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ABOUT THE KYIV SCHOOL MATHEMATICIANS CONTRIBUTION
TO THE EXTREMA OF FUNCTIONS OF MANY VARIABLES THEORY

The subject of this article is the study of Kyiv school mathematicians’ contribution to the many variable extrema
function theory. The purpose of this article is to study the work of Kyiv mathematician Professor M. Ye. Vash-
chenko-Zakharchenko. Task: for the first time, to carry out a detailed analysis of the results obtained in the
article by M. Ye. Vashchenko-Zakharchenko «Signs of the highest and lowest value of functions». The research
method is a historical and scientific analysis of the original source, which allows the scientific results obtained
in the late 19th and early 20th centuries to be estimated from the viewpoint of modern mathematical analysis.
The following results were obtained. Thanks to the analysis of this article, it was found out that here M. Ye. Vash-
chenko-Zakharchenko first used the methods of linear algebra and applied D. Sylvester’s criterion of positive
(negative) definiteness of quadratic form to obtain sufficient conditions for the existence of an extremum of func-
tions of many variables. The problem is considered in general for functions of many variables and for special
cases of functions of two and three variables. Conclusions. Comparing the results obtained from the Kyiv math-
ematician, Professor M. Ye. Vashchenko-Zakharchenko with the presentation of this topic in modern textbooks
on higher mathematics and mathematical analysis, we can conclude that they are included in these textbooks in
virtually the same form. This is what determines the relevance of this topic: methods for solving problems for
the extremum of functions of many variables, obtained at the turn of the 19th and 20th centuries, are used in
modern optimization problems. The breadth of the scientific erudition of M. Ye. Vashchenko-Zakharchenko al-
lowed him to immediately perceive new methods obtained by foreign scientists and immediately find their appli-
cation to obtain sufficient conditions for the existence of an extremum of functions of many variables. This shows
the high scientific level of the state of mathematics at Kyiv University in the second half of the 19th century.
Further research should focus on the contribution of other mathematicians of the Kyiv school to the development
of the theory of extrema of functions of many variables.

Keywords: optimization; extremum function of several variables; sufficient conditions; positive (negative) defi-
niteness of the quadratic form.

where D is the set of admissible options for the TSTS
composition, determined by the resource and other con-

Introduction

Motivation. The relevance of the topic is deter-
mined by the fact that the methods for solving problems
for the extremum of several variables functions, obtained
in the late 19th - early 20th centuries by O. Cauchy, J.-L.
Lagrange, K. Weierstrass, are used in modern optimiza-
tion problems [1], also, for example, in problems that are
reduced to problems of mathematical programming.

The same refers to the design optimization and air-
craft construction task [2], and the safety challenge of
various systems [3], and in the method of information
technology for structure analysis of urban network fire-
rescue units [4].

Thus, the optimization problem of determining the
structure and composition of technological safety territo-
rial systems (TSTS), which corresponds to the criterion
optimal value for the system efficiency:

(s*,t")=arg ma5< I(R(t), P(s, 1), o(t), Z(s), s, 1),

straints of the problem [3].
Here the functional

J(R(1), P(s, 1), oo(t), Z(S), s, 1)

is a dynamic vector assessment of the TSTS effective-
ness.

In general, the problem of mathematical program-
ming for solving technical problems can be written, as is
known, as follows: maximize the objective function
f(X1, X2,.... Xp) 0N an admissible set G, where G is

given by the system
0i (X1, Xp) 20, i=1...,m, (Xq,..., Xp) € X,
where X isa certain subset R™. Thus, many optimization

problems are actually problems on the conditional extre-
mum of a function of several variables.
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Therefore, the optimization task is set as a direct
problem of maximizing the system functional quality.

Thisarticle is a continuation of the author’s research
on the development of the extrema functions theory of
several variables in the 19th and 20th centuries. In this
research the contribution of O. Cauchy [5] and K. Weier-
strass [6] to the theory of extremal problems was clari-
fied.

It should be noted that extremum problems ap-
peared long before the differential calculus as an integral
science emerged. Actually, those extremum problems
were one of the harbingers of this science. At first, there
were tasks for the extremum of a single variable function.
They were developed in a line with the single valid vari-
able function theory. The extension of some theory re-
sults to several variables functions faced significant dif-
ficulties. Meanwhile, if was the case of several variables
that was more important. for the needs of mathematics,
natural science and technology.

The particular interest of mathematicians in extre-
mum functions of several variables problems was ob-
served at the end of the 19th century with the appearance
of the appropriate algebraic tool. For example, the quad-
ratic forms theory, namely, J. Sylvester’s criteria of pos-
itive definitivenes of quadratic forms (1852).

