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ATOMIC WAVELETS

The problem of existence and construction of the atomic wavelet system, which consists of infinitely differenti-
able functions with a compact support, is considered. Formulas for evaluation atomic wavelets are obtained.
Examples of applications of atomic wavelets to approximation of some functions are presented. Compactly
supported solutions of some functional differential equations and their properties are considered. A new class
of atomic functions is introduced. Approximation properties of the linear spaces of finite linear combinations
of translates of the atomic functions are presented.
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Introduction

The theory of wavelets is an intensively develop-
ing branch of pure and applied mathematics. Methods of
wavelet analysis are used in astronomy and astrophysics
[1, 2], computer graphics [3-5], digital signal processing
[6-9], economics [10, 11], geophysics [12, 13], medi-
cine [14] and so on. There are many monographs on
mathematical aspects of the wavelet theory [15-18].

There are many ways of defining a wavelet. Gen-
erally, the function ¢ € L,(R) is a wavelet, if the sys-

tem of functions

Kk
Q= {22 .(p(zk ~x—j)}
k,jeZ

is an orthonormal basis of L,(R) [19]. The system Q

is constructed using translates of one function. In this
case we shall say that Q is a stationary wavelet system.
Let us remark that there is no stationary wavelet system,
which consists of infinitely differentiable functions with
compact support [20].

In this paper we consider the problem of existence
and construction of the atomic wavelet systems that
consist of infinitely differentiable compactly supported
functions.

1. Formulation of the problem

Consider the functions

o0 o0
fa() =5 [ ™ By (Ddt, ga(x) =5 [ ™G, (0t
—00 —00
where
sin fil
Fn (t) = gt F(Ln)a
4n+] 4

gin__t n+l
_ 4n+] . t
Go(=| = F( ).
4n+]
0 sinT:
F(t)=H 2? -cos—- and n=0,1,2,....
k=l & 4

Let vy (x) =1y (X—ﬁ) s Vo1 (X) =gk (X - ;:,2] )

for any k=0,1,2,....
differentiable [21].
By V, denote the linear space of functions ¢(x)

These functions are infinitely

such that @(x)= Z ci () vy (X—Ln), where (o)
kel(p) 2
is a finite subset of integers. It was proved in [21] that
VocVic..cV,c....
In this paper we define the inner product of two
functions f,g € L,(R) as the integral j f(x)-g(x)dx .
R
Let W, be the space of functions ¢ €V, such

that @ L W, .

Theorem 1 [21]. For any natural n there exists
the function w,(x) such that

1) the system of functions {wn (x - nj_] )} is a
2 jeZ

basis of the linear space W, ;

2) supp w,(x) < [0,&2& ;
2"

3) for any m=0,1,...,[”T+1J—1

jxm~wn (x)dx =0.
R
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W, is a space of wavelets. The system of func-

. . j .
tions Q= {VO(X -J)hw, (x S )} ~ is a nonsta-
neN,jeZ

tionary wavelet system [18, 22].

Notice that the function fj;(x) is the function
mup, (x) , which was introduced by V.A. Rvachev and
G.A. Starets in [23]. The function F(t) is a Fourier
transform of mup,(x). Therefore we can say that con-
struction of V,, W, and Q is based on mup, (x) . This

function is a solution with compact support of the func-
tional differential equation

y'(x)=2- (y(4x +3)—y(@dx -1 +y(@Ex+1)—-y(4x - 3))
and belongs to the class of atomic functions [24, 25].
Thus we shall say that w(x) is an atomic wavelet.

Note also that theorem 1 is an existence theorem.
This result can not be used in practice for solution of
some applied problems.

The aim of this paper is to generalize theorem 1
and obtain formulas for evaluating atomic wavelets.

