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MULTI-VALUED DECISION DIAGRAM
IN IMPORTANCE ANALYSIS

The importance analysis allows reliability estimation depending on the system structure and its components
states. Importance measures quantify the criticality of a particular component. Multi-State System (MSS) is
mathematical model in reliability analysis that is used for description system with more than two levels of per-
formance. Multiple-Valued Logic mathematical approach is used for MSS reliability analysis. New algorithms
for calculation of the importance measures based on the methods of Logical Differential Calculus and Binary
(Multi-Valued) Diagram are proposed taking into account features of MSSs. Benchmarking algorithms have
been driven to the number of variables; number of driven nodes is foreseen to find all possible states. Accord-
ing to tests the two proposed algorithms are similar in point of view of computation complexity.
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Introduction

The principal problem in reliability engineering is
analysis of system failure [1, 2]. Therefore the initial
object for analysis is represented as system with two
possible states as working and failure. Multi-State Sys-
tem (MSS) is mathematical model in reliability analysis
that is used for description system with some (more than
two) levels of performance (availability, reliability)
[1, 3]. Examples of the MSS application in reliability
engineering are in [1 —4].

The MSS importance analysis is one of directions
for estimation of MSS behavior [4 — 8]. Importance
analysis is used for MSS reliability estimation depend-
ing on the system structure and its components states.
The theoretical aspects of importance measures of MSS
have been extensively investigated. Quantification of
this is indicated by Importance Measure (IM).
A.Lisniansky and G.Levitin [3] defined basic impor-
tance measures for MSS. They investigated basic IM for
system with two performance level and multi-state
components and their definitions by output performance
measure have been considered in [3, 7]. Authors of pa-
per [8] have been generalized this result for MSS and
have been proposed new type of IM that is named as
composite importance measures. New methods based on
Logical Differential Calculus for importance analysis of
MSS have been considered in paper [5, 9]. In papers [7
— 9] for MSS define IM such as Structural Importance
(SI), Criticality Importance (CI), Birnbaum importance
(BI), Component Dynamic Reliability Indices (CDRI)
and Dynamic Integrated Reliability Indices (DIRI).

Structural Importance (SI) is concentrate on the

topological structure of the system. There determines
the proportion of working states of system in which the
working of the i-th component makes the difference
between system failure and working state.

Birnbaum importance (BI) of a given component
is defined as the probability that such component is crit-
ical to MSS functioning. Next represents loss in the
MSS when the i-th component was fails.

Component Dynamic Reliability Indices (CDRI)
estimates the influence of the i-th component state
change to MSS and is probability of MSS performance
change depending on the i-th component state change.

Dynamic Integrated Reliability Indices (DIRI) is
defined as the probability of MSS failure that was
caused by the one of system component state break-
down.

The MSS performance level changes from zero to
(M-1) and has M possible values. Each of n system
components can be in one of mi (i =1, ..., n) possible
states: from the complete failure (it is 0) to the perfect
functioning (it is mi-1). A structure function is one of
typical representations of MSS [2, 5] and is defined as:

o(x): {0,...,m;-1}x...x{0,...,m,-1}—{0,....M-1}, (1)

where Xx; is the i-th component; x = (xy, ..
of components states.

The structure function (1) represents system with
two possible states (working and failure) if mj=m; =M
i#j;1,j=1,...,n).

Every system component states x; is characterized
by probability of the performance rate:

., Xp) 18 vector

pi’S=Pr{Xi=Si}, S=0,...,m—1. (2)
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In this paper we use the Multiple-Valued Logic
(MVL) mathematical approach for MSS reliability
analysis. The mathematical tools of MVL as Logical
Differential Calculus for MSS quantification have
been proposed in [10, 5]. The Logical Differential Cal-
culus is mathematical tool that permits to analysis
changes in function depending of changes of its vari-
ables. Therefore this tool can be used to evaluate influ-
ence of every system component state change. The
principal disadvantage of the Logical Differential Cal-
culus application in reliability analysis is increase of
computational complexity depending on number of
system component. In this case the Multi-Valued De-
cision Diagram (MDD) is used for initial function rep-
resentation in MVL [11].