The demand for theoretical development of this
case apparently explains the fact that the great mathema-
ticians of the 19th century did not pass by this question.

National mathematicians play an important part in
this process. The research of Kyiv University professor
M. Ye. Vashchenko-Zakharchenko will be discussed in
this article.

State of the art

To find out for the first time the contribution of the
Kiev mathematician M. Ye. Vashchenko-Zakharchenko
to the theory of extrema of functions of many variables.
Also, for the first time to carry out for this purpose the
study of his article «Signs of the Highest and Lowest
Value of Functions», which was not mentioned earlier in
the historical-mathematical literature.

The paper is organized as follows. Section 1 defines
the purpose of the article and the method of research. Sec-
tion 2 contains biographical information on Professor
M. Ye. Vashchenko-Zakharchenko of the University of
Kyiv. Section 3 is devoted to the study of the article
«Signs of the Highest and Lowest Value of Functionsy
by Kiev University Professor M. Ye. Vashchenko-
Zakharchenko.

1. Research objective statement

The purpose of this article is to study the work by
M. Ye. Vashchenko-Zakharchenko «Signs of the Highest

and Lowest Value of Functions» [7] (1867) from the
point of view of the quadratic forms theory and to com-
pare its results with the presentation of this issue in mod-
ern Advanced mathematics and mathematical analysis
books. The research method is a historical and scientific
analysis of the original source, which allows the scien-
tific results obtained in the late 19th and early 20th cen-
turies to be estimated from the view of modern mathe-
matical analysis.

2. About M. Ye. Vashchenko-
Zakharchenko

Mykhailo Yegorovych Vashchenko-Zakharchenko
(1825-1912) graduated with a silver medal from a gym-
nasium in Kyiv end entered Kiev University at the math-
ematical department of the Faculty of Philosophy. Two
years later he left for Paris, where he continued his stud-
ies at the Sorbonne and the College de France. There he
was a student at O. Cauchy’s, J.A. Serre’s and J. Liou-
ville’s lectures.

He was one of the first national mathematicians to
develop symbolic calculus. His Master’s thesis
«Symbolic Calculus and its Implementation to the Inte-
gration of Linear Differential Equations» is one of the
first national researches on operational calculus. M. Ye.
Vashchenko-Zakharchenko correctly assessed the im-
portance of the new calculus for the further development
of mathematics. At that time, most people thought the
symbolic calculus only made it possible to obtain already
known results more briefly. In the introduction to his
master's thesis, he emphasized that the symbolic calculus
doesn't just cuts the time for a braining results, but it is
the same powerful method, a tool for research, as other
mathematical analysis methods. This work still occupies
an important place in mathematics.

He received a professorship in 1867, shortly after
defending his doctoral thesis «The Riemannian Theory
of Functions of a Composite Variable». His thesis was
also one of the first studies of this issue in this country.

His work on the translation of Euclid’s
«Beginnings» with «explanations and interpretations»
(1880) was also important.

His other works on the math history were devoted
to elementary geometry, the analytic geometry history,
the history of mathematics of the Chaldeans, Hindus, and
others. He also wrote a general course of math history
(1883), as well as a number of manuals on mathematics
(«Elementary Geometry in the Volume of a Four-year
Course», «A Short Course on the Theory of Determi-
nants», «Analytic Geometry and Algebraic Analysis»).

M. Ye. Vashchenko-Zakharchenko worked at Kiev
University from 1868 to 1902. He is one of the founders
of the Physics and Mathematics Society in Kyiv. Among
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his students were famous national mathematicians: such
as B. Y. Bukreyev, and V. P. Yermakov, and others.
One to his works and pedagogical activity,
M. Ye. Vashchenko-Zakharchenko had a great influence
on the development of the national mathematical culture.

3. Study of the work of M. Ye. Vashchenko-
Zakharchenko «Signs of the Highest and
Lowest Value of Functions»

The article «Signs of the Highest and Lowest Value
of Functionsy (written in 1867, published in 1868) begins
with a presentation of the basic concepts of the quadratic
forms theory. First comes the definition of the quadratic
form, first of two, and then of n variables, which he calls
«kindy or type. The author explains this name by the fact
that the term «formy is not convenient, as it is often used
in a different meaning. Otherwise, his definitions do not
differ from modern ones [8].

