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MODAL ANALYSIS OF A 20-DEGREE-OF-FREEDOM MODEL
OF A TRANSPORT AIRCRAFT WING

The subject of the study is the modal analysis of natural frequencies and vibration modes of a regional transport
aircraft wing. The proposed model utilizes predefined functions of aerodynamic forces and moments to compute
the wing’s resonance frequencies and analyze vibration stability under resonance conditions. The study presents
finite element analysis examples based on a 20-degree-of-freedom wing model with variable bending and tor-
sional parameters along the span. Numerical methods were used to determine the natural frequencies and cor-
responding mode shapes, enabling the identification of the most critical modes for further analysis of the struc-
ture's dynamic behavior. This study aims to develop a reduced-order model and a computational algorithm for
wing vibration analysis with fewer degrees of freedom compared to the original high-fidelity model, and to
validate the accuracy of the dynamic characteristics for subsequent evaluation of vibration stability and flutter
boundaries. The objectives include: developing a model that accounts for spanwise variations in bending and
torsion; considering the partial-span location of the aileron; and incorporating the positions of the wing’s stiff-
ness axis and mass center axis. The research methodology is based on numerical schemes for mathematical
modeling and dynamic system analysis, with an emphasis on finite element analysis to determine the wing's
frequency characteristics. The analysis accounts for spanwise variations in stiffness and torsional moments
within the mechanical control linkage. Results and conclusions: The study substantiates and applies key as-
sumptions for constructing a computational model of a regional transport aircraft wing. Based on these assump-
tions, a finite element model with 20 degrees of freedom was developed. Unlike existing models, the proposed
model incorporates not only the bending and torsional angles of the wing and aileron but also the spanwise
variation of all structural parameters. Scientific novelty of the obtained results: for the first time, a novel method
has been developed for constructing a reduced-order model of an aircraft wing with a significantly lower number
of degrees of freedom, while maintaining a high level of agreement with the dynamic characteristics of the full-
scale wing structure.

Keywords: natural frequencies; wing of a regional transport aircraft; aileron; freeplay; computational model;
flutter; degree of freedom.

The study of natural frequencies and mode shapes
has received considerable attention in modern scientific
and educational-methodological literature. In particular,

1. Introduction

It is well known that oscillatory characteristics sig-

nificantly influence the operational efficiency of an air-
craft, as well as the reliability and flight safety. The spec-
trum of natural frequencies and mode shapes of an air-
craft structure is determined both computationally and
through experimental studies. The results of determining
natural frequencies and mode shapes form the basis for
analyzing the dynamic characteristics of the aircraft. If
the wing twists and bends in certain manner the unsteady
aerodynamic loads start feeding elastic motion of wing
causing amplitudes to grow, eventually leading to struc-
tural failure or Limit Cycle Oscillation (LCO) [1]. LCO
can accelerate the accumulation of structural fatigue
damage and compromise controllability during flight.
One can observe that vertical and horizontal tail plane
control surfaces (Elevator and Rudder) represent the ma-
jor cause of airframe vibrations (72%). These vibrations
may have multiple consequences on the aircraft life cycle
from the design to operations [2].

reference [3] presents a modal analysis of an aircraft
wing, including theoretical and numerical calculations
treating the wing as a cantilever beam. Natural frequen-
cies and their associated vibration modes were obtained.
As a result of the study, it was concluded that the aircraft
wing can be considered a cantilever beam, neglecting all
acting forces on the aircraft except gravity. In reference
[4], the modal analysis of glider and transport aircraft
wings is performed using the dynamic stiffness method.
The wing is modeled as a system of dynamic stiffness
beam elements undergoing bending-torsion deformation,
assembled into a global dynamic stiffness matrix of the
entire wing. The reference [5] presents an identification
algorithm designed for the modal analysis of aircraft
structures during flight tests, with a particular focus on
processing short-duration tests with multiple inputs. An-
other important model worth mentioning is the pseudo
two-degree-of-freedom model with pitch and plunge.
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Similar to a cantilever plate, there are two-dimensional
flexible aerodynamic profiles that are modeled as finite
beam elements with chordwise bending, capable of both
bending and twisting [6, 7]. References [8, 9] present an
analysis of the nonlinear response of a typical airfoil sec-
tion with control surface freeplay, subjected to periodic
impulsive excitations in a low-subsonic flow, along with
an associated wind tunnel test program.