2. Solution of the problem
2.1. The function mup(x) and its properties

Consider atomic function

0
mupq(x) = 2= j ™ F, (t)dt
—00
0 Sinz[s‘th
where Fs(t)zn% and s=2,3,.... The
s -SIn
k=17 gk T ek

function mupg(x), which is a solution with a compact

support of the functional differential equation

S
y'(x) =2~Z(y(2s~x+2$—2k+1)—y(25~x—2k+1)) ,
k=1
was introduced by V.A. Rvachev and G.A. Starets in
[23]. Let us remark that this function is a generalization
of the function
t

o 0 sin—k
1 1tX 2
up(x)=ﬁ~ je 'HTdt,
—o0 k=l ok

which is a compactly supported solution of the equation
y'(x)=2-(y2x+1)-y(2x -1)) [24, 25].

The function mup,(x) has the following proper-
ties:

1) mupy(x)e C” [23];

2) mupg(x) is an even function [23];

3) supp mupg(x) =[~1,1] [23];

4) mupg(0) =1 [23];

5) a Fourier transform of mup,(x) is an entire
function of exponential type [24];

6) mupg(x)>0 forany x € (-L1).

To prove the last property we use the formula

1
mupg (—1 +—1 j =Cgp - j (=t+ D" -mupg (t)dr,
s(2s)" ’ b
h R L ) dn=0,1
where ¢ = —— a8 = ,3,...and n=0,1,...
nk(2s) 2
(see lemma 2 in [26]). Let x, , =—1+ L It follows
’ s(2s)"

from properties of mupg(x) that mupg (xs,n ) >0.
Consider any x( €(-1,0). There exists ne N such
that xg, <x(. The function mupy(x) increases on
[-1,0] (the proof can be found in [27]). Then
0 < mupg (xs’n ) < mupy (xo) . Combining this with
properties 2) and 4) we obtain that mup,(x) >0 for any
xe(-L1).

The function mup,(x) and its Fourier transform
will be used to generalize theorem 1.

2.2. Functions Fmup,, , | (x)

Denote by m any natural number.
Consider the functions

n

sin 2Tt
v (t) = pm+h(nt) | ( t )
m,n,0 oM ¢ om on(m+1) |?
H(m+1)(n+1)
m—k n+l
e | MR
Pk 0= =5 —| - T1 cos i
S(m)(n+1) j=0

t
% Fzm (2(n+1)(m+1) j’

where n=0,1,2,..., k=1,...,m and Fzm (t) is a Fou-
rier transform of the function mup Hm (x). These func-
tions are entire functions of exponential type. Moreover,
for any n=0,1,2,... and k=0,1,...,m the function
Fnnx(t) approaches to zero faster then t! for any

natural j. The function F,, , 1 (t) is an atomic function.

0
Let Frnupm,n,k (x)= 2]_1.5 j eltx 'Fm,n,k (tdt,
—00
and k=0,1,...,m. It follows from
the Wiener-Paley theorem [28] that Fmupy, ,  (x) =0

where n=0,1,2,...
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n+2

for any x such that |X|>W

. Furthermore,

these functions are infinitely differentiable.
From the properties of the Fourier transform it fol-
lows that

n+2
n+2
qupm’n,k (X) = n1+] . Z . ><
2]

2m—k.j_2m—k—].(n+2) |
2(m+])(n+]) ? ( )

x Fmup, o 4 (X +

. n+l/h 41
Frnupm,n,m (x) = il RS
S

2+ o™ (h42)
x Fmup , 41,0 (X+W , 2
where n=0,1,2,... and k=0,1,....m—1.
Note that the function Fmup,, , , (x) is a gener-

alization of the function Fup, (x) [24, 25].

2.3. Atomic wavelets

Let m be a fixed natural number. Consider the
function

Vinn(m+1)+k (X) = Fmup, ¢ (X —W)
where n=0,1,2,... and k=0,1,...,m.
By Vinn denote the space of functions ¢(x) such
that  @(x)= Z (@) Vi n (x—%), x e R, where
j€l(e) 2
I(p) is a finite subset of integers, n=0,1,2,...
Let WUP,, , ={q)e Vi : (pJ_Vm’n_l} for any

natural n.
The following result was obtained.

Theorem 2. For any m=1,2,... and n=1,2,...

