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MATHEMATICAL DESCRIPTION OF IMAGING PROCESSES
IN ULTRA-WIDEBAND ACTIVE APERTURE SYNTHESIS SYSTEMS USING
STOCHASTIC SOUNDING SIGNALS

Mathematical models of the fields of stochastic ultra-wideband signals that are necessary for solving problems of
aperture synthesis of images using active radar methods are presented. The expediency of using V-
transformations in these problems has been substantiated, the effectiveness of which has already been proven for
the mathematical description of ultra-wideband spatio-temporal fields in the methods of passive and active radar,
as well as remote sensing, that are used to solve problems of radio astronomy, medicine, navigation. Using mod-
ern methods of mathematical analysis and the theory of ultra-wideband systems, the physical essence of radio im-
ages obtained with the help of algorithms for coherent and incoherent signal processing is investigated. Accord-
ing to these algorithms, it is proposed to divide images into coherent and incoherent. Coherent images include
those in which its amplitude and phase are recorded separately. In the case of an incoherent image, only its am-
plitude (power or related characteristic) is recorded. To describe of the obtained radio image structure, new con-
cepts of the spectral density of the complex spatial coherence function (SDCSCF) and the spectral density of the
spatial autocorrelation function of the amplitude-phase distribution (SDFSAF APD) are introduced. Application-
use of functions is expedient and fundamentally necessary for solving problems of aperture synthesis using sto-
chastic ultra-wideband signals. A mathematical description of the structures obtained by aperture synthesis of
radio images is given. Here, studies are conducted for the general case of using a continuous (idealized) aper-
ture, and for using an antenna system with spatially separated receiving elements. Simulation of the heuristic syn-
thesized algorithm for constructing incoherent radio images is conducted. The possibility of using antenna arrays
and synthesized aperture synthesis algorithms for solving problems of image formation in a survey located direct-

ly under the aircraft (at sounding angles close to vertical) are substantiated.

Keywords: active aperture synthesis; radar imaging; V-transforms.

Introduction

Motivation. State of the Art. Aerospace radar
systems with synthetic aperture are typically used for
surface imaging in significantly lateral directions rela-
tive to their flight trajectory (£20°...50° from the direc-
tion to the nadir). This is due to the possibility of
providing the required range resolution within these
directions by using short probing impulses or pulses
with good correlation properties (for example, impulses
with linear-frequency (LFM) or phase modulation
(PM)). The resolution of coherent and incoherent side-
looking airborne radar is absent directly under the air-
craft, over the coordinate perpendicular to the direction
of its movement (in the nadir) [1-3].

The problem of imaging directly under the aircraft
can be solved by using underwing or ventral antenna
arrays, which are a part of multifunctional radar sys-
tems, in combination with wide- and ultra-wideband
signal processing. In this case, it is expedient to use sto-
chastic processes in the form of wide- or ultra-wideband
Gaussian noise as the probing signals. This will provide

narrow single-lobe uncertainty functions with
low sidelobe levels and allows the application of meth-
ods of spatial [4-6] and spectral aperture image synthe-
sis [7-9] used in radio astronomy [10, 11]. Since the
aperture synthesis over time narrows the uncertainty
function only along the movement trajectory and does
not influence the lateral direction, we will neglect the
effect of velocity when solving this problem.

It should be noted that modern advances in radio
electronics allow using of aperture synthesis methods in
combination with wideband and ultra-wideband signals.
Modern radioelements make it possible to form and
process ultra-wide-width noise signals, such digital pro-
cessing devices as FPGAs in combination with high-
speed ADCs allow flexible implementation of the nec-
essary algorithms for the operation of wideband radars
in digital form.

Objectives. This article continues researches [12-
14] and proposes the development of a method for the
formation of incoherent and coherent radio images for
the systems of active aperture synthesis.
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Purpose of the article. Development and research
of an algorithm for radio images formation of the under-
lying surface from an aerospace carrier by ultra-
wideband aperture synthesis systems at sounding angles
close to nadir.

Initial data, preliminary reasoning
and problem statement

Let us obtain the initial data and clarify the prob-
lem statement for imaging method development by ana-
lyzing geometry of the problem. One of the possible
geometries, which can explain the process of forming an
image for the investigated surface, is shown in Fig. 1.

Fig. 1. Image formation in an active aperture
synthesis system

We introduce the following notions in Fig. 1:
Xy z represent a coordinate system connected with the
underlying surface; x'y’h is a coordinate system asso-
ciated with the phase center of the receiving antenna
system; D’ is the observation area; D is the underlying
surface area; T is a radius vector characterizing the
reflective point position on the underlying surface; ¥’ is
the radius vector characterizing the position of the ob-
servation point in the area D'; R(F—0’) is the distance
from an emitting point 0" to a surface element dr with
its center in the point P; R(F,F’) is the distance from
the surface element df with its center in the point P to

the observation point in the observation area D’;
Oy.,0y are the angles between axels x’, y’ and the

direction to the surface element dr with its center in the

point P ; ‘E(()—Sk )‘ is a module of the antenna system

radiation pattern focused in the direction 9, .

The position of the underlying surface points is
characterized by the end of the radius vector
F=(x,y,z); points within the range of emission and
reception — by the end of the radius vector
F=(x,y,h).

It is expedient to represent the probing signal s(t)
in the form of Gaussian random process segments with

zero mathematical expectation (s(t))=0 (hereinafter,

the brackets () denote the statistical averaging opera-

tor). Let us use the spectral representation of the signal
over its spectral density of the complex amplitude

S(j2nf)

s(t) = TS(jan)exp(jth)dt, (S(janf))=0, (1)

where f are the temporal frequencies, t is time.

