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ANALYTICAL AND NUMERICAL LINEARIZATION OF THE FLIGHT VEHICLE

NONLINEAR DYNAMIC MODEL IN THE PRESENCE OF WIND

In this paper, nonlinear mathematical dynamic model for standard unmanned aerial vehicle, Aerosonde was
developed at low velocities in the presence of wind and then its linearized model was derived using numerical
and analytical-numerical methods. These linearized dynamic models and nonlinear one were simulated and
compared with each other. It was shown that analytical-numerical and numerical linear models with nonlinear
dynamic model confirm each other adequately. It must be mentioned that analytical-numerical linear model
more accurate and closer to nonlinear model than numerical linear model, because of errors in calculating
numerical linear model due to hard nonlinearities. Achieved linear models can be used for control system de-
sign purposes. Worst-case linear model was obtained for aerodynamic coefficients uncertainties. It means that
these linearized models can be used for obtaining required accurate nominal linear models and uncertainties
to design robust control system
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Introduction

The field of unmanned aerial vehicle (UAV) is
rapidly growing due to its wide range of potential appli-
cations. Low operating cost and risk makes UAV a sub-
stitution for many airborne applications, which involves
higher expenses and greater risks. Nowadays, techno-
logical advances in wireless networks and micro elec-
tromechanical systems (MEMS) make it possible to use
inexpensive micro autopilots on small UAVs [1]. In [2]
UAVs generally classified based on the 16 fundamental
features such as type of control system, flight rules,
wing types, types of landing and take-off, engine type,
weight and maximum range of flight, flight altitude,
functions and so on. The payload weight may reach up
to three kg, for example, gyro stabilized platforms are
used by the micro and mini UAVs developed in Russia
such as ZALA 421-16 [3].

Due to the high nonlinearities, time varying and
uncertainties of the mini UAV dynamics, a lot of classi-
cal and advanced control techniques, such as PID con-
trol, neural network, fuzzy logic, sliding mode control,
gain scheduled, adaptive and robust control have been
used in autopilot systems to guarantee a smooth desir-
able trajectory navigation. A common drawback of both
classical and modern control techniques is that they are
essentially based on certain models, and therefore, the
resulted controllers may work accurately only on the
select operating point. However, the UAVs dynamics
varies significantly. Hence designing work must be re-
peated at large quantities of operating points that cover

the whole flight envelop, and gain-schedule mechanism
is indispensable to account for the transition between
these points. One of the attractive features of the adap-
tive controllers is that the control implementation does
not require a priori knowledge of unknown constant
parameters. Two disadvantages of the adaptive control-
lers are that large amounts of on-line calculation are
required, and the lack of robustness to additive bounded
disturbances. Therefore, it is difficult to implement
adaptive robust control in UAVs due to the large
amount of on-line calculation [4, 5]. Attractive features
of the robust controllers are that on-line computation
kept at a minimum and their inherent robustness to addi-
tive bounded disturbances. It must be considered that
robust controllers require a priori known bounds on the
uncertainty.

Here mentioned fixed-wing UAVs. UAVs are not
like commercial airplanes because they have fixed aero-
dynamic configuration. This is due to their simplicity
and low cost. They are expendable, easy to be built and
operated. Most of them can be operated by one to two
people, or even be hand-carried and hand launched.
UAVs usually flies at low speeds to perform their mis-
sions. There are some reasons that robust control sys-
tems are essential for them to successfully perform their
missions:

1. It is difficult to measure aerodynamic velocity
at low speeds because of sensor failure and accuracy
(The air data system measures the dynamic pressure; it
is necessary to measure static pressure, dynamic pres-
sure, and static temperature for calculating true air-
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speed) [6].

2. Blowing wind influences as strong external dis-
turbance and also because of that it is impossible to use
velocity measured with GPS as airspeed.

3. Fixed aerodynamic configuration prevent to
compensate aerodynamically low velocities with change
of wing areas, sweeps and so on.