Then M. Ye. Vashchenko-Zakharchenko claims
that any kind of

Aqqtity F AL+ At +
+A21t2t1 +A22t2t2 +...+A2nt2tn +

)]

+A LG FAL L L AT,

where A=A (5=12,...,n;r=12,...,n), can always
be given the following form

EjX2 +EpX3 +EgX3 +...+E X2,

where E;, E,, ..., E, equal +1, which is called the

«canonical formy of this type [7, p. 219]. In modern ter-
minology, the normal type of a given quadratic form with
real coefficients [9].

M. Ye. Vashchenko-Zakharchenko calls the fol-
lowing formula as discriminant or determinant of this

type

A1 A Az Ay
Ao Ay Anz... App
Az Az Agz... Az, |- 2

Anl An2 An3 Ann
«A feature of the type is its invariant, that is, such a
function of the coefficients of the form that is equal to the

same function, compose of the form coefficients obtained
from the given one by a linear transformation, or is equal

to the same function, multiplied by the coefficients, inde-
pendent of the coefficients of the type» [7, p. 219].

Research in this direction is, as it’s known, from
F. Gauss. In «Arithmetical Studies» (1801), F. Gauss
considered the quadratic form

P=ax’+ 2bxy+cy2
in linear transformations of the unknowns x and y
X=ox+BYy, y=yxX"+3y" .

With this transformation, the form P will take the
kind

Pl — a!XIZ +2b!X!y!+c/y!2 .

Gauss finds such quantities that would not change
after transformation or change in a certain way, and
comes to the determinant first of all,

D' =b?_ac = rzD,

D=b%-ac

The same calculations could be found in
M. Ye. Vashchenko-Zakharchenko’s research, when
proving that the formula

where r =ad— Py,

:ac—bz,

‘bc

is a constant ax? +2bxy+cy2 . Indeed, in a linear trans-
formation of this type

X=AX+pnY, y=MmX+mY
we get the form
AX? +2BXY +CY?, A3)
where
A=ar?+ 200 +cA?, C=ap? +2bppy +cp?,
B=alp+b(hpy +2qp) +Chqpy .

If these quantities are substituted into the attribute
value of the form (3) AC - B2, we will get
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AC-B? = (\py —pry)%(ac—b?) .
d%F d%F d%F
" . . tity + 1ty + Ltz +
Further, he found conditions under which the kind dxdxq dx;dx, dx;dxs
or the type (1) for all possible values of the variables d2F
t;, t,..., t, will always have positive or negative value T d ht, +
i . . i . 1
(that is, positively or negatively defined quadratic form). "
is wi i i i i d°F d°F d?
This will happen when in the canonical notation of this T ot + toty + totg +
form all the coefficients E, (k=1,2,...,n) are +1 or dx;dxy dx,dx, dxpdx3
—1. In defining these conditions, only the determinant d’F
. . . . et tztn +
(2) is the matter, or rather, its main minors lvanchenko dx,dx,
calls the following expressions as: minors of the first or-
der
A1, Aoy, Aga,., Apps
110 7220 733 nn d2F d2F d2E
+—d q n 1+d d tnt2+d d tnt3+
second order minors Xn0Xg Xn0X2 ndX3
R
A Ap A Agg dx,dxp, nne
Ap Apl [Au Agpl
where ty,t,..,t, are the increments of particular
A A [An Ax values Xq, X»,..., X,, accordingly, had a negative or pos-
Ay A "An Al T itive value for all possible values of the variables
tl’ t2,..., tn ». [7, p. 224]
third order minors (According to M. Ye. Vashchenko-Zakharchenko
values
Apr A Az |Ar A A )
Axr Az Al |An Axn Ayl d°F (i=12,..nj=12..n)
Azt Az Agz| [An Agp Ay dxjdx;

etc. Finally, the determinant (2) itself will be the minor
of the n-th order.

From this, M. Ye. Vashchenko-Zakharchenko im-
plies the following necessary and sufficient conditions
for E, =1 (k=1 2,..., n):all minors of the first, second,

E,=-1
(k=1,2,...,n) —all minors of even order must be posi-

tive, and all minors of odd order must be negative.
After that, the author proceeds to consider the ex-
trema of the function F(zy, z,,..., z,) of n variables:

etc. orders must be positive; so that

F(z1, z5,..., 2,) > extr?
X1, Xg,..., X, s the systems that satisfies the equations

F_o, Foo., Foo.