The current study is devoted to the modal analysis
of the natural frequency characteristics and vibration
modes of an aircraft wing, taking into account further in-
vestigation of freeplay in the mechanical control linkage.
The problem essentially reduces to determining the natu-
ral frequencies of a wing model subjected to external aer-
odynamic loading. It should be noted that this work aims
to develop a reduced-order wing model for the investiga-
tion of free vibrations with 20 degrees of freedom, based
on a reference model of a real aircraft wing with 48 de-
grees of freedom, and to validate the dynamic behavior
and mode shapes at various frequencies.

2. Computational model

Consider the wing of a regional transport aircraft
(Fig. 1.1), which features a high aspect ratio, a low sweep
angle, and a tapered planform. The aileron, positioned
near the wingtip in the outboard section, spans approxi-
mately one-quarter of the total wingspan.

It is assumed that the wing consoles can be modeled
as a flat plate made of a homogeneous isotropic material
(Fig. 1.2).

To satisfy the given position of the center of mass
and the stiffness axis along the chord, box-section beams
with a linearly varying cross-section along the wingspan
are placed at the leading and trailing edges of the wing
(Fig. 1.3).

Box profiles provide stiffness of the wing, both in
bending and in torsion. It is assumed that the deflections
of the aileron along the wingspan are minimally affected
by the placement of attachment points and that the aero-

Figure 1.2. Computational model of the wing
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Figure 1.3. Cross-section of the computational model

dynamic forces acting on the aileron can be defined using
either experimental data or computational dependencies.
The aileron is modeled as a beam with a variable cross-
section, with its ends hinged to the trailing edge of the
wing.

2.1. Computational scheme

The plate modeling the wing has a trapezoidal
shape, identical to the wing's planform. The dihedral an-
gle between the wing consoles and the wing incidence
angle relative to the longitudinal axis of the fuselage are
not considered, meaning the wing is assumed to be posi-
tioned in a horizontal plane. The thickness of the plate is
assumed to be constant throughout its entire surface. The
selection of model parameters is based on the approxi-
mate characteristics of a regional transport aircraft wing,
which are provided below.

Semi-span: L=16.0 m.

Root chord length: b,eot = 4.85 m.

Tip chord length: by, = 1.45 m.

Position of the stiffness axis (from the leading
edge): X, /b=10.37.

Aileron spanwise position:

Zsart = 11.5m, Zeng = 14.3 m.
Aileron chord length:
Prootait = 0.7 mM; beip ait = 0.62 m.
Axial compensation: beomp = 0.27 byl

The aileron's stiffness axis coincides with the rota-
tion axis.

The mass-inertial and stiffness characteristics of the
wing at several cross-sections perpendicular to the stiff-
ness axis are as listed in Table 1.1.

Below, in square brackets, the parameter notation
adopted in Antonov Design Bureau is provided.

Linear mass —m [kg x s?/ cm?].

Center of mass position relative to the stiffness axis
— oy [cm],

where o, > 0 indicates that the center of mass is lo-
cated behind the stiffness axis.

Total (intrinsic and transferred) linear moment of
inertia of the cross-section — Iy, [kg x §2].

Torsional stiffness — GJir [kg % cm?].

Bending stiffness in the vertical plane — Elz [kg x
cm?].

Bending stiffness in the horizontal plane — Ely [kg
x cm?].

