy.2)= kzlnle C-ap -Shtyh- chtnkh

.k . mn
-sin—x-sin—y+
c R
O X (,01 (O)) Chtnkh ShtnkZ

+4
kzlnle C-ap -Shtych- chtnkh

(47)

.k . 7N
-sin—x-sin—y,
c R

wg — g )chprhchpn.z
Wx(x Y, Z)_ Z Z ( 6 5)n pnk pnk .
o= 1n_1(7\,+u) pnk( R )Shpnkh'Chpnkh

.mk . 7n
-sin—x-sin—y +
c R

i ZZ (05 +wg)shpphshpyz

g .
42 =1n=1(A+p) pnk( R jshpnkh.chpnkh (48)

. mk . 7n
-sin—x-sin—y.
c R

o v (07 +0g)shpph-chpp,z
\V (X,y,Z) = N
Y Z‘l% upnk kR chpphshpph

. mk . omn
-sin—X-sin—y +
c R

A3 (®8_®7)Chpnkh'5hpnk2.
keino1 MPnkTkR chppchshpyh

+

(49)

. 7wk . 1
-sin—x-sin—y.
c R
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i i (w3 +04)shppch-chppz

vz (Xy,2) =
’ k=1n=1 xnznkChpnkhShpnkh

.mk . mn
-sin—X-sin—y +
c R

+i S (03 —04)chpph-shpyz.

kcint ArPnkchpphshpyh (50)

. nk . mh
-sin—x-sin—y.
c R

Expressions (47)-(50) are the solution to Navier-
Cauchy equations (6) in the form of potentials
describing standing waves along two coordinates X,y
in a thin plate. With the coordinate z, as shown above,
the roots tn ppx Of the corresponding characteristic
equations gave us the dependence of potentials in the
form of hyperbolic functions. But we are interested in
the potential ¢(X,Y,z) at the boundaries z ==+h:

2(1)1

oy, =43y

kein1R -c-(kuZ N Zlutnkz) '

. 7k .1
-sin—x-sin—y,
c R

2(1)2

(\D(le7_h) = 42 z

k=1n=1R-C- (M(I2 + 2thkz) (51)

.k . omn
-SIN—X-SIN—Y.
c R

Expressions (51) are the amplitude distribution of
longitudinal waves on the surfaces of the rotor blade.
These waves are the source of vibration-induced sound,
and the helicopter rotor blade, which we approximate
with a thin rectangular plate, acts as a longitudinal wave
emitter. The issue of reflection and scattering of part of
the energy of sound waves at the boundary between two
media, ‘elastic plate - air,” is not studied in this work.
Let us give a numerical calculation of the potential
¢ according to (51).

6. Numerical calculation of vibration noise

Expression (51) does not directly take into account
the distribution of the sound wave amplitude over time,

but only expressions k|2,tnk2 depend on frequency ®,

since our process is harmonic over time. It is known
that standing waves can form when the linear dimension
of the object where the waves propagate is a multiple of
the integer wavelength. Therefore, to determine how
many terms of series (51) for each of the coordinates
X,y to leave for numerical calculation, we will apply

the known relationship between the linear dimension |,
wavelength X, and speed of sound cgy: I=n-A
where A=cgy/f, or n=1-f/cy. Let us take a

simplified distribution of the load on the blade, which
depends only on the coordinate y (Fig. 3). Using this
relationship, and taking into account the frequency
range of sound waves, we can approximately determine
the number of standing waves along each of the
coordinates X,y .

q(y)a

0,5+

0 1 | } >
0,25R 0,5R 0,75R

Fig. 3 Model distribution of aerodynamic load

Figs. 4, 5 shows the potential ¢(x,Yy) distribution

data on the surface of an aluminium blade. Taking into
account the physical parameters of aluminium, the
following number of series members (51) was taken for
the blade R =4m,5m,c=0.4m,0.5m:k=3,n=10.
The numerical calculation data (Figs. 4, 5) indicate that
the maximum in the longitudinal sound wave on the
blade surface is formed closer to the end of the blade, at
a distance of approximately 0.8R , and to the front edge
of the blade. This result is consistent with the well-
known Gutain theory [1] of rotation noise.

@-107°

Fig. 4. Distribution of sound potential across

the blade surface, m2:R = 4m,c=0.4m
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Fig. 5. Distribution of sound potential across

the blade surface, m2: R= 5m,c=0.5m

Discussion

The analytical solution of the Navier-Cauchy
equation for scalar and vector potentials allows us to
investigate elastic standing waves formed in a thin
rectangular plate. These waves emerge through the
upper and lower parts of the blade in the form of sound
vibrations. It should be noted that under the conditions
of aerodynamic loading of the blade, we obtained the
maximum values of the sound potential ¢ amplitude

describing longitudinal waves at a distance of
0.8R from the outer end of the blade. This, firstly,
corresponds to the known results according to Gutin's
theory [1], and secondly, indicates that in the region of
maximum aerodynamic loads on the blade, we have
maximum generation of blade vibrations. The analytical
expression of the longitudinal wave potential will be
used in the future to calculate the far-field sound field of
blade vibration noise.