4. There is difficult to capture UAVs in taking off
and recover them in landing because of very low veloci-
ties.

5. Nonlinear equations of motions and time vary-
ing mass, moments of inertia and center of mass change
during the flight.

6. It is very difficult to accurately predict and cal-
culate aecrodynamic coefficients.

Then it is necessary to model nonlinear equations
of motions and linearized at suitable operating points
and trim conditions for the purposes of robust control
design. The goal of uncertainty modelling is to improve
robust performance while maintaining the validity of the
model provides a mechanism for achieving robust sta-
bility and performance of multiple-input multiple-output
(MIMO) systems, and based on a generalized system
description that separates the nominal and uncertain
system components [7]. In [8] State-space model of
UAV from basic aerodynamic equations and by using
DATCOM and Simulink derived.

Software simulation helps to minimize design de-
velopment time and cost for the overall design. The si-
mulation environment that will use for development is
an aircraft dynamics simulator built by Unmanned Dy-
namics called AeroSim® toolbox. So MATLAB® stan-
dard configuration environment and the AeroSim®
Aeronautical Simulation Block Set utilized for simula-
tion studies [9]. UAVs such as the Aerosonde operated
by the Australian meteorological office used to sample
the atmosphere over wide areas [10].

The trim settings required to maintain the flight
condition are consisted of the airspeed, altitude, bank
angle and fuel mass.

The paper was organized in the following way. In
section II, the problem was defined and nonlinear equa-
tions of UAVs were described using the basic force,
moment and kinematic equations. In section III, trim-
ming method is discussed and then analytical and nu-
merical methods for linearization were discussed, in
section IV, responses of two the calculated linearized
models were compared with each other’s and also with
nonlinear model responses. It can be seen that they con-
firm each other’s precisely. Then for variation of aero-
dynamic coefficients in given intervals, distribution of
short and long period poles of longitudinal motion cal-
culated. On the other hand, it developed linear model
verified and can be used for studying and obtaining no-
minal model and bounds of uncertainties.

Problem statement

The goal is to develop the nonlinear mathematical
dynamic model for the flight vehicle and then to lin-
earize the standard UAV, Aerosonde nonlinear dynamic
model at low velocities in the presence of wind using
numerical and analytical-numerical methods.

Four axis systems are used in the dynamic model-
ling of UAV: Body frame, Inertial or Earth frame,
Aerodynamic frame and Flight path or Velocity frame.

The total velocity vector, V does not in general lie
in Earth or Body frame but its orientation defined by the

two angles of attack, o and sideslip, 3 with using lin-

ear velocities defined in Body frame. U,v,W were

),

V=vul+v’ +w?.

given here:

The dynamic equations of the UAV were written
in Body axis here. It was supposed that mass, m, mo-
ments of inertia, I, and center of gravity (CG) of UAV

are changing slowly during the flight. Therefore, the
nonlinear translational and rotational dynamical equa-
tions of motion for UAV given as:

FX
1EB = FY
FZ
B . X+X, -mgsinf+X,
Ve = (—J Y+Y;+mgcosOsinf+Y, |-
Z+7..+mgcosBcosf+Z,

B .
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MAM;+ M, |-Opp e |,
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where E,, M, are vectors of total forces and moments
acting on the UAV, X, Y, Z, L, M, Nand X, to Z, are
the scalar form of aerodynamic and engine’s forces and
moments, X, to N, are disturbances, *V,, ®,, are

linear and angular velocities u, v, w, p, g, I, respec-
tively.

Aerodynamic coefficients are normally modelled
as the sum of several effects, each of which may vary
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with flight conditions. For example, the pitching-
moment coefficient is a function of center-of-mass loca-
tion, Mach number, angle of attack, pitch rate, angle of
attack rate, and elevator deflection. Aerodynamic and
thrust forces act on points that are different from the
center of mass. Effect of changing in the center of mass
must be considered in calculating of aerodynamic and
thrust moments.

Aerodynamic forces and moments usually calcu-
lated in the aerodynamic axis frame, they presented as
functions of angles of attack and sideslip, Mach number,
deflections of control surfaces and angular velocities.
Forces and moments transformed from the aerodynamic
to the Body frame for calculation of forces and mo-
ments in Body frame.