" v o

«In order for the function F(zq, z,,..., z,) to have

the largest or smallest value for these values, it is neces-
sary that the type

mean the corresponding partial derivatives.)
The conditions for this are given by the determinant

8°F 0°F &°F
6X16X1 6X18X2 6X16Xn

o°F o°F o°F
OX90X1  OX90Xo OX90Xp,

o°F 0°F o°F
OXpOXy  OXn0Xy OXpOXp

and its main minors, where the derivatives are taken at
the point (Xq, X5,..., Xp) -

At the end of his article, M. Ye. Vashchenko-
Zakharchenko shows the application of the obtained cri-
terion using examples of functions of two and three vari-
ables. For functions of two variables F(z, z,) , there will

be a maximum at the point (xq,X,) if
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62F(X1’X2) aZF(xl,xz) sign itself sh_ogld be below at the max_imum and above
2 <0, .2 <0, zero at the minimum value of the function» [7, p.226].
1 2 Therefore, all  concepts  considered by
aZF(XL X,) 52F(X1!X2) M. Ye. Vashchenko-Zakharchenko in this article are
0%, O%, 0%, X completely identical to modern ones: linear algebra [8],
5 ) >0, higher algebra and geometry [9], higher mathematics and
O7F(x1,X2)  07F(x1,X5) mathematical analysis [10].
O0X20%q O0X90X 5
Conclusions
minimum if

2 2
0 F(Xl,Xz) >0 0 F(Xl,Xz) >0,

%2 ' X2
2 2
0°F(X1,X2)  0°F(X1,X5)
OX10X OX10X
10X1 19%2 |
O°F(x.Xp)  O°F(Xq.Xp)
8X28X1 8X28X2

For the function of three variables F(zy,z,,z3) «all
principal minors of the first order

d®F(x, Xp,X3)  d%F(xq,Xp,X3)  d°F(Xq, X, X3)

2 2 2
dxy

dXZ dX3
must be below zero when F(z;,z,,z3) has the maximum

value, and above zero if this function has the minimum
value. Second-order principal minors are

d2F(x1,x2,x3) d2F(xl,x2,x3)
dX12 XmdXZ

d®F(xq, X, X3)
dx,dx,

d?F(xg, X7, X3)
dx,dxq

d2F(x1,x2,x3) dZF(xl,xz,x3)
dx12 XmdX3

dZF(Xl,Xz,X3)
dxzdxs

dZF(Xl,Xz,X3)
dxzdxq

dZF(Xl,Xz,XS) sz(Xl,Xz,Xg)
dX22 ddeX3

dZF(xl, X9,X3)
dX3dX3

dZF(xl, X9,X3)
dX3dX2

they must all be above zero, both at the maximum and the
minimum value of the function F(z;,z5,z3) . Finally, the

For the first time the researched article by
M. Ye. Vashchenko-Zakharchenko «Signs of the High-
est and Lowest Value of Functions» has not been men-
tioned in the historical and mathematical literature be-
fore. It has been established that, using the ideas and
methods of algebra, M. Ye. Vashchenko-Zakharchenko
was the first to formulate sufficient conditions for the ex-
istence of function extremum of several variables using
the Sylvester’s criterion proper of positive (hegative) de-
finitiveness of quadratic forms.

Along with the other mathematicians’ researches,
these studies contributed to the further development and
improvement of methods for finding extrema of func-
tions of many variables, as an integral part of mathemat-
ical analysis.

Extremum problems are widely used in mathemati-
cal models of various practical problems. For example, in
information-extreme cluster-analysis of input data during
functional diagnosis [11], when applying evolutionary
methods of solving optimization problems of compres-
sors of gas turbine engines [12], problems of segmenta-
tion of a two-dimensional signal, which is an image of
the product ordered by the consumer [13].

Therefore, such a section of mathematical analysis
as the theory of extrema of functions of many variables
is always present in textbooks of higher mathematics and
is an integral part of the course of higher mathematics in
higher educational institutions for students of various
specialties for example, linear algebra [8], higher algebra
and geometry [9], higher mathematics and mathematical
analysis [10].

Further research should focus on the contribution of
other mathematicians of the Kyiv school to the develop-
ment of the theory of extrema of functions of many vari-
ables.