Signal (1) is emitted by the transmitting antenna of
the radio system, the phase center of which is aligned
with the point 0" of the coordinate system origin
F'=(x",y"), arising from the observation area 1'eD’.
This signal irradiates the investigated surface D, re-
flects from all elementary areas dr with their coordi-
nates ¥ € D, and is received in the observation area D' .
Coefficient of signal reflection from elements of the
surface drf we represent by a statistically inhomogene-
ous function of angular coordinates (direction cosines

9=(9y =cos0y, 9, =cos6y))
F(7(3).F)=F(3.F). @)

This complex function plays an important role in
solving the problems of imaging, since it contains the
amplitude and phase information about the reflective
properties of the studied object’s surface. It can be re-
ferred to as a coherent image [13-15].

We’d assume that the area D’ consist elements of
the receiving antenna system with an amplitude-phase
distribution (APD) of their receiving sensitivity i(f, 7).
In the simplest case, when an equal-amplitude in-phase
aperture is considered, we write 1(f,7")=1, 'eD’.

When focusing the antenna system in a certain di-
rection characterized by the k -th vector of the direction
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cosines §k, we represent APD at each frequency f as
the following function:

i(f T, Sy ) = exp(—j 2 nf c‘l§kf’) =exp (—j k Qkf’) ,
reD, (3)

where k =2nf/c=2n/)\ is the wave number (a func-

tion of frequency in the case of using wideband signals),
A is the wavelength.

For most of the imaging problems, the following
condition is fulfilled: the dimensions of the antenna sys-
tem are much less than the distance to the surface. This
allows us to assume that the objects of observation are
located in the Fraunhofer zone.

The distance, which the waves pass from the radia-
tion point 0" to the surface element dr centered at the
point P (the position of which is characterized by the
end of the radius vector ) and back to the point of
observation (characterized by the end of the radius vec-
tor '), we write in the following way:

R(F(8), ') = 2R(¥,0')-§F", @)

where §f’:8xx’+8yy’ is the scalar product of vec-

tors.
The resulting field in the elementary observation
area is characterized by the end of the radius vector

F'=(x",y’,h) and can be represented as a superposition

of the fields formed by every element of the reflecting
surface at each of the frequencies

s(7,t) ~ T T—sgjé’z,))ﬁ(é,f)i(r’,f)x

—00 —00

xexp( jorf (t-207R (7, o')+c—1§r'))dfd§ . (5)

where denominator RZ(F,O') describes attenuation of
the signal amplitude during its propagation.

Direct estimation of the coherent image F(@,f) is
a rather difficult task. This is due to the difficulty of
controlling the phase at the distance R(F,0). It is
much easier to estimate the amplitude changes of the

function F(@,f). Therefore, the phase factor containing

the phase incursion at the distance R(F,0) can be ex-
cluded from consideration or, formally, can be consid-
ered included in the function F(S,f). The attenuation

multiplier R_Z(f,O’) as a proportionality coefficient
can also be neglected (considered included in the func-
tion F(8,f)).

In addition, we can assume that each elementary
section of the receiving antenna system limited by the
area D' can be characterized by its own APD, thus
sampling over the receiving area will be performed at
the final stage of the signal processing algorithm inter-
pretation. This way, (5) is formally reduced to the math-
ematical apparatus of V - transforms [16-18]

s(7,0) = Ve (8¢ (5.1)) = | jJiS,:(@,f)x

xexp( j2nf(t+c 19 f’))dfdé,

f2c286 (9,F) = Ve {s(7", 1)} = ﬁos(r', t)x
xexp(— jorf (t+ c‘l§F'))<;tod0?’, (6)
where the following notations are introduced:
Sk (S.F)=S(j2nf )F(8,F)i(r.f), @)

VE{} and Vg 1{} are the operator forms of direct and

indirect Vg transform. The main feature of practical

implementation of these transforms lies in their applica-
bility for working with ultra-wideband signals and no
requirement in fulfilling the conditions of quasi-
monochromatic approximation (QMA) [12] (space-time
narrowband-ness (STN) [13]), which consist in neglect-
ing the delay of the complex envelope for the spatio-
temporal signal even at the most extreme points of the
antenna system aperture — that is typical in case of nar-
rowband signal processing.

This way we established the connection between

the spatio-temporal signal s(¥',t) in the observation

area and the function S¢(9,f) over a pair of Vg -

transforms, and showed how the coherent radio image is
contained in the spatio-temporal signal observed by the
elements of the receiving antenna.

In such a case, the problem statement can be for-
mulated as follows. On the basis of the known sample

for a wideband spatio-temporal field s(¥',t) we must
develop an algorithm for the formation of a coherent
radio image S (8,f) or F(8,f) in the registration area

(which is limited by the receiving antenna). Here, it
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should be noted that it is rather difficult to restore a co-
herent image using a radio system, thus in most practi-
cal cases it is expedient to restore an incoherent image.
Therefore, we shall correct the problem statement to the
following form: "on the basis of the known sample for a

wideband spatio-temporal field s(¥',t) we must devel-

op an algorithm for the incoherent radio image for-
mation in the registration area (limited by the receiving
antenna)." In order to do so, let us clarify the physical
essence of an incoherent image and establish its connec-
tion with a coherent image.

Correlation of incoherent
and coherent images

Let us show the connection between coherent and
incoherent images.

It is known that the property of uncorrelated spec-
tral densities of complex amplitudes for different fre-
quencies is fulfilled for stationary random processes:

(S(j2nh)$" (j2nf,)) = G (f)3(fr~F2) . (®)

where G(f) is the energy spectrum (spectral power

density (SPD)) of a random process s(t), &(f —f;) is

the delta-function. We can also assume that mathemati-
cal expectation of the complex scattering coefficient is

equal to zero, i.e. <F[§(?)]>=O, and its values for

arbitrary non-coinciding surface elements are uncorre-
lated:

(F(SL(R))F (92(%))) = 0°(81,)3(81-82). ®)

This condition is fulfilled for surfaces covered
with fine-structured irregularities, dimensions of which
exceed the wavelength (arable land, shrubs, grass, etc.).

Here, GO(Q,f) is a specific effective backscattering

cross-section [1, 16] (specific effective scattering sur-
face (ESS)) of the surface element dr observed in the

direction §. This function is proportional to the wave
reflection coefficient over power, and will be further
considered as the true desired incoherent image of the
surface.