The mass-inertial characteristics of the fuselage and
empennage are as follows:

G =13.403 kg,

X =107 cm (measured from the stiffness axis at the

root section, aft along the flight direction),
Y = 73 cm (measured from the stiffness axis at the

root section, upward),

Table 1.1
Wing cross-section parameters
Z/IL m Ox Iz Glir Elz Ely
0.00 2.0x10% -20.0 20.0 8.0 x 100 15.0 x 10%° 60.0 x 1010
0.25 1.9x 1073 40.0 25.0 5.0 x 100 10.0 x 10%° 40.0 x10%
0.50 1.2x1073 30.0 10.0 1.3 x 1010 3.0 x 10 10.0 x 10%
0.75 7.0 x 10 8.0 2.0 0.25 x 100 0.65 x 100 3.0 x 10%
1.00 2.1 x10* -5.0 0.3 0.1 x 10 0.15 x 10%° 1.0 x 10%
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m=6.1x10° kg x cm x &2,

Imy = 5.7 x 10° kg x cm x s?,

m = 6.0 x 10° kg x cm x s2,

In five cross-sections along the wingspan, eight pa-
rameters are defined: chord length, stiffness center coor-
dinate, center of mass coordinate, linear mass, mass mo-
ment of inertia in vertical bending, torsional moment of
inertia, and moments of inertia in vertical and horizontal
bending. Expressions for these parameters will be formu-
lated based on the characteristics of the cross-section
model. The origin of the cross-section coordinate system
is placed at the leading edge. Cross-sectional dimensions
are determined by selection.

El, =E.l, +El,+E,l,, (1.2)
where Eo, E; and E; — elastic moduli of the materials of
the plate, the front beam, and the rear beam;

2
El, :E{|Oy+|=o(g—xo) :|+E1(I1Y+le§)+
+E2[I2y+F2(b—xo)2]

’ bh, —(b, —2t,) (h, — 2t
where on:%’llz: 1M (1 121)(1 1)

(1.2)

| :bghz-(bz-ztzf(hz-ztz)
2z 12

all dimensions are given in Fig. 1.3.

The parameters that need to be selected for our
model are the elastic moduli and densities of the materi-
als of the plate and the two box-section beams; the thick-
ness of the plate; the height, width, and wall thickness of
the box section. In total, there are 13 parameters.

2.2. Finite element model

The wing model is built using the finite element
software ANSYS. The aileron is attached to the outer part
of the wing console, so the console model consists of two
SHELL181 plate elements along the wingspan. Accord-
ingly, beam elements BEAM188 are placed along the
leading and trailing edges of the wing. The aileron is con-
nected to the outer element of the console and is also
modeled using the BEAM188 beam element. The mo-
ment of inertia of the beam around the longitudinal axis
corresponds to the moment of inertia of the aileron
around its axis of rotation. The hinges connecting the ai-
leron to the trailing edge of the wing are modeled using
COMBIN40 connection elements, which allow setting
freeplay in the joint.

The side of the plate that approximates the root
chord is attached to the fuselage. The mass and moments

of inertia of the fuselage are approximated using two
structural mass elements MASS21.

The beam modeling the aileron is connected to the
trailing edge of the wing by two COMBIN40 hinges,
which include a clearance.

All finite elements in the constructed model have 6
degrees of freedom at each node, and their shape func-
tions ensure continuous strain distribution across the
wing. The total number of degrees of freedom in the un-
constrained model is 48. Based on the physical meaning
of the studied vibrations, the fuselage displacements in
the horizontal plane should be excluded. In the case of
symmetric flutter, rotations around the longitudinal axis
(X-axis) should be constrained, while in the case of anti-
symmetric flutter, movement along the vertical axis (Y-
axis) should be restricted. Thus, 4 degrees of freedom are
constrained at nodes 1 and 2 (Fig. 1.2).