Contributions of authors: formulation of the pur-
pose and tasks of research, development of conceptual
provisions and methodology of research — Olha Prokho-
rova; review and analysis of references, analysis of re-
search results, formulation of conclusions — Nataliia
Kalchuk.
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PO BHECOK MATEMATHMKIB KHiBCHKOI IIKOJIA
B TEOPIIO EKCTPEMYMIB ®YHKIIA BATATHbOX 3MIHHUX

0. M. IIpoxoposa, H. JI. Kanvuyx

IIpenmMeToM BUBUYEHHS CTATTI € MOCIHIMHKEHHS BHECKY MAaTEMATHKIB KHIBCHKOI IIIKOIM MAaTEMAaTHKIB y TEOPItO
eKCTpeMyMiB (YHKIiH OaraThoX 3MiHHHX. MeTOI0 € BHBUEHHA OPOOKY KHIBCHKOIO MaTeMmaThKa Ipodecopa
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M. €. Bamenko-3axapyenka. 3aBIaHHs. BIEpIIe NPOBECTH JETAIGHUN aHA3 pe3yNbTaTiB, OTPUMAHUX Yy CTATTi
M. €. Bamenka-3axapueHka « O3Haky HaliOLTBIIOro Ta HAMMEHIIOr0 3HaUeHHs (DYHKI». BukoprcToByBaHNMHU Me-
TOAAMM €: ICTOPHUKO-HAYKOBHUI aHaJli3 MepIIoKepe, sIKUi J03BOJISIE HAYKOBI pe3yJabTaTH, OTpUMaHi HAIPHKIHII
19 — na mouatky 20 CTOJITh, OLIHUTH 3 TOYKH 30PY Cy4acCHOTO MaTeMaTH4HOro aHajiizy. OTpuMaHi Taki pe3yJIbTaTH.
3aBISIKH [TPOBEZCHOMY BIIEpIIe aHalli3y Ii€l cTaTTi 3’acoBaHo, mo TyT M. €. Bamenko-3axapueHKoM BIepIie BUKO-
pHUCTaHO METOMM JIiHIHHOT anreOpu Ta 3acTocoBaHO BitacHe kputepiit JI. CuiibBecTpa gomaTHOI (Bia €MHOT) BU3HAYE-
HOCTI KBaJpaTHYHOI (JOPMHU /IS OTPUMAHHSI JIOCTaTHIX YMOB iCHYBaHHS eKCTpeMyMy (yHKIiH OaraTbox 3MiHHHX.
3amaua po3MIIAAa€ThCS B 3arajIbHOMY BUTIIS JUTsl (DYHKITIH OaraThoX 3MIHHHX 1 47151 OKpPEMHX BUIIAKIB (DYHKITH 1BOX
1 TppOX 3MiHHUX. BucHoBku. [lopiBHIOIOYH OTpUMaHi KUIBCHKUM MaTeMaTHKoM mpodecopoM M. €. Bamenko-3axa-
PYEHKOM pe3yJIbTaTH 3 BUKJIAIOM JJaHOI TEMATHUKH B CYJaCHUX IMIIPYYHHUKAX 3 BHIIOI MaTEMaTHKH Ta MaTEMaTUIHOT O
aHaJIi3y, MOKHa 3pOOUTH BUCHOBOK, 1110 BOHM BXOJSTh JIO WX IiAPYYHHUKIB (paKTHYHO B TOMY camoMy BHrIsiai. Came
LIUM 1 BU3HAYA€THCS aKTyaIbHICTh TAaHOT TEMU: METO/IM PO3B’SI3yBaHHS 3a/1ad Ha eKCTpeMyM (QYHKIIH OaraTbox 3MiH-
HUX, OTprMaHi Ha 31mami 19 — 20 cToniTh 3aCTOCOBYIOTHCS B Cy4acHHX 3ajaadax ontumizanii. lllupora HaykoBoi epy-
muiii mpogecopa M. €. Bamenko-3axapueHka Jaiga WoMy 3MOTy O[pa3y CIPUHHSATH HOBI METOJIH, OTPHUMaHI 3aKOp-
JOHHUMH BUEHUMH, 1 O/Ipa3y 3HAITH iM 3aCTOCYBaHHS JUIsl OTPUMAaHH JOCTaTHIX YMOB iCHYBaHHS eKcTpeMyMy pyH-
KLl Oaratbox 3MiHHHX. Lle moka3ye BHCOKMI HayKOBUil piBeHb CTaHy MaTeMaTHKH B KHIBCbKOMY YHiIBEpPCHUTETI B
apyrii moioBuHi 19 cromitrs. [loganpmi gocmiKeHHs CIlTij| CIPSIMYBaTH HAa BUBUYEHHS! BHECKY 1HIIMX MAaTEMAaTHKIB
KHIBCBHKOI IIIKOJIM B PO3BUTOK TEOPii eKCTpEeMyMiB QYHKIIIH OaraTbox 3MiHHHX.

Karouosi ciioBa: ontuMizarist; ekctpeMyM (yHKIIT OaraTboX 3MiHHHX; JOCTaTHI YMOBH; IOJaTHBO (BiJ’€MHO)
BU3HAYCHA KBajpaTH4yHa (hopma.
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