: )}
-1
2" jeZ

there exists the function wup,, , (x) such that

1) the system of function {wupm’rl (x -

is a basis of the linear space WUPy, ,,;

2) supp wup,, ,(x) < [0,;%_2,} ;

3) j WUp,  (x)dx =0.
R

We say that the function wup, , (x) is an atomic
wavelet, the space WUP,, , is a space of atomic

wavelets and the system of functions

Qm = {mup m (X _j)a Wupm,n (X - nJ—] )}
2 2 neN,jeZ

is a system of atomic wavelets.
Theorem 2 is a generalization of theorem 1.

2.4. Functions g,  (x)

First note that theorem 2 is only an existence theo-
rem. We need convenient formulas for evaluation
atomic wavelets. In this subsection we introduce the

functions g, , (x) that will be used to construct atomic

wavelets w, , (X) .
Let gy (x)= sz Fmup;, o (x), k=0,1,...,m.

These function combine the following properties:

Emx(x)eC”, (3)
SUpD 2o (X) = [‘fk’ﬂ , 4)
Zm,k (x)= %'(gm,kﬂ (X _ﬁ) +2- Zm,k+1 x)+

+8m,k+1 (Hﬁ)) k=0,1,...,m=1. (5

The proof of these properties is trivial.

Fig. 1. Graphs of g; o(x) and g;;(x):
——go(®); ———— - g1 (%)

Let Gm be the space of functions @(x) such that
ox)= ch “8mm (%_2%]) , X €[-m,m]
]

and ¢® (-n) =™ (1) for any p=0,1,2,.... Dimen-

sion of G is equal to 2™

By le denote a class of functions feCp_;
such that f(-n)=f(n),

and ||f’||L2 L S 1.

f(x) is absolutely continuous

The following theorem was obtained.
Theorem 3. For any natural m it is true that

~1 ~ 1
By (WZ,Gm) <C-d (Wz,Lz[—n, n]),
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where Ey (K,L) = sup
peK
proximation of the class K by L in norm of X;
dy(K,X)= inf Ex(K,L) isthe Kolmogorov
dimL=N

inf || — is th -
‘LréL”(p vl is the best ap

width [29].

X
Fig. 2. Graphs of g; ((x), g, 1(x) and g5 5(x):
—— =g 0(X); ———— — g (X); e — g22(X)
y
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Fig. 3. Graphs of g3 ((x),831(x),832(x) and g33(x):
——g30(X); ——— = g31(%); ———— = g32(x);
...... —_ g3’3 (X)

So gmm(x), which is infinitely differentiable

function with a compact support, has good approxima-
tion properties.

2.5. Construction of atomic wavelets

First note that for any me N, k=0,1,...,m and

f € Vip x the following formula is true

f(x)=;cj(f)-gm,k(x—2lk).

Let m and k be fixed numbers such that me N
and k=1,....m.

J

5 .
Consider the function ¢(x) = j%:xj “Emk (x 3k ) )
From (4) it follows that this function belongs to

WUP,,  if and only if it satisfies the condition

0 L gt (x-15 ] (©)

for any p=0,1,2,3. Therefore a necessary and suffi-
cient condition for @(x) to be an element of the linear

space WUP,, | is that coefficients x; satisfy the system

of linear algebraic equations

5
[m,k]

X =0, 1=0,1,2,3.

Using (4) and (5) we get

(bm’k +%am,k)-x1 +2bmk Xy =0

(bm’k +%am,k)-x1 +(am,k +bm,k ) Xy +
+(bm’k +%am’k)-x3 +2bmk Xg =0

%bm,k ‘X2 +(bm,k +%am,k ) X3+

1 —
+(am’k +bm’k)'X4 +(bm,k +5am,k)~x5 =0

1 1 _
Ebm,k Xy +(bm,k +3am,k ) X5 = 0

where a, | = jgzm’k (x)dx,
R

bk = Igm,k (%) 8mk (x —sz)dx (table 1).
R

It is easy to solve this system. We get x; =a.- (—bm’k ),
Xy =oc-(am’k +2-bm,k), X3 =oc-(—2-am’k —2-bm,k),
X4 = oc-(am’k +2-bm,k) and x5 = oc-(—bm,k), where

o is an arbitrary real number.
Consider the function

L

1
2k)+(am,k +3'bm’k)><

3 )+
2
+(am,k +%'bm,k)'gm,k (X _;ik)_bm,k “8m,k ( )