MDD is generalization of Binary Decision Dia-
gram (BDD). BDD is an efficient method to manipu-
late the Boolean expression and, in most cases, BDDs
use less memory to represent large Boolean expres-
sions than representing them explicitly [12]. BDD is
widely used in reliability analysis for Binary-State
System analysis because a system is either in the op-
eration state or in the fail state [12, 13]. MDD is natu-
ral extension for MSS analysis [14, 15]. But the MSS
representation by MDD causes development of new
algorithms for system reliability analysis. In papers [9,
16] algorithms for calculation of the IM are proposed.
But simple adaptation of traditional calculation of the
IM is used in these algorithms and advantage of MDD
isn’t exploited. We proposed new algorithms for IM
calculation based on MSS representation by MDD.
Logical Differential Calculus is used in these algo-
rithms too.

1. Logical Differential Calculus

Calculation of IMs is based on different mathe-
matical approaches and Logical Differential Calculus is
one of them. Methods for MSS importance analysis
have been proposed in [5, 14].

Logical Differential Calculus of MVL function in-
cludes different methods and algorithms for estimation
of influence of variable/variables value change to the
function value modification. Direct Partial Logic De-
rivatives (DPLD) are part of Logic Differential Calculus
and can be used for analysis of dynamic properties of
MVL function or MSS structure function.

These derivatives reflect the change in the value of
the underlying function when the values of variables
change [5].

DPLD with respect to variable x; for MSS structure
function (1) permits to analyse the system performance

level change from j to ] when the i-th component state

changes from s to §. This change is defined by the de-
rivative:

dp(j — 7)/ox;(s > §) =

_ L if @(si,x) = jand (5, %) =j 3)
0, other

where @(a;, X) = Q(X1,...s Xils S5 Xitlo---» Xn); O(5;, X) =
O(X15eees X1y S » Xitlseeor Xn); 8, S € {0,...,m;} and j,
je {0,...M-1}.

The structure function (1) of coherent MSS has
following assumptions [2]:

a) the structure function is monotone;

b) all components are independent and relevant to
the system.

Therefore the DPLD (3) for the coherent MSS per-
formance level reduction is defined as:

op(j—> j-1/ox;(s >s-1) =

_ L if e(sj,x)=jand ((s—-1);,x)=j-1  (4)
10, other

because the assumptions a) and b) cause gradual chang-

es of the function value depending on the same variable

change.

For example, consider the MSS of four component
(n=4) in Fig. 1. The influence of the first variable failure
to the MSS failure can be analyzed by DPLD
0¢p(1—0)/0x;(1—0). This derivative has eight nonzero
values for variables vector x = (X; X; X3 X4): (1 1 0
1-0), (1102-0), (1010-0),(1011-0),(101
2-0), (1 110-0), (1 111>0)and (111 2-0).
Therefore the failure of the first component cause the
system breakdown for working state of the second, the
third and the fourth components or working state one of
them. The system isn’t functioning if the second and the
third component are failed and failure of the fourth
component hasn’t influence to the system performance
level change.

Therefore DPLD allows discovering the boundary
system state for which change of the i-th system com-
ponent state from s to s-1 causes modification of the
MSS performance level from j to j-1.

2. Multi-Valued Decision Diagram

A MDD is a directed acyclic graph of MVL-
function representation [11]. For the structure function (1)
this graph has M sink nodes, labelled from 0 to (M-1),
representing M corresponding constant from 0 to (M-1).
Each non-sink node is labelled with a structure function
variable x and has mi outgoing edges. In the MSS reli-
ability analysis the sink node is interpreted as a system
reliability state from 0 to (M 1) and non-sink node pre-
sents either a system component. Each non-sink node has
mi edges (Fig.2) and the first (left) is labelled the “0”
edge and agrees with component fail, and the mi-th last
outgoing edge is labelled “mi -1 edge and presents the
perfect operation state of system component.
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Fig. 1. The MSS example forn=4, M =3 and m = (3, 2, 2, 3)

Graphical
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The paths from top non-sink node to the zero-sink
node are analysed for a MSS failure. The paths from top
non-sink node to another sink node are considered for
system repair by means of MDD. There is special soft-
ware for MDD that allows calculating necessary meas-
ures [11]. In particular, the paths for system failure and
system repair can be determined by it. For example, the
MSS representation in Fig. 1 by MDD is in Fig. 3.
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Fig. 3. MDD for structure function
of the MSS in Fig. 1

3. MSS Importance Analysis

Consider definition of some IM in introduction in
terms of DPLD. The SI takes into account the topologi-
cal specifics of the system. It is used for analyzing such
systems, which are in designs or we don’t know the
entire structure of the system. SI of the MSS for the i-th

component state s is probability of this system perform-
ance level j decrement if the component state changes
from s to s;-1 depending on topological properties of
system:

S,

Is(s; [ )= )

i
n—1
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where pis’j is number of system states when the change

component state from s to s-1 results the system per-
formance level decrement and this number is calculated
as numbers of nonzero values of DPLDs (4).