Based on the above, it is clear that the incoherent
image is contained not in the spatio-temporal field ob-
served in the area of the receiving antenna, but in its
statistical characteristic — the function of spatial correla-
tion (coherence).

Development of an algorithm for incoherent
image formation. New definitions
and their correlation with radio images
received by wideband radio systems

In order to solve the problem of passive remote
sensing, we have established connection between the
correlation function of the process and the radio image
on the basis of a pair of V- transforms on the basis of

methodology [18-21].

R(AF,7) = (s(F, ty)s(B, t5)) = Vi * {Gc (§,f)} _
gl Go (8. Jexp(j2nt (x+c™ A7) )df dS ,(10)

—00 —00

F20%6, (8.f) = Ve {R(aF )} =
= T T R(AF’,r)exp(—jan (x+c19 AF'))dtdA?’ (1)

—00 —00

Here, R(AF',t) is the correlation function of a station-
ary and homogeneous process s(f',t), Ar'=¥-T1;,
T= tl — t2 ,

Go(8F)=G(f)s’(8,1). (12)

Since SPD of the probe signal G(f) is known,
and the function GG(Q,f) can be divided into it, it is

expedient to consider product (12) as the desired inco-
herent image of the surface at each specific frequency.
The obtained expressions describe the fields and
their characteristics within the observation area D' that
is free from antenna devices. The presence of receiving
antenna elements we take into account by introducing

APD i(?’,f) into the observation area. In the simplest

case, an image of a spatially extended object can be
obtained in the parallel view mode by simultaneously
focusing the antenna system on various directions @i

covering the object with APD in the form of (3), or by
scanning an object with APD over time:

I(f,7,9(t))=exp(-ikS(t)7"), eD'. (13)

The focusing process, which lies in the in-phase
addition of all spectral components of the received sig-
nal, is usually performed by a diagram-forming circuit
(DFC) (Fig. 1). The in-phase-ness of the signals re-
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ceived by individual elements of the antenna system via
appropriate phase delays, provides APD in the form of
(3), (13). In general, for ultra-wideband signals, it is
provided by the time delays that correspond to the slop-
ing front of the received spatio-temporal signal. In mod-
ern narrowband systems, the function of DFC can be
performed by a computing device after the formation of
complex envelopes for the received signals and their
subsequent digitization. The figure above represents an
example of the radio imaging system and the primary
stage of image aperture synthesis at the level of its co-
herent description. In case of a parallel view, each direc-

tion §k at the output of DFC corresponds to its own

output. The received signal at each of such outputs with
the APD in the form of (3) can be represented by the
following expression:

(©)-

si)-f I ]
><exp{12n(t+8,Ddr’dfd8— | T
(.9

o0 0

K(jZch)I( )S,:(Sf)

(C]

K(j2nf)x
—~oo(F) —0(©)
)' (s f)exp(j2nf t)dfds

xE (14)

where E(f,§—§k) is the antenna pattern (AP) of each

partial beam of the antenna system (for an antenna array
(AA) this is its multiplier); K(j 2nf) is the transmis-
sion coefficient for the aperture element dr’ (assumed
identical for all elements of the aperture D’ and all out-
puts of the DFC). For the real discrete AA these are
transmission coefficients of primary receiving devices
connected to the outputs of individual elementary an-
tennas included in the AA. Antenna patterns of the
beams are correlated with the respective APD by the
spatial Fourier transforms

£(1,9-0)= 5.4, (1)} -

T i(f,?',@k)exp[janQF—,de’, (15)
(D)) ¢

o )2 L
|(f,r,9k)=[5] ]—"§%?,{E(f,3—8k)}=

T E(f,é-@)k)exp(—jznf¥]dr' (16)
(D)

where F

%>y 1"} are the spatial Fourier transforms from

one set of variables to the respective set of others.

Function s(t,@k) defined by expression (14) is

real, since it is the Fourier transform of the correspond-
ing spectral density of the complex amplitude within

symmetric limits f (—oo,oo) . As a function of angular

coordinates, it can be considered as an estimate of the
image. An estimate of a quantity is an approximate real-
ization obtained as a result of the measurements. How-
ever, estimate (13) has a random nature; it changes over
time and is not suitable for visualization. A more appro-
priate image estimate is the average power of this signal

Py (@k), which, in accordance with the statistical av-
eraging procedure, is the variance 652 (Sk) of a random

process s(t, §k ) . Average signal power is often referred

to as the signal intensity i(@k). These values are pro-

portional to the integral (over frequencies) values of the
specific ESS. The sign * denotes image estimation.

Estimate P,, (§k) can be defined in the following

way:
ﬁ’av(sk)=<52(t, Kk
=] T
—o0(D') ~o(D’) ~o0(©) —=0
<K (janz)xI(fl, ,

=B
8
=
com
8
—
N

xexp(j2mn(f —f,) t)xexp[jZn[fl S

7!

2k

931

—f, Bdfl df, d9, dS, d¥ di

Taking into account (8) and (9), we get

i(8)= Ojo T |K(j2nf)|2‘E(f,§—§k)‘2x

()=o)

xGg (9,f) d9df = |K(j2nf)|266(§k,f)df, (17)

J
()

where G (f, §k) is the energy spectrum of a ran-

dom signal at the output of the k-th DFC channel fo-
cused on one of the directions 9y . It can be considered

up to a factor G(f) as an estimate of the specific ESS

o® (8. f),ie
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(Sk.f)= T ‘ﬁ(f,@—@k)‘zGc(Q,f)dQ: j G (Sf)exp[ﬁnf MJ dSdf=
7oo(®) OO(@)OO (19)
=G(f) | ‘F(f,Q—@k)‘zco(§,f)d§. (18) I(F Lo (F,AT") exp(j2nf 7) df.
—2(0) -
z . . . Function
Here, G(A,(S,f) is the estimate of the function
Gy (8.F), and &°(8,F) =G (8,F)/G(f) is the esti- Po(f ar)=F" {65 (8,7)} =
mate of the specific ESS at each specific frequency, - {R (T, AF' )} (20)

which at this frequency is considered as an incoherent
energy image of the surface. This image is smoothed

(defocused) by the AP ‘E(f,@—@k )‘2 which at each

frequency of the ultra-wideband signal is a hardware
function of the sensing system determining resolution of
the incoherent imaging system. The quality of resolution
for individual image elements as a whole is determined

by the shape of AP E(f,@— §k) at various frequencies

f , the spectrum width S(j2nf) of the emitted signal,
and the bandwidth within the transfer characteristic
K(j2nrf ).