The orientation of the airplane is given by a series
of three consecutive rotations: roll, pitch and yaw called
Euler angles, whose order is important.

Aerodynamic forces and moments depend on the
air-relative velocity. Consider how wind effects are
treated in an inertial reference frame. Given an air-mass
velocity V,, with respect to the Inertial frame and an

inertial aircraft velocity, V viewed within the Inertial
frame, the air-relative velocity vector of the aircraft is:

ug | | uy
V,=Vi-Vy=| v || vy |- 3)
Wi | | Wy

Headwind increases the air-relative velocity of a
forward-moving aircraft. In the Body frame of refer-
ence, the air-relative velocity vector is:

c

a

Bva: :CBIVE -CBIVW:BVE 'CBIVW ’ (4)

<

a

=

a

where "V, represents the inertial velocity viewed in the

Body frame. Then air-relative velocity magnitude or
airspeed and the angles of attack and sideslip are:

o, =tg" e | Ty To-Oyy
u, u-uy,
o Vel vevy
AR

_ 2 2 2
V,=\Ju, v, +w o

These definitions are used to compute aerody-
namic forces and moments, and the equations of motion.
It must be considered that an aircraft cruising with a
fixed power setting reaches equilibrium at a given air-
speed rather than a given inertial speed. If the wind field
is changing in time either explicitly or implicitly, then
this must be taken into account in the dynamic equation:

SeC Sw (6)

where Vy

produces specific force (i.e., force per unit

mass).
Trimming and linearization

Suppose a nonlinear dynamical system described
as below:

X(t)=f (X(t),u(t),w(t).t),
Y (t)=g (X(t),u(t),w(t),t),
where X ., Y ,u

nx1> “rx]?

(7)

w1 Wt and t are state vector, out-
put vector, input disturbance and time consequently, f
and g are general nonlinear functions. Any nominal or
reference trajectory satisfies the equation. Actual dy-
namics can be expressed as the sum of the nominal dy-
namics plus perturbation effects. With cancelation of
nominal terms from the both sides of equation, the fol-
lowing linear model derived:

A)’((t):ﬁ AX(t)+@ Au(t)+ﬁ Aw(t)=
oX |y Buly ow |y
= A, AXO+ B, Au®)+ E, AW,
AYO=L8] Ax+ 28| Aum+2&| avio=  (8)
oX |y Buly ow |y

= C,,AX(t) +D_ Au®)+ F, Aw(),

where A, B and E are matrixes with the appropriate di-
mensions can be calculated numerically.

It is convenient to separate the linearized equations
into longitudinal equations and lateral-directional equa-
tions. This is possible because the two sets of perturba-
tion motions are uncoupled for a symmetric aircraft in
steady cruise, climbing or descending flight. For exam-
ple, the purpose of trimming in the longitudinal channel
is to determine the angle of attack and elevator angle
required for a given flight condition in a steady cruise,
climb, or descent. For steady flight, in the longitudinal
channel assumed that V,q,0 and a are zero.

The longitudinal state, control, and disturbance
vectors are:

AX,,=[Au Aw Aq Ax Az A8],

A3, Auy, 9)
AULon = ’ A\K]Lon = :

AS, Aw,

The linearized longitudinal equations of motion
take the general form:

AX,, =A, AX+B,  AU+E, AW, (10)

where
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c=-u,c0s(0, )-w,sin (6, ),
a33=Mq+a(Zq+u0).
Wind is disturbance input. Wind disturbances have
the same aerodynamic effects as airspeed variations but

with opposite sign. Note that state matrix A, contains

Lon
Coriolis or non-aerodynamic components, while E,

does not [11]. Wind affects the dynamics of the UAV
through the aerodynamic model of the forces and mo-
ments and direct accelerations due to the wind can be
supposed equal to zero in the presence of slowly chang-
ing wind.

It must be considered that some aerodynamic coef-
ficients are provided in look up tables, therefore, not
only analytical but also numerical linearization are
needed for this case.