The modified SI represent of the i-th system com-
ponent state change influence to MSS performance level
decrement for boundary system state. In terms of DPLD
(4) modified SI is determined as [5]:

S,J

Pi (©)

Ipvs(si 1)) =——
pi(S,J)

where pis’j is defined in (5); pi(Si )" is number of bound-
ary system states when
o(si, X) =]

(it is computed by structure function of MSS (1)).

Birnbaum Importance (BI) of a given component
is defined as the probability that such component is crit-
ical to MSS functioning [7, 8]. BI is probabilistic meas-
ure that can be interpreted as rate at which the MSS fails
as the i-th system component state decreases:

Ig(s; | ) =Pr(dp(j— j-1)/xi(s »>s-D), (7)

BI measures (7) depend on the structure of the sys-
tem and states of the other components, but is independ-

ent of the actual state of the i-th component.

CDRI indicates the influence of the i-th component
state change to MSS performance level change [14].
This definition of CDRI is similar to definition of modi-
fied SI, but CDRIs for MSS failure take into considera-
tion two probabilities: (a) the probability of MSS failure
provided that the i-th component state is reduced and (b)
the probability of inoperative component state:

Icpri i [1) =Ims(8i 1) Pis—1 ®)

where Iyg(s; | ]) is the modified SI (6); p; ¢ is probabil-
ity of component (2).

DIRI is the probability of MSS performance level
decrement that caused by the one of system components
state deterioration. DIRIs allow estimate probability of
MSS failure caused by some system component (one of

n):

Ipri(s])) =
= > TepriGi D[ T -Tepritsq 1) @)
i=1 q=1
q#1

The IM (5) — (9) are defined based on the DPLD
(4). Therefore the algorithms for calculation of the
DPLD by MDD are principal part for quantification of
the MSS that is represented by MDD. There aren’t es-
tablished algorithms for calculation DPLD by the MDD.
In paper [17] algorithm for calculation Boolean Partial

Derivative by the BDD has been proposed only.

Furthermore, we consider the calculation of the
state degradation of components due to the degradation
state system. This change in state of a component or
system will be called change from actual state to future
state. Now is showed calculate this DPLD by MDD.
The basic principle consists in searching the MDD and
acquiring “appropriate routes”. Appropriate route con-
tains the actual (future) state of critical component for
which calculate DPLD and leaf with the actual (future)
state of the system. To determine these routes is sug-
gested two possible algorithms, which permit a review
of MDD. As a firs is presented an algorithm “from the
root” on Fig. 4. This algorithm is initialized with root
of MDD. Recursive searching is searched a MDD and
identify the appropriate routes. If encounters at the
recursion searching at some conflict with specified
compute DPLD, in this route searching has stopped.
This increases the efficiency of browsing the MDD,
because are eliminated “irrelevant” routes that in this
calculation is not important. Similarly is worked the
second type of algorithm “from the leaf” presented on
Fig. 5. As opposed to the first algorithm, that is required
to initialize twice: first time with leaf of actual state of
system and second time with leaf of future system state.
The results of browsing MDD are suitable roads that are
partial results and are presented on Fig. 5.

These roads still need to be compared with each
other to find out what is already identifying DPLD cal-
culation.

In comparing is also important to find routes that
are different in the state of the whole value system that
is a value in the actual and future state and in a state
(actual, future) of component, whereby DPLD is calcu-
lated. On Fig. 6 are these routes presented a highlighted.
In these routes the just get a state value of other compo-
nents, what is the result of the calculation of DPLD.

Conclusion

In this paper MDD were considered to calculate
the reliability indices by DPLD. The basic principles of
MDD application in reliability analysis were presented.
New algorithms for calculation of the DPLD for MSS
structure function are proposed and tested based on
Benchmark [18]. This benchmark has in the PLA —
EXPRESSO format, which is used for Boolean func-
tions. Therefore, the tests carried out on BSS con-
structed on the basic of the benchmarks. Benchmarking
algorithms have been driven to the number of variables.
Number of driven nodes is foreseen to find all possible
states, which is possible calculate the DPLD. Tested
BSS are shown in Fig. 7. According to tests the two
proposed algorithms are similar in point of view of
computation complexity.
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Figure 4. Algorithm 1 “from the root”
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analysis 2. Algorithm “From the Leaf" /
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Figure 5. Algorithm 2 “from the leaf”
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PenenszenT: n-p TexH. Hayk, npod. B.A. 3acnaBckuii, KueBckuii HaumoHanbHbIH yHUBepcuTeT nMenn Tapaca IlleB-
YeHKO, Y KpauHa.