In the case of bending and torsional vibrations of the
beam and plate, in addition to transverse deformations,
small deformations also occur in the longitudinal direc-
tion. In linear vibration problems, these can be neglected.
Similarly, the displacements of all nodes in the plane of
the wing (XZ plane) can be neglected, removing 3 de-
grees of freedom in the remaining nodes of the wing
model. Whether this affects the calculation of vibration
frequencies and modes should be verified through nu-
merical experiments.

The COMBIN40 connection elements leave only
one degree of freedom for the aileron nodes relative to
the trailing edge of the wing. Thus, after constraining all
unnecessary degrees of freedom, the final finite element
model has 20 degrees of freedom.

3. Modeling of free vibrations

Firstly, will be investigating the natural frequencies
and mode shapes of symmetric vibrations in the model,
where only the fuselage nodes are constrained from mov-
ing in the horizontal plane. The equation for modal anal-
ysis is as follows:

[M]{0}+[K]{u} =0, (1.3)

where [M] — is the mass matrix,
[K] —is the stiffness matrix,
{U} —is the vector of generalized nodal displace-

ments.

Modal analysis determines the vibration character-
istics (natural frequencies and mode shapes) of a struc-
ture or machine component. It can also serve as a starting
point for more detailed dynamic analyses, such as transi-
ent dynamic analysis, harmonic analysis, or spectral anal-
ysis. Natural frequencies and mode shapes are crucial



ABIAIIIMHO-KOCMIYHA TEXHIKA I TEXHOJIOT'If, 2025, Ne 3(203)

ISSN 1814-4225 (print)
ISSN 2663-2012 (online)

parameters when designing structures for dynamic load-
ing conditions. If damping is present in the structure or
machine component, the system becomes a damped
modal analysis. In a damped modal system, the natural
frequencies and mode shapes become complex.

The ANSYS calculation results are presented in
Table 2.1 in the second column. The first two frequencies
are zero, corresponding to the rigid body motions of the
system - angular motion in pitch and linear motion in the
vertical direction and therefore can be omitted. The other
frequencies correspond to the bending-torsional vibra-
tions of the wing.

Next, the frequencies and mode shapes were deter-
mined with all degrees of freedom constrained in the
plane of the wing. The ANSYS calculation results are
presented in Table 2.1 in the 3-rd column. We observe
that the frequencies of the baseline and reduced models
do not differ, meaning that the system with 20 degrees of
freedom accurately captures all wing deformations of in-
terest. Figure 2.1 shows the mode shapes.

In the bending-torsional mode shapes, a discontinu-
ity is visible along the chord connecting the two plates.
This occurs because, when generating the illustrations,
ANSYS connects nodal points with straight lines rather
than using cubic parabolas for shape functions.

4. Discussion on research results

Undoubtedly, in the modern world, the computer
experiment plays a significant role in the research of
complex phenomena, in particular, natural frequencies
and vibration modes of an aircraft wing. In the present
study we obtained the following results.

Mode 3 — combined bending and torsion mode.
Bending behavior: the wing deflects downward along the
Z-axis, which is typical for bending vibrations. Torsional
component: at the wingtip and aileron region, there is vis-
ible twisting of the airfoil profile. The chordwise color
gradient indicates rotational deformation of the cross-
section, confirming the presence of torsional motion cou-
pled with bending.

Mode 4 — pure bending mode. This mode is charac-
terized by a distinct bending behavior, with the following
features: smooth downward deflection along the entire
span of the wing, with maximum displacement at the tip.
No significant chordwise twist is observed (unlike
Mode 3), indicating minimal or no torsional component.
The deformation occurs primarily in the vertical plane
(Y-axis direction).

Mode 5 — bending mode. This is a high-frequency
bending mode, where the oscillation is mainly concen-
trated in the aileron region. There is no significant tor-
sional contribution, and the deformation remains pre-
dominantly in the vertical plane.

Mode 6 — torsional mode. This mode represents a
pure torsional deformation pattern: twisting occurs along
the longitudinal axis, with a continuous change in angle
along the span.

