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USE OF MATHEMATICAL MODELING FOR SOLVING TASKS
OF OPTIMAL CONTROL OF AN ELECTRIC DRIVE

The object of study in this article is the control processes of electromechanical systems with an electric drive.
The subject matter is a mathematical model in the problem of optimal control of the following electric drive.
This article is devoted to the mathematical modeling of the control processes of electromechanical systems
with an electric drive. In this paper, we use the approximation of vector-valued functions of one variable by
splines of the first degree to solve the problem of rotation of the motor shaft in electromechanical system. As
you know, it is not always possible to find exact solutions in optimal control problems. In this regard, there is a
need to obtain approximate solutions for optimal control problems. Therefore, an urgent task is the
development of new methods for the approximate solution to the problems of optimal control of the electric
drive, which provide higher approximation accuracy. The following results are presented: Graphs of phase
coordinates and optimal control of approximation by splines of the first order are obtained. The results
obtained were compared with the exact solution. The given examples illustrate the high accuracy of
approximate solutions to the control problem obtained using the proposed method. Conclusions. The scientific
novelty of the results obtained lies in the fact that a method is proposed for an approximate solution to the
problem of optimal control of a servo drive using spline functions, in which unknown control parameters are
found simultaneously with unknown parameters of phase coordinates, which gives the best approximation to
the exact solution.

Keywords: functional; phase coordinates; control of the electric drive; first-degree interpolation splines; first-
degree approximation splines; system of linearly independent functions; minimization of energy consumption

for control.
Introduction

The use of computer equipment in the form of
industrial controllers in the control systems of
automated electric drives shows that standard methods
for numerical simulation of such systems do not provide
sufficiently reliable results. So the work [1] proposes a
modeling technique which takes into account the
specifics of construction of modern electric drive. The
described method allows one to simulate the dynamics
of discrete-continuous systems as accurately as possible.

In work [2] obtained physical, mathematical and
graphical models of translational and angular
movements of a two-wheeled experimental sample. The
obtained models differ from the known ones by taking
into account the dynamic properties of sensors and
electric drives, as well as relationships of movements. In
article [3] developed the method of optimization by
integral criterion. In this paper developed approaches to
the formation of control algorithms for translational and
angular movements of a non-stationary automatic
control object.

The work [4] investigated the approximation of
class and class functions by splines of the first degree.
In particular, it was proved that the approximation of

class functions by splines of the first order normally
allows obtaining approximations with the optimal order
of accuracy on this class. In works [5-6], a new method
of solving the Cauchy problem for a system of linear
ordinary differential equations was proposed and
studied under the condition that the right-hand parts
were approximated by splines of the first degree from
the condition of the minimum of the corresponding
residual.

In this article, the proposed method was applied
for an approximate solution of the optimal control
problem for minimizing energy costs when the motor
shaft rotates through a given angle in a given time.

Unfortunately, it is not always possible to find
exact solutions in optimal control problems. In this
connection, there is a need to obtain approximate
solutions to optimal control problems. Therefore, the
scientific task is urgent — the development of new
methods for the approximate solution of the problems of
optimal control of the electric drive, which provide a
higher approximation accuracy.

A particularly urgent control problem at the
current stage of the development of a controlled electric
drive is the need to improve the accuracy of the tracking
electromechanical systems, robotic systems, high-

© Halyna Miroshnychenko, 2022



Jleuzynu i enepzoycmanoexku aimaaipHuX anapamie

47

precision control systems for the drive of radar
antennas, support-rotating devices of optoelectronic
systems for monitoring moving objects in air, land and
sea spaces.

Solving this problem is possible within the
framework of control theory using mathematical
modeling of electric drive control processes and
computational methods.

1. Formulation of the problem
of controlling an electric drive using
a system of ordinary differential equations

The motion of the object is described by a system
of linear differential equations

zaka+Zb|U|+f ( [0 T] (l)
k=1
or in matrix form
d—X =Ax+Bu+f,
dt
wherex =x(t)—n is the dimensional vector of

coordinates of the state of the object; u=u(t)-r
dimensional control vector; A.«, and B« coefficient
matrices.

It is necessary to find the u(t)- control and the
trajectory corresponding to it x(t), on which the
functional reaches a minimum

-
J(x,u)—j Zq,xI +er i~ |dt —>min, 2)
o\i=1l =1 ueQ
where g; >0, r; >0are given weighting factors. At the

same time, the boundary conditions must be satisfied

X (0) =X ; X (T)=x;,, i1=1Ln.