Models Comparison

In this section, simulation results were compared
in nonlinear and linearized models for longitudinal
channel. Simulation results for three models were pre-

sented at a low-velocity operating point to prove simi-
larity of responses:

Uy, =20 /s, Sprim =-0.2070rad,
VvTrimzl'81 m/S, 8TTrim: 032531‘ad, (11)
01m = 0.0725rad/s, mass=9.5kg,

w Trim :1 : 8 1 m/S’ 0)EngineTn'm :445 reV/mina

where 6. .and &, are consequently, trimmed ele-
vator and throttle control inputs, mass and O, irim are

consequently, trimmed mass of UAV and its engine
speed.

Three dynamic systems at given low velocity op-
erating point were simulated for periodic square form
signal with frequency equal 0.2 Hz as a persistent exci-
tation for elevator deflection control input: original non-
linear, numerical and analytical-numerical linear models
were simulated and results were compared in Fig. 1 and
Fig. 2. It can be seen that their responses are very simi-
lar to each other’s adequately. But it must be mentioned
that analytical-numerical linear model more accurate
and closer to nonlinear model than the numerical linear
model, because of errors in calculating numerical linear
model due to hard nonlinearities. It means that analyti-
cal linear model verified and can be used to study para-
metric uncertainties.
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= = = Numerical Linear Model
2 — Analytical Linear Model
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Fig. 1. Linear velocities and height in nonlinear
and linear models

The direction of the wind can be supposed constant
or slowly varying in the Inertial frame. Wind affects the
dynamics of the UAV through the aerodynamic model
of forces and moments and direct accelerations due to
the wind can be supposed equal to zero. The effect of
the wind has been studied in linear and nonlinear mod-
els of the Aerosonde in Body frame for the constant

wind vector, [4 2 O]T in Inertial frame. Wind effect

in the linear and nonlinear models was compared in Fig.
3 and Fig. 4. It can be seen that wind effect can not be
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neglected and in comparison with the nonlinear model
the linear model with acceptable accuracy can show the
effect of the wind.

trinnone Non Linear Model
= = = = Numerical Linear Model

0.4 ‘ ‘ Analyti

| Linear Model [

0.4 i i i i i
1] 5 10 15 20 25 30
Time [sec.]

Fig. 2. Pitch angular rate and pitch angle
in nonlinear and linear models

v Non Linear Model with Wind Effect
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Fig. 3. Wind effect on linear velocities in nonlinear

and linear models in Body frame
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Fig. 4. Wind effect on pitch angular rate and pitch angle
in nonlinear and linear models

Aerodynamic Coefficients Uncertainties

Aerodynamic model for UAVs cannot be predicted
or calculated exactly specially at low velocities. Here
set of linear models of the mini UAV were calculated
for the given intervals of aerodynamic coefficients un-
certainties in the longitudinal channel:

CLMin :CLMinN :I:ZO%, Cma :CmaN iSO%’
C,,=C,n#30%,  Cu =Cp; (+30%,
CLa=Con#15%,  Cpy =Coy -90%+100%, (12)
Cy=C i £100%,  C,,=C,,-100%+200%,
Cp=Ci£100%, €, =C, \+100%,

maN
mqN
where index N was used for normal values. Eight aero-

dynamic coefficients affect the positions of poles of
MIMO system. C,; and C,; do not affect poles of

the system. For various combinations of aerodynamic
coefficients that means for 38=6561 cases, poles of the
multi inputs multi outputs system of longitudinal chan-
nel were calculated. Poles or eigenvalues of the MIMO
system for 6561 cases were shown in Fig. 5 and Fig. 6.
It must be noticed that state vector of the system com-
bined of seven variables:

(13)

Real and imaginary part of complex poles of the system
in short period mode change about 4.71and 2.31 times
consequently. Real and imaginary part of complex poles
of the system change in long period mode about 1.6 and
1.87 times consequently due to aerodynamic coeffi-
cients variations. Minimum and maximum real part of
poles for short-period mode told above were happened
when aerodynamic coefficients were in the opposite