According to the obtained expression, the imaging
algorithm i(Qk) must contain the operations of focus-

ing the antenna system on a variety of directions 9

and measuring the corresponding powers of fluctuations
received from these directions.

Let us present these formulas in a different form,
introducing the concepts of the spectral density for the
spatial coherence complex function and the spectral
density of the APD autocorrelation function.

Spectral densities of the complex spatial
coherence function
and the autocorrelation function
of the APD

Let us consider VF’l{-} transform (10) for the
spectral function of incoherent image G, (9, f) into the

correlation function R (t,Ar’)

R(%.AF) = Ve {Go (8,F)f = T TGG(§,f)x

—00 —00

xexp[jan (‘E+ AT Bdfd@: j exp(j2nf 1)x
C

~(F)

in contrast to the classical complex spatial coherence
function of a narrowband signal, which satisfies the
QMA condition [12], when using a stochastic ul-
trawideband signal the spectral density of the complex
spatial coherence function (SDCSCF) at the frequency
f makes a valid sense.

This function can be found by applying the inverse
spatial Fourier transform to the spectral function of the

image G (9,f).

Ty (f,AF) = f;M {G4(8.)}=
- T GG(Q,f)exp[jangAf,Jd§, @1)
—oo(@) ¢

2 . .
:—ZGG(S,f):]-"Af,_)é{l“c(f,AF')}:

T I (f,AF) exp[ j2nf§A?,JdAf’, 22)
oo(D' ¢

and by the temporal variable of the direct Fourier trans-
form applied to the autocorrelation function R(t,AF'),

Iy (F,A7) = % ¢ {R(1,AT)} =
= T R(t,AT") exp(-j2nfr) dr, (23)
)
- [ to(far)ep(iontdt,  (@4)

Spectral image function G (Q,f) at each specific

frequency f is real, and the complex function
I's (f,AF") represents its spatial spectrum. In problems
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of radio astronomy, this spectrum is determined as a
function of spatial frequencies AR, =f Af'/c=AF/\.

In contrast to narrow-band systems, for which we
use the concept of the spatial autocorrelation function of
APD, correlates with the central frequency of the signal
spectrum or the receiving system frequency band, we
can introduce the concept of the spectral density for the
spatial autocorrelation function of APD (SDFSAF APD)

T i(f,f’,gk)x
(D)

xi”(F,7 - AT, 8 ) di".

Rapp (F.AT, 9y ) =
(25)

We apply the Fourier transform to the square of
the AP modules.
As aresult, we get

F

s { (1350} -

2
{Ej R (f. A7, 5y ).

r (26)

Obviously, the reverse transform is also valid:

s =2 ) -
E(f.8-8) =F 5 {Raep (f. A7)} @7)

Thus, the squared module of AP and the spectral
density of the spatial autocorrelation function of APD
are related to each other by a pair of spatial Fourier
transforms.

In the considered case of active sensing of the sur-
face by stochastic signals, when registering the spatial
spectral components of the spectral image function

G(,(@,f), SDFSAF APD at each individual frequency

f is considered as the spatio-spectral transfer charac-

teristic of the antenna system. In radio astronomy, for
narrowband signals with their central frequency f,, the

autocorrelation function of the APD is often considered
as a function of spatial frequencies AF, = AF’/Aq

o0
Rapp (fo A%, Sk )= [ 1(F 5,8 )x
700(D')

i (f,5 - A, ) diy, (28)
and is referred to as the spatio-spectral function of an-
tenna sensitivity. The spectral density of the spatial co-
herence function and the spectral density of the APD
autocorrelation function are consistent with the classical
theory of Fourier transforms over time as the spectral
densities for complex amplitudes. Unlike narrowband

signals, which are used in radio astronomy for passive
systems when receiving the intrinsic radiation of objects
with their functions attributed to the central carrier fre-
quency, for ultra-wideband signals used in both active
and passive systems these functions should be assigned
to each specific frequency of their temporal spectrums.

Mathematical relationship of image
estimation with SDCSCF
and SDFSAF APD

Estimates of images (17), (18), which contain the
- Ca 2
functions G (8,f) and ‘E(f,S—Bk)‘ , can be ex-

pressed via their corresponding spectral characteristics
SDCSCF  I'y(f,Af) and SDFSAF  APD

Rapp (f.AT, 8y ). Let us substitute the functions

Gy (9.f) and ‘E(f,Q—Qi )‘2 in the form of their corre-

sponding Fourier transforms (22,27) from SDCSCF and
SDFSAF APD in these formulas. This way the image
estimate (17) can be represented by the following
equivalent expressions:

i(8)= [ [KGeeHf | [E(F.6-8) x
~=(F) (o)
<G, (8,F)dddf = [ |K(jerf ) x
~(F)
o

D'(AF, o)

Rapp (f, AT, i ) T'o (f, AT')dAT'df . (29)
Since the integral

Gy (8.f)= Of ‘E(f,@—@)k)‘zGc(@,f)dQ (30)
—oo(@)

is real at each frequency f , the integral below will be
real as well:

6a()= |
D'(Af',—oo)
xI's (f,AF")dAF" .

RAPD (f,Af’, §k) X
(1)

Functions R app (f,AF’,Qk) and I (f,Af") respec-

tively are the complex spatial Fourier images (spec-
Ce 2 -

trums) of the functions ‘E(f,S—Sk)‘ and G (9.f).