There are no restrictions on the coordinates of the
object state vector x(t)and the control vector u(t).

t
T=—,
T

Entering a variable 0<t<]

i (t)=x;(T-1)=
form

%i(t) isa task (1) — (2) takes the

J(x,0)= J‘{Zq,x, +Z J

Expressions for &, by, fi(t)are given in the
work. Integrating both parts of the differential equations
along the segment [0,t], we get

n t r t
= Xi,O + Zéikjf(k (T)d‘[ﬁ‘anjCﬂ (Tﬁ’t-f-
k=1 0 =1 o

+E[f~i ('c)dt, i =l,_n.

We will approximate the phase coordinates
% (t),i=Lnand coordinates of the control
Gj(x), j=1,r vector by splines of the first order:

M
y(i(r):zllci,php(r); Gj(v) = zdjq a (7).

p=1

where  h(t),hy (1), hq(t) —piecewise linear functions
and

1
h9 =2 (-4-20+ [+

hy (1) = h(er—p); hq(0) = h(Mzt—q).
The coefficients

Cip (i =1n, p =l,_|\/|1),

djq( =1r, q= 1|v|2)

according to the method of least squares can be found in
integral form by minimizing the functional



48

ABIAIIIMHO-KOCMIYHA TEXHIKA I TEXHOJIOT'ISL, 2022, Ne 4(180)

ISSN 1727-7337 (print)
ISSN 2663-2217 (online)

1| n n t
+Y2_[{Z{)~(i (1) —Xj0— Z _[ﬁik (D)X (r)dr -
o] i=1

k=10

t

—Zr:Jt.E)“(r)fh (r)dr—jfi (r)dt] dt+

=10 0
(o2 S
+y3j YAkt - Y Kas (dt,
o\i=l =1
where v, >0, v, >0, y3>0-some  parameters,
n+yz2+ty3 =1L

2. Examples of application of the proposed
method for solving optimal control
problems

Example 1. Consider a one-dimensional stationary
linear system of automatic regulation, which
corresponds to the differential equation

(;—)t(:x+u+f(t);

it is considered that the object of regulation is under the
influence of disturbance, where is time.

We find the optimal control and the corresponding
state of the system under the initial condition. We define
the quadratic functional as the criterion characterizing
the quality of the control process

X,u

1
J(X,U)ZI(XZ-FUZ t — min.
0

On fig. 1. graphically shows the results of
comparing the approximate values found by the
proposed method with the exact ones

x(t) :%(3e“ﬁt —t—1),

u(t)= %(—3(\/5+1)e_\/§t —t).

Example 2. Applying the described method, we
determine the software optimal process, which
minimizes the dissipated energy - the time integral of
the square of the control action. Consider a second-
order system consisting of two serially connected ideal
integrating links:

J(u)=}u2dt—>min; ®)

Xi (0)=Xi0; X (T)=Xj1, (i=12); u(t) e,

which is a fixed-end and fixed-time task.

Ht), Xa¥(t)

T(t), U*(t)

Figure 1. Comparison of dependence of:
a) phase coordinate with the exact one X (t);

b) optimal control with precise U*(t):

Xy (t), U(t) - solid line, X, (t), U™ (t) - dotted line

The considered problem can be given the
following physical interpretation: it is necessary to turn
the motor shaft to a given angle in the current time T
with minimal energy consumption for control, which is
characterized by functional (3).

We are looking for unknown functions in the form
of splines

n n
% (1) =Sk (t), i=12 a(t)=>) Szx (t):
k=1 k=1
t—t t—t
Sik()=Cjx —L4Cjpy —5—,
te =t tra —t

tk Stﬁtk+l, j=1,_3,
Sik (1)=0, t<tvi>ty,.

We can find constants C; (j=L_3; k=ﬁ) by

minimizing the functional
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{xz (t)=x20 —Tjﬁ (r)dr] dt+y3T}ﬁz (tyt.