[uwqxz 0 of.

extreme sides of changing intervals.
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Fig. 5. All of the poles of longitudinal channel

for various combination of aerodynamic
coefficients uncertainties
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Fig. 6. Long period poles of longitudinal channel

for various combination of aerodynamic
coefficients uncertainties

Various techniques of system identification exist
that provide a nominal model and an uncertainty bound.
An important question is what the implications are for
the particular choice of the structure in which the uncer-
tainty is described when dealing with robust stabil-
ity/performance analysis of a given controller and when
dealing with robust synthesis [12]. Nominal model can
be found with different method. If the goals of a nomi-
nal model are reduction or simplification for control
system design, then these methods can be used: com-
parison principles, singular perturbation, weighted func-
tions, matrix inequality, and approximation or reduction
method [13].

Conclusions

Nonlinear and linear dynamic model of a mini
UAYV at low velocities were presented. Linear model of
the mini UAV for longitudinal motions was calculated
using numerical and analytical methods in the presence
of the wind. Numerical and analytical-numerical linear
model responses were compared and verified with non-
linear model responses. Achieved verified linear model
can be used for studying and modelling of uncertainties
and finding nominal model. For aerodynamic coeffi-
cients uncertainties at low velocity, a set of linear mod-
els was calculated and studied. Maximum range of
changes for long and short-period poles were calculated.
For practical control problems, verified uncertainty
modelling, which accurately characterizes realistic sys-
tem uncertainties is very important; because the robust-
ness results obtained using these algorithms depend
directly on the uncertainty model used for the analysis
and design.
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AHAJINTUYECKAS 1 YACJTEHHAS JIMHEAPU3ALIMSI HEJTMHEMHOM TUHAMUYECKON
MOJAEJIA JIETATEJIBHOI'O AIIITAPATA ITPU HAJIMYUU BETPA

P. M. @apxaou, B. H. Kopmynos

B nanHoii paboTte ncnosnbp3oBaHa HeJIMHENHHAs MaTeMaTHYeCKast MOZIEIb OECIMIOTHOIO JIETATEILHOIO alllapaTa
tuna Aerosonde u pazpaboraHa JIMHEHHas! TP MAJIBIX CKOPOCTSIX MOJIETa M PH HAJIWYHUU BETPa, a 3aTeM JIMHEapH-
30BaHHAs MOJIeNb ObLIa MOJIy4eHa ¢ IOMOIIBI0 YUCICHHOTO M YHCICHHO — aHAIUTHYECKOr0 MeTo/a. DTH JINHEapH-
30BaHHBIE M HETMHEHHAs! AMHAMUYECKUE MOJIETIM CPABHEHBI IIPH PA3JIMYHBIX pexuMax. [lyreM HMUTAIIMOHHOT'O MO-
JIETMPOBAHMS TIOKa3aHO, YTO YMCICHHO-aHAJUTHYECKash M YHCICHHAs JIMHEHHAsh MOJIEI COOTBETCTBYIOT HEJIMHEH-
HOH auHaMu4deckoi. ClielyeT OTMETUTh, YTO YHCIEHHO—aHATUTHYECKast IMHEHHAs MOJIeNb Ooiiee To4Ha U Omke K
HEJTMHEHHOW MOJIeN, YeM YHCIIeHHasl JIMHEHHas: MOJIeNb, U3-3a OMIMOOK MPH BBHIYUCICHUHM YUCICHHOW JIMHEHHOMN
Mojenu. [lonydeHHbIe TMHEHbIE MOJETH MOTYT OBITh UCIIOJIB30BAHBI IS IPOSKTHPOBAHUSI CUCTEMBI YIIPaBIICHUS
JeTaTenbHOro ammapaTta. HeompeneneHHast juHelHas Mofenb Oblla HOJNy4eHa HPH 3aJaHUU HEONPeNelIeHHOCTH
a’poJMHAMHUYECKHX K03 duIMeHToB. DTO 03HAYAET, YTO ATH JIMHEAPH30BAaHHBIE MOJEIN MOTYT OBITh UCIIOJIH30Ba-
HBI JJIS1 TIOJTyYEeHUs] HOMHUHAIBHBIX JIMHEHHBIX MOJIENICH 1 TUala30HOB HEOIPEIEIeHHOCTH IpH pa3paboTke podact-
HOHM CHUCTEMBI YIpaBIICHUSI.