Therefore, function I'; (f,AF") is the spatial spectrum
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of the image, when Rapp (f,A?’,Qk) is the complex

spatial transmission coefficient of the antenna system
characterizing its ability to transmit the harmonics of
various spatial frequencies included in the image.
Formula (29) indicates a possible physical se-
quence of actions, as a result of which the estimate

i(§k) is formed. This sequence consists in the for-

mation of a complex correlation function (coherence
function) at a given frequency f and its multiplication
by the APD autocorrelation function at the same fre-
quency f . In order to form the image (29) as a corre-
sponding dependence of the average power, it is neces-
sary to integrate the estimates of the spectral functions
(30) or (31) over the selected frequency band specified
by the transmission coefficient K(j2nf ).

In the above formulas, the autocorrelation function
of the APD is presented in general form. Let us consider
some of the possible useful options for specifying this
function. A useful concretization of this function is
based on the concept of an idealized continuous aperture
with the ability to control APD at each of its points, for
example, by introducing a phase delay function to each
of its points (3). Then the APD of such an aperture can
be represented by the following expression:

SN . 9T
I(f,r,Sk)zIbasic(f,r)exp(—Jan%]. (32)

Here ipqgic (f, ') is the initial (basic) APD of the

continual aperture, at each point of which there is a pos-
sibility of independent change in amplitude and phase of
the incident field. In the simplest case,

) 1 mput'eD’;

)= npu ' ¢ D', (33)

ibasic (f’

In many cases, as opposed to discrete apertures,
the use of a continuous aperture simplifies the mathe-
matical analysis of antenna systems using well-known
integral transforms (Fourier, Fresnel, etc.) At the final
stages of research, the transition from continuous to
discrete apertures is carried out using the appropriate
discretization of the obtained expressions. It should be
noted that in antenna arrays (AA) consisting of a dis-
crete set of identical elementary antennas the function

E(f,,8—9y) is referred to as its factor, the co-factor of

which is the AP of the elementary antenna. These APs
as the co-factors can be formally associated with each
point of the continuous antenna.

APD of the real AA can be described as follows:

N Q. 7
i(f,?',ék):Ziai(f,f'—ri')exp(-jhf%}. (34)
i=1

In this case, elementary antennas with the basic
APD I (f,F—F), i=1N are located in the aperture
area D'. We assume that when focusing the AA on the
direction Qi , the phase shifts are introduced only at the

outputs of elementary antennas. Here, the exponential
factors correspond to the transfer coefficients of the
devices used to align the phases of oscillations received

from the direction 9 over individual elements of the
AA with its phase centers 1. Regardless of the AA

geometry, we chose sequential numbering for the anten-
nas in order to simplify the resulting formula. The fo-

cusing of the antennas on the direction §k is provided
by in-phase summation of the delayed signals taken
from the outputs of the elementary antennas at each
frequency. The multiplier exp(—jan S T c‘l) is the
transmission coefficient for the delay line of the re-
ceived signal over the time 9 ?i’c’l . This is a transmis-

sion coefficient of the phase shifter at each individual
frequency f .

To begin with, we find SDFSAF APD for the con-
tinuous idealized APD (32):

Rapp (F.AT, 8 )= [ 1(F,7, 8 )x
(D)

xi*(f,?’—A?’,§k)d?' =exp[—j2nf Sy AT JX
C

x .[ Ipasik (F. F') Ipasik (F, 7' = AF")dF =
(D)

Sy AP

= Rbasik(APD) (f,A?’)exp[—jan ] . (35)

As a result, mathematical structure of the image
(29) will take the following form:

i(B)= [ ] [RGenb)*x
o AF,D') —oo( F)
xR App (f,A?’,Qk)FG (f,AF") df dAT' =

| Ruasikarp) (F A7)

= [ |RG2nh)[ x
~o(F) (AP, D)

9y AT

T (f,AF')expE— jonf J dAF'df,  (36)
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where

Rpasik(app) (T, AT') =
= [ ik (F. ) iBasi (. 7/ = AT") dF”
—oo(D')

@37)

is the SDCSCF of the basic continual APD.
Comparing the resulting image with formula (17),
we can see that here the inner integral is an estimate of

the spectral function of the image G (§,f) , Which can

be represented in the form of the following three inte-
grals

Go(Buf)= | [E(F.8-8)f x
~(0)
(S‘f)dgz I RAPD<f,AI’,Sk)x
—oo(A?',D')
<o (f,AF) dfdAF = [ Rpggiapp) (F A7) x
—oo(Af',D')

I (f,AF’)exp[— j2nf i AT JdAf’. (38)

In the second integral (38), the functions

Rapp (f, AT, 8y ) and I (,Ar") are the spatial spec-
trums of the integrands in the first integral. The physical
meaning of the third integral is as follows. The RBI

estimate at each separate frequency is found as the spa-
tial Fourier image of the product of SDCSCF
', (f,AF") for the field observed within the aperture of
system and the SDFSAF
Ryasik(app) (f,AF") of the basic continuous APD.

In the idealized case of an infinite aperture
Rbasik(ApD) (f,AF")=const , we obtain formulas (19) -

the antenna

(24). If we consider function I'g(f,AF') as a spatial
spectrum of the spectral brightness G, (Q,f) , the func-

tion Rbasik(APD) (f,AF") will be considered as the spa-

tial complex transmission coefficient of the antenna
system with regard to this spectrum. It is important for
this coefficient and, respectively, the entire antenna sys-
tem to provide registration of the maximum number of
harmonics within the spatial spectrum of spectral

brightness G (@,f). This estimate is separate for each
frequency f . Therefore, such an estimate should be

expected to be close to the image estimate for a narrow-
band signal at the center frequency fy, which satisfies

the QMA condition.