Mode 7 — bending mode. This mode again exhibits
a bending character, with deformation along the struc-
tural span.

Mode 8 — bending mode. This mode is a classical
high-frequency bending mode, characterized by pro-
nounced vertical deflection and multiple curvature re-
gions along the wing span.

Table 2.1
Natural frequencies of wing vibrations
Oscillation mode Base model (48 DOF) Frequency, Hz Reduced model (20 DOF) Frequency, Hz

1 7.82E-08 7.82E-08

2 2.44E-06 2.54E-06

3 5.27 5.27

4 7.63 7.63

5 33.885 33.885

6 116.29 116.29

7 124.84 124.84

8 157.53 157.53

9 270.29 270.29

10 284.78 284.78
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Figure 2.1. Wing mode shapes. Reduced model (20 DOF)

Mode 9 — torsional mode. This mode once again
demonstrates a predominantly torsional deformation of
the wing structure.

Mode 10 — bending mode. The tenth mode corre-
sponds to a bending vibration mode, with clear flexure
along the longitudinal axis of the structure.

As per [1], the focus is placed on solving the equa-
tions that define the flutter problem and the determination
of eigenvalues, with final solutions expressed as combi-
nations of speed and frequency, determined through a
characteristic determinant equal to zero. It is shown that
the flutter frequency ratios implicitly depend on the

following five parameters: the position of the axis, the
ratio of purely bending to purely torsional (twisting) fre-
guencies, the dimensionless static unbalance, the dimen-
sionless radius of gyration, and the relative density. The
main objective of this section is to identify the character-
istic values of the key parameters and to demonstrate the
influence of varying each parameter individually on the
characteristics of bending-torsional flutter. The subse-
guent stage of this research involves investigating flutter
susceptibility within a defined flight envelope. As
indicated in [10, 11], flutter can develop due to phase
shifts, particularly when torsional oscillations precede
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bending ones. The positioning of the elastic axis ahead of
the aerodynamic center of the wing cross-section plays a
critical role in damping torsional vibrations. Understand-
ing this relationship is essential for determining critical
flutter speeds and improving the aeroelastic stability of
the wing structure. Further analysis will include paramet-
ric studies based on reduced-order models, aiming to cor-
relate modal characteristics with phase relationships and
structural stiffness distribution.

Conclusions

This study presents a comprehensive modal analy-
sis of a regional transport aircraft wing with a focus on
developing a reduced-order computational model that ac-
curately reflects the dynamic characteristics of the full-
scale structure. The model incorporates spanwise varia-
tions in stiffness and inertial properties, aileron position-
ing. A finite element model with 20 degrees of freedom
was constructed using modern numerical methods, cap-
turing the essential bending and torsional behaviors of the
wing and aileron system. The novelty of the research lies
in the development of a reduced-order model that signif-
icantly decreases the computational complexity while
maintaining a high level of accuracy in the estimation of
natural frequencies and mode shapes. The implementa-
tion of variable cross-sectional properties and detailed
modeling of the control surface enables a more realistic
assessment of the wing's dynamic response. The results
confirm that the proposed model can reliably predict crit-
ical modes of vibration, forming a solid foundation for
further aeroelastic stability analysis, including the study
of flutter phenomena and limit cycle oscillations. The
methodological framework and computational scheme
developed in this research can be applied in early design
stages for evaluating structural dynamics and ensuring
flight safety of transport aircraft.
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MOJIAJTBHUM AHAJII3 MOJIEJI KPUJIA TPAHCIIOPTHOI'O JIITAKA
320 CTYIHEHSIMHU BIJIBHOCTI