BAT'ATOPIBHEBI IIATPAMMU PIIIEHb
Y AHAJII3I 3BHAYYIIOCTI

0. 3aiiuesa, B. Jlesauienxo, H. Kocmonvnu, B.C. Xapuenko

AHai3 3Ha4yoCTi POOUTh MOXKIIMBOIO OLIHKY Ha/IIHHOCTI B 3aJI)KHOCTI BiJI CTPYKTYpH CHCTEMH Ta CTaHy ii
€JIEMEHTIB. 3HAYyIIiCTh BU3HAYA€ PIBEHb KPUTHYHOCTI OKPEMOro eileMeHTy. Mogeni cucreM 3 0araTopiBHEBOO
JIeTpaaliero aHami3yroTees. s aHami3y BUKOPUCTOBYEThCS OararopiBHEBa MaTeMaTH4Ha JioTika. [IpomoHyroTses
HOBI aJITOPUTMH JUIsl BU3HAYEHHS MTOKA3HUKIB 3HAYYIIOCTI, SIKI 0a3yIOThCSl HA METOZAX JIOTIYHOro Au(epeHiiHoro
yucieHHs Ta OiHapHux (OaraTopiBHeBHX) Aiarpam. [IopiBHSJIbHMI aHami3 aJrOpUTMIB 3IHCHIOBABCS MO YHCIY
3MIHHHX; KUIBKICTh KEPOBaHUX BY3IIiB Iepe0adeHo Ui 3HAXOIDKEHHS BCIX MOXIMBUX craHiB. Ilinmcymku mocii-
JOKEHHS! TI0Ka3aJIu, 110 JIBa 3alPOIOHOBAHKUX aJTOPUTMY CXOKi 3 TOUKHU 30pY CKIIaJHOCTI O0YHCIIEHb.

Kunouosi ciioBa: cucremu 3 6araTopiBHEBOO Npale31aTHICTIO, OaraTtopiBHEBI JiarpamMH pillieHb, MpsiMa YacTKOBa
JIOTiYHA M[OXIIHA.

MHOI'OYPOBHEBBIE TUAPAMMBI PELIEHUI
TP AHAJIM3E 3HAYUMOCTHU

E. 3aiiuesa, B. J/lesawuenko, H. Kocmonvns, B.C. Xapuenko

AHanu3 3HaYMMOCTH JIeNaeT BO3MOXHOH OIEHKY HaJleKHOCTHU B 3aBUCUMOCTH OT CTPYKTYPHI CUCTEMBI U CO-
CTOSIHUS €€ 2JIEMEHTOB. 3HaYMMOCTb OIPE/ENIsAeT ypOBEHb KPUTUYHOCTH OTAEIBHOIO 3JIeMeHTa. Mozenu cucreM ¢
MHOT'OYPOBHEBOM Jerpajaiyeil aHaJu3upyroTcd. MHOroypoBHEBas MaTeMaTWdecKas JIOTHKA HCIIONIb3YyeTcs s
aHanu3a. [IpemiaraloTcs HOBbIE aJrOPUTMBI JUIsl BBIYHMCIICHUS MTOKa3aTeliedl 3HAYMMOCTH, KOTOpble 0a3upyroTcs Ha
MeToJax JIorudeckoro AuddepeHnnansHOro UCYUCIeHUss M OWHApHBIX (MHOTOYpOBHEBBIX) Auarpamm. CpaBHH-
TENbHBIA aHAJIU3 aJTOPUTMOB OCYILIECTBISUICA IO YUCIY NEPEMEHHBIX; KOJIWYECTBO YHPABISEMbIX Y3JIOB Mpedy-
CMOTPEHO JUIS HaXOKJICHHUS BCEX BOBMOXKHBIX COCTOSHUM. VITorn necneqoBaHus OKa3aiy, YTO J1Ba MPEeUI0KEHHBIX
aJrOPUTMa CXOXKU C TOYKH 3PEHUS CI0KHOCTU BBIYUCICHUH.

KnroyeBble cj10Ba: cUCTEMBI C MHOTOYPOBHEBOI pabOTOCIIOCOOHOCTHIO, MHOTOYPOBHEBBIE JUArPaMMBbI pellle-
HUM, IpsMas 4acTHas Jorudeckas Ipou3BOJHAS.
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