In the second, real in practical terms option of re-
ceiving signals by an antenna array with APD (34)
SDFSAF APD will take the next form:

N N

Rapp (.47, 8c) =3 3 Ran(arp) (F.AF = (F = 1)) x
i=1n=1

x exp[ j2nf @J ,

In this case, we get the following mathematical
structure for evaluating the image (29):

(39)

[ |K(enh) x
—oo(F)

i(@k):
XZZFm

i=1n=1

exp[ janw}df, (40)

where
Rain APD [f'AF'_(?i'_Fr; )] =

= [ i ) lan (F,F = AF —F; )dF', (41)

oo( D'

and the spectral densities of the spatial cross-correlation
functions of the basic APDs for elementary antennas of
the AA can be determined by the expression

Fn(f)= | Rain(app) (F, AT = (5 =1y ) x
—oo(Af',D')
<o (F,AF)dAT = | [0 (F,7=1)x
AF,D')—o(D')
xi;n(f,?'—Af'—?')x J. Gc(g,f)x
—oo(@))
xexp( jonf AT ]d@df'dm’ -
=|[F'=®, F-AF =13, AV = -3 |=
= I I Ial(fl?ll_fi’)lan(fvle fr;)><
—oo(D') ~o(D’)
x| GG(Q,f)exp(janS(rl )]defl’drz, (42)
—oo(@)
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By performing transition to the Fourier images of
the integrands, we obtain

Fn(f)= [ Ea(f.8)En(r.5)x
~<(®)
(9 f)exp(JanS(ﬂ C?' )]ds

(43)

The final expression for evaluating an incoherent
image i(@k) in the AA with its APD (34) can be writ-

ten as follows:

i(8)= | |R2nh)[ =
. —o(F)

[ [E(R 88 <G (5. )adar -

—oo(@)

[ [KG2eh  [ Rapp (f.A7.8)x

—oo(F) —oo(Af' D)

I (F,AF")dAFdf = j |K(12nf)|22r,n )x

_Oo i=1n=1

xexp(—jandef: | |K(j2nf)|2><
¢ ~<(F)

N

=1

N T .
x> _[ Rain(app) (FAF = (5 =11))x Ly
i=1n=1| ~o(A"\D') %G (f,AF’)dAF’

xexp{— jonf M] df =
C

N N T
()

[ |K(nh) x
(F)

a1 9in(1.9)0,(1.9)

() [
xexp| jenfd . dd

xexp(— jonf MJ df .
C

(44)

According to the last version of formula (44), the
imaging process in the AA can be represented by the
following mathematical operations:

1) a set of numbers I, (f) is formed at each fre-

quency f, which is the result of integration over AF’
for the product of spectral density of the spatial coher-

ence function I';(f,AF"), and the spectral densities of
spatial cross-correlation functions for the basic APD
Rain(app) (AT = (% =T, )) of the elementary antennas,

which form the antenna array;
2) a discrete Fourier transform is applied to the re-
sulting set of numbers

Mz

N Q ‘:/
Z l"m exp( j2TEf gkﬂj,
C

n=1

.l\

Afip =K —To;

3) the obtained result is integrated over each fre-
quency f .

Simulation results

Let us perform the formation of a radar image us-
ing the signal processing algorithm (44).

Let the receiving antenna system have the form
shown in the Fig. 2. The emitting antenna is located at
the center of the antenna system. The antenna array has
a square shape, consists of 25 antennas, the distance
between the phase centers of neighboring elements is
0.8 m. The diameter of each antenna is 0.1 m.

. O O O O O

Fig. 2. Receiving antenna array geometry

The simulation is carried out for a range of fre-
quencies of the probing signal 50-70 GHz, which corre-
sponds to the capabilities of a modern radioelement
base. Thus, modern amplifiers [22-24], mixers [25],
single antennas and antenna arrays [26-28], digital sig-
nal processing devices [29, 30] allow processing ultra-
wideband signals.

In accordance with the algorithm (44), in order to
obtain the primary radio image, it is initially necessary
to calculate the spectral density of the spatial cross-
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correlation  functions of the basic APD Further, the multiplication of

Rain(app) (f.AF' (T =T, )). It is obtained as a result of

the Fourier transform of the cross-correlation function
of the basic APD for the elements of a receiving antenna
array. The cross-correlation function of the basic APD
is shown in the Figure 3.

Fig. 3. Cross-correlation function of basic APD
of elementary antennas of AA

The Fourier transform of the test image is used as
the spectral density of the spatial coherence function

I, (f,AF’) . The test image is shown in the Figure 4.

Fig. 4. Test image

Rain(APD)(f,Af’—(ﬁ—fn)) and I'g(f,AF") is per-

formed, and the resulting product is integrated over
Ar' . The inverse Fourier transform was applied to the
result of integration, and the result of the transformation
is averaged over all frequencies. As a result, a primary
radiometric image is obtained. It’s shown in the Fig-
ure 5.

The resulting primary radio image is similar to the
derivative of the test image. This is due to the periodic
form of the cross-correlation function of the basic AFR.
Despite this in the primary radar image, individual ob-
jects can be easily distinguished by visual analysis. the
quality of the image shown in Figure 3, b can be signifi-
cantly improved in the process of its secondary pro-
cessing [31-33] (for example, by neural networks,
decorrelating filter or other types of filters using [34-
36]).

Fig. 5. Primary radiometric image

Conclusions

To solve the problems of image aperture synthesis
via active remote sensing systems using stochastic ultra-
wideband signals, the mathematical structure of coher-
ent and incoherent surface images was considered and
investigated. In particular, we have considered the prob-
lem of surface imaging directly under the aircraft in the
dead zone, where conventional synthetic aperture radars
cannot provide the necessary resolution in the lateral
directions relative to the direction of their movement.
To provide an adequate description of the image struc-
ture, we introduced the new concepts for spectral densi-
ty of the spatial coherence function and the spectral
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density of the APD autocorrelation function, the use of
which is expedient when probing surfaces with stochas-
tic ultra-wideband signals and solving problems of the
corresponding aperture synthesis.