Conclusions

This paper presents a new model for generating
vibration-induced noise from helicopter blades. The
blade is modelled as a thin, elastic, rectangular plate. It
is assumed that under the action of aerodynamic load on
the blade, the plate undergoes thickness deformation,
which leads to the emergence of longitudinal and
transverse sound waves in the middle of the blade. It is
known that transverse waves do not propagate in liquid
and gaseous media.

However, in an elastic body, longitudinal and
shear waves are interconnected: the stresses that arise in
the plate are functions of both scalar potential
(longitudinal waves) and vector potential (shear waves).
Therefore, on the blade surface, the distribution of

normal stresses depends on the formation of
longitudinal and shear waves.

Numerical calculations performed using the
analytical solution obtained showed the physical
proximity of the proposed model to the well-known
Gutin rotation noise model. The analytical solution will
be used in the future to calculate the far-field sound
field of blade vibration noise.

Further research will focus on calculating the far
sound field of a helicopter rotor using the theory pro-
posed in this paper.
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IOYM IIPYKHUX TOBINMHHUX KOJINBAHBD JIOITATI BEPTOJIBOTA,
CITPUYMHEHUX AI1€I0O AEPOMHAMIYHOI'O HABAHTAKEHHSA

II. B. J/Iyk’anoe, C. B. Kapmasin

IIpenmeTom 1aHoi poGoTH € po3poOKa TEOPETUUHOI MOJIEI] TeHepallii NIyMy MPYXHUX TOBIIMHHHUX KOJIHBAHb
JonaTeil BepToIbOTa, KA 3HAXOAUTHCS T[] €10 aepoAMHAMIYHOrO HaBaHTakeHHs. LIl mym pasom i3 mrymom ae-
POIMHAMIYHOTO TIOXOXKEHHSI TEHEPYEThCS MiJ] Yac 0OepTaHHs poTopa BepToibota. [llymy aepoquHaMigyHOTO MOXO-
JDKCHHSI IPUCBSIYCHO YMMAJIO JIOCHi/PKEeHb, 3aMPOMOHOBAHO HU3KY Teopiil. OqHaK, IIyM BiOpaIiifHOl IpHpOIH J0C-
JKEHUH B OCHOBHOMY €KCIIEPHMEHTATBHO, 200 % MOJETIOETHCS JIMIIEC 3BUYAHIMH MEXaHIYHAMH KOJHBAHHIM
JIonarti sIK €IMHOTO Tijia - Oanku abo miactuHu. [Ipy IbOMY He BPaXOBYIOTHCS MPYXKHI AedopMallii Jomnarti, sKi re-
HEPYIOTh MPY)KHI 3BYKOB1 XBWJII ycepeuHi Tina. Jlo cux mip He iCHYyBajio MOJIENi, AKa 3[]aTHA MAaTEeMAaTHYHO OITHCATH
npoiec TpaHchopmarii Npy>KHUX MO3JOBXKHIX Ta IMONEPEYHUX XBUIIb, 10 BUHUKAIOTh BCEPENMHI MPYXKHOI JIONaTi, y
3ByKOBi XBuiIi. L{i XBHJIl BUXOJATH 3 JIOMACTI 1 MOLIMPIOIOTHCS Y MOBITPSI MiJl Yac MPYKHUX TOBHIMHHHUX KOJUBAHb,
SIKI YTBOPIOIOTBCSI 3MIHHMMU Je(OpMallisiMU JIONaTi MiJl Ai€l0 3MiHHUX HaBaHTa)KeHb Ha JionaTtb. MeToam aoc.ii-
JKeHHSsI 3aCHOBaHI Ha Ha aHAITMYHOMY PO3B’SI3KY I'PaHUYHOI 3a/a4i Jyist piBHsHHS Hap’e-Komi, sike po3ainsers-