KnaroueBsbie ciioBa: OeclIMIOTHBIN JIETATENBHBIA alapar, HelIMHEeWHasi U JIMHEHHas TUHaMUYECKHe MOJIEIH,
aHAJUTUYECKAsl M YMCIICHHAs JIMHeapu3aluy, HOMHHAIbHAsE MOJIENb, CUCTEMa YIPAaBJICHHs, HEOIIPEAEIEHHOCTh ad-
poArHaMU4ecKUX Ko3(dumeHTos.
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AHAJIITUYHA TA UACEJIbHA JITHEAPU3AIISI HEJITHIHHOI TMHAMIYHOI
MOJEJII JIITAJIBHOT'O AITAPATY 3A HAAAIBHOCTI BITPY

P. M. ®@apxaoi, B. I. Kopmynoe

B naniit poOOTI BHKOPHCTAHO HENIHIHHY MaTeMaTHYHY MOJENb OC3MIJIOTHOrO JITAJbHOTO amapaTy THILY
Aerosonde Ta po3po0JIeHO JIHIHHY IPU MaJIMX MIBHIKOCTSAX IMOJBOTY 1 IPH HASBHOCTI BITPY, a Jalli JiHeapU30BaHy
MOJIeNTb OYJI0 OTPUMAHO 33 JJOIIOMOTO0 YMCEIHHOTO Ta YUCEIbHO — aHaIITHYHOro Merony. Lli miHeapu3oBaHi 1 Hei-
HiffHa AMHAMIYHI MOJEJI MOPIBHAHO MPH pi3HUX pekuMax. [IIIIxoM iMITaIliifHOro MOJIEIIOBAHHS MMOKAa3aHo, IO
YHCEeNbHO-aHAIITHYHA 1 YHCeIbHA JIHIAHI MOJEN BiAIOBIAAIOTh HEMIHIMHIN nuHamivnii. Ciig 3a3HAYNTH, [0 YH-
CeNbHO—aHAIITHYHA JiHIFHA MOJENb OLIBII TOYHA 1 OJIMKYE IO HEMIHIHHOI MOZENI, HiXK YHCEeNIbHA JTiHIHHA MOJEb,
Yyepe3 MOMUJIKH MPH O0YUCIICHHI YHACENbHOT JiHIHHOT Moaesni. OTpuMaHi JiHIHHI MOJIENi MOKYTh OyTH BUKOPUCTAaHI
JUTSL TIPOCKTYBAaHHS CUCTEMH KEpYBaHHS JITAIbHOTO amapaty. HeBu3HaueHa JiHINHA MOaenb Oyina oTpuMaHa MpU
3aBJaHHI HCBHU3HAUCHOCTI acpOIUHaMIuHUX KoedirlieHTiB. [le o3Havae, mo 1 JiHeapu30BaHi MOJCII MOXYTh OyTH
BHUKOPHUCTAHI I OTPUMAaHHS HOMIHAJBHUX JTIHIHHUX MOJEINIEH 1 qiana3oHiB HEBU3HAYEHOCTI IIPU Po3po0Il podacT-
HOi CUCTEMU YIPaBJIiHHI.

KirouoBi cjioBa: 6e3misIOTHUIA JIITABHUE amapar, HeliHIMHA Ta JIiHIHHA AUHAMIYHI MOJIEN, aHATITUYHA 1 Y-
celbHa JIiHeapH3allii, HOMiHaJIbHa MOJIEITb, CUCTEMa YIPaBITiHHS, HEBU3HAUCHICTh aepOANHAMIYHHUX KOC(II[IEHTIB.
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