Numerical calculations were carried out with the
following of initial conditions:

T=5c, leo =0, XZ,O lepa,u/c,

The time segment was divided
t =01(k-1), (k=1,N+1); N=20,

Note that in this example, the problem of software
control is solved. The technical implementation of this
software control is shown in fig. 2. An input signal u*(t)
generated by a software clock mechanism
(microcontroller) is applied to the input of an open
system consisting of two integrators connected in series.
At the moment t=0, the clock starts and, in accordance
with its progress, the signal u”(t) changes as shown in
fig. 3, a.

The results of numerical calculations are shown in
fig. 3, which shows a comparison of the dependence of

U*(t) (Fig. 3,a) and the

into 10 parts:

the optimal control

corresponding phase coordinates Xl*(t) and XZ*(t)
(Fig. 3,b and Fig. 3,c) with the exact ones:

Xi (), Xz (), U@®)  — solid line;  X;'(t),
Xl,l = 50paz[, X271 =0. . .
X, (t), U (t) — dashed line.
lxzo lxlo
X(to)
> u*(t) 1 |x, 1 |x
X(t) —> < >
—»{0 p p
Figure 2. Technical implementation of optimal software control
U(t), UX(1) X1(t), X1*(t) Xa(t). Xa™(0)
s - 60 r — 15 T T
5 k'\ - ™
N\ - / \“\
. 40 ~ 10 | AN '
0 \\._\ ,-'/ \'H
\\\ g \,‘
., 20 L / 5 L \‘-.
-5 “\\ .- \
N / \
) 0 o ! I N
-10 . t.c
0 2 4 tc O 2 4 tec 0 2 4
a b c

Figure 3. Comparison of dependencies:
a —optimal control U(t)with accurate U™ (t);

b — phase coordinate Xl(t) (angle of rotation of the motor shaft) with accurate Xl*(t) ;

¢ — phase coordinate X, (t) (angular velocity) with exact Xz*(t)
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Xa(0-X" ()]
Xy (t)

does not exceed 0.04. Similar accuracy was obtained for

U™ (t) and X, *(t).

The maximum relative erro{s:

Conclusions

Analysis of the results of the computational
experiment conducted on the basis of the created
program package in the MATCAD system allows us to
draw the following conclusions:

1. If the right-hand parts of the system of ordinary
differential equations are polynomials of the variable,
then to find the approximate solution of the system with
constant coefficients, the choice of basis functions gives
exponential accuracy.

2. If the basis functions are chosen differently for

different components y;(x),..,yn(x), then it is

possible to obtain an exact solution for the right-hand
parts, which are some approximation to the given right-
hand parts.

3. Examples illustrate the high accuracy of
approximate solutions obtained by the proposed
method. The given examples show that the accuracy of
the approximation depends on the properties of the
solution: it is greater if the solution is monotonic on a
segment compared to a solution whose behavior on this
segment changes from monotonically increasing to
monotonically decreasing and vice versa.

4. The research carried out in this work allows to
increase the accuracy of calculations and reduce the
computational load, without requiring an increase in the
power of the hardware component of the computer
system. The proposed method makes it possible to find
a solution to the problem of optimal control of the
electric drive, which is the best approximation to the

exact solution in the norm W%[O,l]. The approximation

error is 0.04.

In the future, there is a possibility of generalizing
the proposed method for solving the Cauchy problem
for systems of nonlinear differential equations.
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BUKOPUCTAHHSA MATEMATHYHOI'O MOJEJIIOBAHHSI
JJIA PO3B’AAI3AHHI 3A TAYI OIITUMAJIBHOT'O YITPABJIIHHSA EJTEKTPOITPUBOOM