X~k
5
It is clear that wup,, | (x) € WUPy, . Furthermore, the

WUpy, k (x)= _bm,k "8m,k (

X8m,k (X _zik) + (_2) ' (am,k + bm,k ) “8m,k (

X ——
2k

J

T )} is a basis of
2 jeZ

system of functions {wupm’k (x -
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the linear space WUPy,

is an atomic wavelet.

. This yields that wup, y (x)

Table 1

Values of ap,y and by, i

Amk

bm,k

0.6916650904158232

0.15417717500562

0.3833333333333334

0.05833333333333

0.6729161412497189

0.16354192937514

0.3458322824994376

0.07708385875028

0.1916656158327709

0.02916666666667

0.6682764606040972

0.16586176969795

0.336505495916527

0.0817235393959

0.1729161412497188

0.03854192937514

0.0958322824994376

0.01458385875028

0.6670691151510244

0.16646544242449

0.3341382303020486

0.08293088484898

0.1682764606040973

0.04086176969795

0.0864580706248594

0.01927096468757

0.0479161412497188

7.2919293751-107

0.6667672787877559

0.16661636060612

0.3335345575755122

0.08323272121224

0.1670691151510243

0.04146544242449

0.0841382303020486

0.02043088484898

0.0432290353124297

9.6354823438-107

0.0239580706248594

3.6459646878-107

0.666691678710315

0.16665423113816

0.3333836393938779

0.08330818030306

0.1667672787877561

0.04161636060612

0.0835345575755121

0.02073272121224

0.0420691151510243

0.01021544242448

0.0216147446992911

4.8177411719-1073

D[N | BRI WIN| PO N [WINI~[O|PAR|WIN|R,|OQ|IWIN|~R|O|N |~~~

0.0119790353124297

1.8229823438-107>

So we obtain formulas for evaluation atomic wave-
lets wupp, x (x) for any meN and k=1,....m. We

see that these functions are finite linear combinations of
gmk(x). It follows from (5) that we need only

gmm(x) to evaluate all other functions (see fig. 4-6).

This property is very convenient for applications.

Thus atomic wavelets wup,, y (x) combine the

following properties:

1) wupy,  (x) is infinitely differentiable (this im-

plies form (3));
2) supp wupy, k(X) = [0,23—_]} (4);

3) for any natural m the system of functions

mupzm (x— J), WUpp, k (X _ﬁ)}
2 k=l,....m;jeZ
has ‘good’ approximation properties (see theorem 3).

AY

Fig. 4. Graph of wup ;(x)

Fig. 5. Graphs of wup; ;(x) and wup; 5(x) :

—— —wupy(X); ———— — wupy»(x)

Fig. 6. Graphs of wups;(x), wup; »(x) and
wups 3(x) 1 —— — wup3 1(X) ;
RN — wup3’2 (X) ; ...... —_ wup3’3 (X)
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2.6. Examples AY
T1
In this subsection we shall consider several exam-
ples. The function system
Q3 = mupg (X — j), wups (x —ﬁ)}
2 k=1,2,3; jeZ 5 :q :
will be used. - 10 x
By f(x) denote the best approximation of the
function f(x) e L,(R) by functions of the system Q;. 14
Example 1. Consider the function
10-¢~(9’ 0,10
f(x) = e , x€[0,10] a
0, x £[0,10]
A
110 T!
! I
0 s 107 X
T5
T-1
[ (] }
0 15 I1'|]' x b
a Fig. 8. Graphs of f(x) and f(x):
AY a — graph of f(x); b — graph of f(x)
+10 ‘
S |y €[0,10]
Example 3. Let f(x) =4 (x-5)"+1
0, x £[0,10]
4= AY