It is shown that an estimate of the incoherent im-
age synthesized based on stochastic ultra-wideband sig-
nal contains, in one particular case, mathematical opera-
tions of convolution for the effective scattering cross-
section with an array multiplier and integration over the
frequencies, the weight of which corresponds to the
probing signal spectrum. In the second case, the equiva-
lent sequence of actions contains the operations of spa-
tial Fourier transform for the product of the spatial co-
herence function spectral density with the spectral den-
sity of the APD correlation function and the similar in-
tegration over the corresponding frequency band. The
mathematical structure of the image was considered in
its general form, in the specific form for the idealized
continuous aperture, and the aperture of a real antenna
array.

As a part of future research, a model that imple-
ments the operation of the algorithm (44) will be creat-
ed, and practical results regarding the application of this
algorithm in practice will be obtained.
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MATEMATHYHHUN OIKAC MPOLECIB ®OPMYBAHHS 306PAKEHB
B HAJIIMPOKOCMYTOBUX CUCTEMAX AKTUBHOT' O AIIEPTYPHOI'O CUHTE3Y
3 BUKOPUCTAHHAM CTOXACTUYHHUX 30HAYIOUUX CUT'HAJIIB

B. K. Bonociwk, C. C. ZKuna, B. B. Ilagnixos, E. O. I]epne,
A. /1. Cookonos, O. O. LlImamko, K. I'. Benoycos

HaBoasaTbcs MaTeMaTHuHI MOJIENI MOJIIB CTOXaCTHYHUX HaIIUPOKOCMYTOBUX CHT'HANIB, HEOOXITHUX ISl BH-
pIlLICHHS 3aBAaHb arnepTypHOTo CHHTE3y 300pa’keHb METO/IaMH aKTUBHOI pajioiokariii. OOrpyHTOBaHO NOLIIBHICTh
3aCTOCYBaHHS B LUX 3aBJAHHAX V-TIepeTBOPEHb, YEKTUBHICTH SKUX BXKE JOBEACHA UL MaTEMAaTHYHOTO OIHCY
HaJIIHIPOKOCMYTOBHX IIPOCTOPOBO-YACOBHX MHOJIIB Y METOaX MACHBHOI Ta aKTUBHOI pafiofioKawii, a TAKOXK JUCTaH-
LiIfHOTO 30HAYBaHHS, 110 3aCTOCOBYIOThCS JJISl BUDILIEHHS 3aBAaHb PagioacTpOHOMIi, MEJUIIMHH, HaBiramii ToIo.
BuKOpHCTOBYIOYM Cy4acHi METOOM MaTeMAaTHYHOI'O aHANI3y Ta TEOpii CHHTE3y HAIUIMPOKOCMYIOBHX CHCTEM, JOC-
JKEHO (i3WYHY CYTHICTH Pajiio300pakeHsb, 0 OAEPKYIOThCS 33 JOIMTOMOTOIO aJITOPUTMIB KOTEPEHTHOI Ta HEKOTe-
peHTHOT 00poOKM cUrHaNiB. BiAMOBITHO 10 IIUX aJTrOPUTMIB 3aIIPOIIOHOBAHO PO3IUIMTH 300paKeHHS Ha KOTEPEHTHI
Ta HeKorepeHTHi. J[0 KorepeHTHUX 300paKeHb BiTHOCATH TaKi, B AKUX OKPEeMO (PIKCYIOThCS 1X aMInIiTyaa Ta dasza. Y
pa3i HEeKOTEPEHTHOTO 300paskeHHsI (PiKCYEThCS JTUIIE HOTO aMILTiTy1a (TIOTYXXHICTh UM TOB'I3aHa 3 HEIO XapaKTepH-
cTHKa). [ly1sl KOPEKTHOTO OMHUCY CTPYKTYPH Pafio300pakeHb, 0 OIEPIKYIOTHCS, 3alIPOBAPKEHO HOBI MOHATTS CIEK-
TpaJbHOI T'YCTHHU KOMIUIeKCHOT (yHKIIT pocTopoBoi korepeHTHOCTI (CI'K®DIIK) Ta criekrpaibHOi ryCTHHHU IpOC-
TOPOBOI aBTOKOpENALiitHOT (yHKIII amMmmuTiTyaHO-(pa3oBoro posmoniny (CITIAK® ADP). 3actocyBanns naHux ¢y-
HKIIH JOIIIBHE i MPUHIIUIIOBO HEOOXiTHE MPH BUPIIICHH] 3aBIaHb allepTYPHOTO CHHTE3Y 3 BUKOPHUCTAHHAM CTOXAC-
TUYHHUX HaJALUITMPOKOCMYTOBUX CHIHAIIB. JJaHO MaTeMaTHYHUI ONUC CTPYKTYP, IO OJEPXKYIOThCS MIPU arnepTypHOMY
CHHTe31 paxiozobpakeHb. BogHoYac MOCIHiKEHHS NIPOBEICH] Ui 3arajlbHOTO BUIAIKY BUKOPHUCTaHHS KOHTHHYa-
JBHOI (ieai3oBaHOl) anepTypH i JUI 3aCTOCYBaHHS aHTEHHOT CHCTEMH 3 IIPOCTOPOBO PO3HECEHUMHU MpUIIMaIbHU-
MU eJleMeHTaMU. BUKOHaHO iMiTalliiiHe MOJIETIOBaHHS CHHTE30BaHOTO €BPUCTHYHHM IIUIIXOM ITOPUTMY MOOYA0BH
HEKOTepPEeHTHUX pazio3o0paxeHb. OOIPYHTOBAHO MOXIIMBICTD 3aCTOCYBAaHHS aHTEHHUX DPELIITOK Ta CUHTE30BaHHX
ANTOPUTMIB arepTypHOro CHHTE3y IUIs BHPIIICHHS 3aBOaHb (GOpMyBaHHS 300pakeHb Y MEPTBIH 30HI OrJsdy, IIO
PO3TaIIOBY€EThCS O€3M0CePEIHBO i JITAIFHUM anapaToM (IpH KyTax 30HIyBaHHs, OJIM3bKUX 10 BEPTUKAIBHHX).