Csl HA YOTHPH DIBHSHHS [ elbMrosblia: oiHe PiBHSIHHS JUIsl CKaJISIPHOTO MOTEHIaly Ta TPU PiBHSHHS JUIS BEKTOPHO-
ro noreHmiany. JlOCHiKYIOTECS TIPY)KHI XBHJII TUITY XBWIb JIsiBa, ane Al TOHKOI MPY)KHOI IUIACTUHU CKIHYEHHX
po3MipiB. Jlist onati poropa BepTONbOTA CKIHUEHHX PO3MIPiB OOMEKHUTHUCH CTOSUYMMH XBHISIMH JIMIIE B OJHOMY
HaIpsIMKy He MOXKHA, OCKUJIBKM JIOIIATh Ma€e cKiHYeHi po3mipu. ToMy, Oya0 3alpoNoOHOBaHO HACTYNHY MOJETb BU-
HUKHEHHs BiOpauiiiHoro mymy. Jlonats HaOMMKEHO 3aMIHEHO Ha TOHKY NPYXXHY IUIACTHHY, YCEPEIeHI SIKOI BUHHU-
KalOTh NPY)XHI MOB3/IOBXHI Ta MOMEPEYHI XBWII, SIKI ONUCYIOThCS piBHSAHHAMHU [ enbMronbla. 3araibHuil po3B’ 30K
JIAHUX PIBHSHB 3HAWJCHO 3a JOMOMOIOK METONy po3ziuieHHs 3MiHHUX (Dyp’e). [Iuranus BiOUTTTS Ta po3cCitoBaH-
HSl 3BYKOBUX XBHJIb BiJl OBEPXHI PO3JLITY «IIPYKHE TUIO — MOBITPs» B POOOTI HE po3riisaacTbes. PesyjabraTu Ta
BHCHOBKH. B po0OTi 3arpornHOoBaHOHOBY HOBY (Di3M4HY MOJIENb 3BYKY BiOpaIiifHOro MOXO/KEeHHs: 3ByK BiOpailiii-
HOT'O [OXO/DKEHHS TeHEePYEThCA SIK Pe3yJIbTaT BUIIPOMIHIOBaHHS NPY)KHUX MPOJOIBHUX XBHIIb, SIKI BUIPOMIHIOIOTb-
sl 3CepeIMHU MPYXKHOI JIONATI Ha30BHI y NMOBITPs. [y rpaHu4HOT 3a/1a4i 3 BI/IOMUM PO3IIOAIIIOM aepOIHHAMIYHOIO,
TapMOHIYHOTO Yy 4aci, HABAHTAXKEHHsI Ha IMOBEPXHAX JIONATI OTPUMAHO aHATITHYHUN PO3B’SI30K CKAISPHOIO Ta BEK-
TOPHOTO IOTEHLialiB y BUIJIAAI CTOSYMX 3BYKOBUX XBHJIb. Lleil po3B’sS30K JO3BOJIMB 3alMCAaTH BHPas3u A HOpMa-
JIHUX HANpYKeHb Ha MOBEPXHI Jionati. 3MiHHI Y 4aci HaNpyXeHHs MepelaloTh SHEePrito MOB3I0BKHIX CTOSYHX 3BY-
KOBHX XBWJIb, SIKi BUXOJUTh 3 CEPEIAMHU JIONATI HA30BHI y MOBITps. BoHM 1 € mkepesnoM mymy BiOpaliitHoro moxo-
JoKeHHs. Bupas i HopManbHUX HANpyXXeHb Ha MOBEPXHI JIOMATI MICTUTB y cO01 MOXI/IHI SIK CKaJISIPHOTO TaK i BEK-
TOPHOT'O MOTEHIliaNy, TOOTO Y HbOMY BPaXxOBYETHCS BIUIMB 1 TIOB3/IOBXKHIX 1 MONepeyHUX XBMIb. OTKe, 00UABA THITH
XBWIb O€pyTh y4acTh y (JOpMyBaHHI HOpMAJILHUX HAINpPYXKEHb HA MOBEpXHI Jionarti. [lepioguynHa 3MiHa y 4aci mux
HaINpY)XeHb BUKIIMKAE MEPIOANYHY TOBIIMHHY Je(dOpMALIitO JIOMNATI, SKa € JHKePEIOM aKyCTHYHHUX KOJIHMBaHb Y MOBI-
Tpi. [laHi po3paxyHKy MOTEHIiaTy HOB3I0BKHBOI XBIJII Ha MMOBEPXHI JIONATI 30iraloThCsl 3 TEOPI€IO 3BYKY 00epTaH-
Hi ['yTiHa: MAKCHMyM y 3BYKOBIH XBHWIIi, IIIO TEHEPYETHCSA, 3HAXOAUTHCS IOOTU3Y 30BHIITHHOTO KiHIIA JOmaTi. A 11e
CBIUUTH TPO T€, IO OTPUMAHUIN PO3B’SA30K Yy AaHIH pOOOTI aHATITHIHUI PO3B 30K (HI3UIHO OMUCYE MPOIIEC TeHE-
pamii mrymy BiOpaIiifHOTO OX OIKCHHSI.

Kiro4oBi cjioBa: Monens mrymy BiOpamiifHOTO MOXOKEHHS; aepoIMHaMIYHEe HABaTaXEHHS HA JIONAThb BEpPTO-
JBOTA; TEHepallis MPYKHUX 3BYKOBHX XBWJIb HA TIOBEPXHi JIOMATI BEPTOIHOTA.
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