- : - —

0 s 1'[|'X n
b Af\l\ f\n;-.,a_
10 X

VY

Fig. 7. Graphs of f(x) and f(x):

a — graph of f(x); b — graph of f(x)

Example 2. Consider the function U
sin(g-x), x €[2,8]
0, x ¢[2,8] Fig. 9. Graph of the function f(x)

f(x)=
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A
+1

Lnl
DAY,

Fig. 10. Graph of the function f(x)

Example 4. Consider the function
F(x) = sign(x —95), x €[0,10]
0, x [0,10]

~ I
b

b

Fig. 11. Graphs of f(x) and f’(x) :
a — graph of f(x); b — graph of f(x)

2.7. Applications of the atomic functions

In this subsection we consider applications of
atomic functions to the theory of generalized Taylor
series.

By H, denote the class of functions f eCf‘iU]

n(n+l1)

f(”)(x)‘gc(f)~p“~2 2 for any

such  that

n=0,1,2,.... It was proved in [25, 30] thatif f e Hy,
pe[l,2), then f(x) expands in the generalized Taylor

series
0
f)=3 > £ (x4x) @i (),
n=0keNy
where N ={-1,0,1} and x(y =k, ke Ny;

N, ={—2““,—2““ +1,...,2““}, n#0;

Xn k =2nL—]’ n=0, kENn.

Basic functions ¢, (x) are the finite linear combina-
tions of translates of the atomic function up(x) .

Let Hy ¢ (s=2,3,4,...) be the class of functions

n(n-1)
f(”)(x)‘ <c(f)-al -2 -(2s) 2

feCZyy) such that

for any n=0,1,2,.... The generalized Taylor series for
functions of these classes was introduced by V.A. Rva-
chev and G.A. Starets in [23]. It was shown in [23, 31]
that if f eH

the generalized Taylor series

f(x)= Z Z £ (Xs,n,k )'(ps,n,k(x) +

n=0{ keNg ,

and o €(1,2s), then f(x) expands in

o,s

2 *
+ Z A" (f(n);xs,n,p)'\‘/s,n,p(x) >
peDs n s(2s)

where Af (f;x)=f(x+h)—2-f(x)+f(x—h);
Ngo ={-10,1} and xqy =k, ke Ny;
Ny, = {—s-(Zs)”_l,...,s~(2$)n_l —1,s~(25)n_l};

— kK forkeN

= ] and ne N;
s(2s)"

Xs,n,k s,n

D, , ={1,2,...,(2s)”+‘}\{j-s} ,n=012,..;

*
p
X =—1+
s,n,p S~(2$)n

,n=0,12,..., peDS’n.

The basic functions ¢, (x) and Wsnp(X) are de-

fined by conditions: ¢, €Hjg, s, , €Hjg and

o0y (Xem.j) =30 8, Wiy (Xm.j) = 0



44 ISSN 1814-4225. PAAIOEJIEKTPOHHI I KOMITI'YOTEPHI CUCTEMMU, 2012, Ne 1 (53)

2 (m) . _* —
A", (‘Ps,n,k »Xs,m,q ) =0,
s(2s)™
2 ¥ —
A” (‘Vg,mn?p’xs,m,q)_ Sy +3p.
s(2s)™

where n=0,1,2,..., m=0,1,2,..., keNS’n, jeN

s,m >

peDs,, qeDgpy and Sij is the Kronecker delta.

s,m
To evaluate @,y (x) and W n,p(X), we can use

finite linear combinations of translates of the function
mup, (x) [27]. It follows from (5) that mup Hm (x) isa

finite linear combinations of translates of the function
8m,m(x). This implies that ¢, (x) and vy, ,(x)

can be evaluated using the values of g, ;,(x).

Conclusions

wavelets
Wupy, | (x), which are infinitely differentiable func-

Formulas for evaluation atomic

tions with a local support, for the case meN and
k=1,...,m have been obtained. These formulas can be
used for the software development.

The atomic functions Fmup,, ,  (x) have been in-

troduced. These functions possess nice properties and
can be used in approximation of functions, numerical
solution of differential and functional differential equa-
tions, optimal control problems and so on.
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