KalouoBi cioBa: axkTuBHMII anepTypHuil cuHTe3; (opMmMyBaHHsS 300pakeHb 3a JIONOMOIOIO pajapy;
V-niepeTBOpeHHS.

MATEMATHUYECKOE ONIMCAHUE POIIECCOB ®OPMUPOBAHUS U30BPAKEHUI
B CBEPXIIIMPOKOITIOJIOCHBIX CUCTEMAX AKTUBHOI'O AITEPTYPHOI'O CUHTE3A
C HCHTIOJIb30OBAHHUEM CTOXACTUYECKHUX 30HAUPYIOIINX CUT'HAJIOB

B. K. Bonocwk, C. C. ZKuna, B. B. Ilagnuxos, 3. A. Llepns,
A. 1. Cookonos, A. A. lImamxo, K. I. benoycoe

[IpuBogaTCS MaTeMaTUIECKHE MOJIEIH IOJICH CTOXaCTHYSCKUX CBEPXIIMPOKOIOIOCHBIX CHUTHAIIOB, HEOOXOIH-
MBIE U pelIeHUs 3ajad anepTypHOTO CHHTE3a M300paKeHWH MeToJaMu aKTHBHOW pamuonokamuyd. OO00CHOBaHa
11eJ1ec000pa3sHOCTh IPUMEHEHH B 3TUX 3agadax V-mpeobpa3oBaHuil, 3pHEeKTHBHOCTh KOTOPBIX YK€ JOKazaHa JUIs
MaTEeMAaTHYECKOTO OIHCAHMS CBEPXIIMPOKOIIOJIOCHBIX POCTPAHCTBCHHO-BPEMEHHBIX TOJIEH B METOAaX MAaCCHBHOM
U aKTHBHOM paJvOJIOKAIlNH, a TAKKE JAUCTAHIIMOHHOTO 30HIMNPOBAHMS, IPUMEHIECMBIX JUIS PEIICHHS 3a7ad pagauo-
ACTPOHOMMH, METUIIMHBI, HABUTAIIUH U Jp. VIcIonIb3yst COBpeMEHHBIE METO/IbI MaTEMaTHYECKOT0 aHAJIN3a U TEOPUU
CHHTE3a CBEPXIIHPOKOIIOIOCHBIX CHCTEM, HCCieIoBaHa (U3NIecKas CYIHOCTh PAAHON300paXKeHNH, OTYyIaeMBIX C
TIOMOIIBIO AJITOPUTMOB KOTEPEHTHOH W HEKOTepEeHTHOH 00paboTKH cUrHaioB. COOTBETCTBEHHO 3THM ajlropHTMaM
MIPEUIOKEHO Pa3/IeNINTh N300pakeHUs Ha KOTEPEHTHBIE N HeKOorepeHTHbIEe. K KOrepeHTHBIM H300pakeHIsIM OTHOCST
Takue, B KOTOPBIX Pa3AelbHO QUKCUPYIOTCS €ro aMIUIUTyAa U ¢a3a. B cirydae HEKOrepeHTHOTO U300pakeHus PUK-
cUpyeTcs TOJBKO €ro aMIUIMTy/a (MOLIHOCTh WIIM CBSI3aHHAs C HEHM XapaKTepHCTHKA). [ KOPPEeKTHOTO ONMCaHUs
CTPYKTYpPBI TOJY4aeMbIX pajMon300pakeHUH BBEJCHBI HOBBIC IOHATHS CIIEKTPAIBLHOM IUIOTHOCTH KOMIUIEKCHOM
¢yakunn npoctpancTBeHHOH KorepeHTHOCTH (CIIK®IIK) m crekTpaibHOHN MIIOTHOCTH HMPOCTPAHCTBEHHOM aBTO-
KOPPEISIUOHHON (YHKIUK aMIUTUTYAHO-(pasoBoro pacupenenenus (CIIITAK® A®P). IIpumeHeHue naHHBIX
(GyHKIMH 1eecoo0pa3sHo U MPHHIMINAIBHO HE00XOIMMO NMPH PELICHHH 3a/[ad alepTypHOrO CHHTE3a C UCIIOJNB30-
BaHMEM CTOXAaCTHYECKHX CBEPXIIMPOKOIIOJIOCHBIX CHTHAIOB. J[aHO MaTeMaTH4ecKoe ONMMCaHNuEe CTPYKTYp, IoIydae-
MBIX IIPH allepTypHOM CHHTE3e paanon3odpakeHui. [Ipu 3ToM mccimegoBaHus MPOBEAEHB T OOIIEro ciaydas Hmc-
TI0JIb30BaHUSI KOHTHHYAJILHOH (MIeaTM3MPOBAHHON) anlepTypbl, ¥ Il IPIMEHEHHUs] aHTEHHOM CUCTEMBI C IPOCTPaH-
CTBEHHO Pa3sHECEHHBIMHU MPUEMHBIMH IEMEHTaMH. BEITIOTHEHO MMHUTAIIMOHHOE MOJIENHPOBAaHIE CHHTE3NPOBAHHO-
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IO 3BPUCTHYECKUM ITyTEM aJITOPUTMAa MOCTPOEHHSI HEKOT€PEHTHBIX pasron3oopaxeHnii. O60CHOBaHa BO3MOKHOCTD
MIPUMEHEHNSI aHTEHHBIX PELIETOK M CHHTE3MPOBAHHBIX AJITOPHTMOB alEpPTypHOTO CHHTE3a JUIA PEIICHUS 3aaad
(hopMupoBaHUS H300paKEHNH B MEPTBOH 30HE 0030pa, pacroaaraéMoil HEMOCPEACTBEHHO IO/ JIETaTEIbHBIM ama-
paroM (TIpH yriaax 30HIUPOBaHUS OJIM3KHX K BEPTUKAIBHBIM).

KiaoueBble cioBa: AKTHBHBIM amepTypHBI CHHTE3; MOCTPOCHHE W300pa’keHHA C MOMOINBIO pajaapa;
V-npeoOpa3oBaHus.
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