I'. A. Mipownuuenxo

O0’eKkTOM  JIOCTI/UKEHHsIT B CTaTTi € TIPOLECH KEpyBaHHS EIEKTPOMEXaHIYHMMH CUCTEMaMu 3
CJICKTPOIPUBOIOM. vy ﬂKOCTi npeaMera BHBYUCHHS BHCTYIIAa€ MaT€éMaTHYHa MOJICIL B 3a11alli OIITUMAJIBHOI'O
KepYBaHHs EJIEKTPONPUBOAOM. MeTOI0 € JOCHi/DKEHHS OOYMCIIOBAJIBHOTO METOAY PpO3B’si3aHHS  3axadi
OINTHUMAJBHOTO KEPYBaHHS ENeKTPONPUBOAOM. Y JaHiii poOOTI BHKOPHCTAHO AaNpPOKCHUMAIIiI0 BEKTOp-(yHKIIIH
OJHi€T 3MIHHOI CIUIaHAMH TEPIIOro CTYMEHs JAJsl PO3B’sI3yBaHHs 3aliadl o0epTaHHs Bajia JBUT'YHA cUCTeMHU. Sk
BiZIOMO, B 3aJa4ax ONTUMAaJIbHOIO KEpyBaHHS HE 3aBXKAM MOXKHA 3HAHTH TOYHI PO3B’I3KH. Y 3B'S3KY 3 MM BHHHKAE
HEOOXI1IHICTh OTpUMAaHHs HaOJIM)KEHUX PO3B'SI3KIB 33]]a4 ONTHMAIILHOTO KepyBaHHs. TOMY aKkTyalbHOIO 3a/1a4elo €
pO3po0Ka HOBMX METOIB HAOJIMKEHOrO PO3B’s3aHHS 3a/1a4y ONTHMAJIBHOIO KEPYBAHHS €JIEKTPOINPHBOIOM, SIKi
3a0e3MeuyloTh OUIbII BUCOKY TOYHICTh HAaOJIM)KEHHS. BHKOPHUCTOBYBaHMMH METOAAMH €. 3araibHi MeETOIU
¢dyHKIIOHATIBHOrO aHaNizy (1Mo0yayBaTH (YHKIIIOHAT, MIHIMYM SIKOTO JIO3BOJISIE OTPUMATH HAOIKEHUI PO3B'SI30K
3a/1a4i ONTUMAJILHOTO KEPYBaHHsI €IEKTPOIPHBOJIOM ); METOM OOUUCITIOBAIILHOI MaTeMaTHKH (Tipu BUOOpi Ghopmy,
IO anpOKCHUMYIOTh (ha30Bi KOOPOMHATH Ta KEPYBaHHSA 3 YpaxyBaHHSAM IOYaTKOBHX YMOB); METOJ 3HAXOIDKEHHS
Halikpamoro HaOmwkeHHs (QyHKUIT onHiel 3MiHHOI cruiaitHamu 1-ro mopsiiky (MpU BHOOpPI CHCTEMH TOYHHX
po3B's3kiB onHOpiaHOl 3amaui Komri). Hagani HactymHi pe3yiabraTi: orpuMani rpadiku (a3oBUX KOOpIUHAT Ta
ONITHUMAJBHOTO YIPABIIHHS AMPOKCHUMAIIEI0 CIUIaiiHAaMH Tepiioro mopsaky. [IpoBeneHO MOpIBHSUIBHHUN aHami3
oflep)KaHUX PE3YNIbTATIB 3 TOYHMM DO3B'SI3KOM 3a/adl yrnpasiiHHg. HaBegeH! MpuKIagu iIFOCTPYIOTh TOCTATHBO
BHCOKY TOYHICTh HAOJMKEHUX PO3B’SI3KIB 3a]aul yNpaBIiHHSI, OJep)KaHUX 3alpONOHOBAHUM MeToJ0M. BHCHOBKH.
HaykoBa HOBM3HA OTPHMaHHX Pe3yJIbTATIB MOJSATae B TOMY, IO 3aIIPOIIOHOBAHO METOJ HaOJIKEHOTrO PO3B’I3aHHA
3a/avi ONTHMAJIBHOTO KEPYBaHHA CIIJKYIOUMM EJIEKTPOIIPHBOAOM 3a IONOMOTOI0 CIDIAMH-(QYHKINH, y SKOMY
HEBIZIOMI ITapaMeTpH KepyBaHHs 3HAXOAATHCS OJHOYACHO 3 HEBIZIOMUMH ITapamMeTpaMu (a30BHX KOOPIHMHAT, IO /A€
HalKpare HaOIDKEHHS 0 TOYHOTO PO3B'S3KY.

KurouoBi cioBa: ¢yHkmioHan; ¢a3oBi KOOpAWHATH, 3a/ladya KePYBAaHHS ENEKTPONPHUBOIOM; IHTEPIIONAIIiHI
CIUTaf{HU MEPIIOro CTETIEHs; alpOKCUMAITiiHI CIUTalHY MEePIIOro MOPSIKY; CHCTeMa JIiHIHHO-He3aIeKHUX (PYHKIIIH;
MiHIMI3a1lisg BUTPAT €HepTii Ha KepyBaHHS.
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