0. B. Cmapoodyo

IIpeameTom nociiKeHHs € MOJATFHUHN aHalli3 BIACHUX YacTOT Ta ()OpM KOJIHMBaHb KpHJIa PEriOHaIbHOTO Tpa-
HCIIOPTHOTO JIiTaKa. 3arporoHoBaHa MOJIENb Niepedavae BUKOPUCTaHHS 3a3/aJlerilb BUSHAYeHNX (YHKILIN aepoau-
HaMIYHHUX CHJI 1 MOMEHTIB ISl OOUMCIIEHHS! Pe30HAHCHHX YacToT Kpuiia. HaBeneHo mpukiiaay, o BKIFOYarTh CKiH-
YeHHOEJIEMEHTHHUH aHasIi3 Moeni kpuia 3 20 CTyleHsMH BiJIbHOCTI IIPU 3MIHHUX 3TMHAJIBHUX 1 KPYTHIIBHHUX HTapame-
Tpax y370BX PO3Maxy. 3aCTOCOBAHO YHCEIbHI METOMU TSl BU3HAYCHHS BJACHUX YaCTOT Ta BiIMOBIMHUX (POPM KOJH-
BaHb, IIO J03BOJIWIO iA€HTH(IKYBATH HAWOUIBII KPUTUYHI MOJH JJISl OJAJIBIIOTO aHAJI3y TUHAMIYHOI TOBEIIHKH
KOHCTpYKIii. MeTOoI0 J0CIiPKEeHHS € PO3po0Ka peyKOBaHOT MOZIENi Ta OOUUCITIOBATIBHOI'O aITOPUTMY ISl aHAIZY
KOJIMBaHb KpHJa 31 3HAYHO MEHIIOIO KiJIbKICTIO CTYIEHIB BUIBHOCTI, TIOPIBHSIHO 3 BHXIJHOI BHCOKOTOYHOIO MO-
JIEIUTIO, @ TaKoX BepH(iKallisi TOYHOCTI AMHAMIYHHUX XapaKTePHCTHK YISl TIOJAIBIIOI OIIHKH CTIHKOCTI KOJNUBAHb i
Mex (atepa. OCHOBHI 3aBIaHHsI JIOCIIDKEHHsI BKIIIOYAIOTh: TIOOYI0BY MOJIEI, 110 BPaXxoBYe Bapialito 3rMHAIBLHOT
YKOPCTKOCTI Ta KPYTHJILHOTO MOMEHTY Y37I0BX PO3Maxy; BpaxyBaHHS Y4aCTKOBOT'O PO3MIILIEHHSI eJIepOHa [0 PO3Maxy;
BKJTIOUEHHSI ITOJIOKEHHSI 0Ci YKOPCTKOCTI Ta OcCl leHTpa Mac Kpuia. MeToau KocaiaKeHHs1 0a3yl0ThCsI Ha YHCEbHUX
cXeMax MaTeMaTU4HOTrO MOICTIOBaHHS Ta aHaII3y AMHAMIYHHUX CHCTEM, 30KpeMa Ha CKIHYEeHHOENIEMEHTHOMY aHaJIi3i
JUIsl BU3HAUCHHS YaCTOTHHUX XapaKTEPUCTUK Kpuiia. AHajli3 BpaXoBYye 3MiHHY KOPCTKICTb Ta KPYTHJIbHI MOMEHTH Yy
MeXaHiYHil MTPOBOMII KepyBaHHs. Pe3yJbTaTH Ta BUCHOBKH: y POOOTi OOIPYHTOBAHO Ta MPHUHHATO KIIIOYOBI MPH-
MYIIEHHS [U1sl TO0YI0BU 00UMCITIOBAIILHOT MOJIEI] KpHJla PerioHaIbHOrO TPAHCIOPTHOTO JtiTaka. Ha ocHOBI 1iux mpu-
NYIIEeHb PO3pO0JICHO CKIHUEHHOENEMEHTHY Mozienb 3 20 cTyneHsMHU BijbHOCTI. Ha BiMiHY BiJ iCHYIOUMX MOJeInei,
3aIporoHOBaHa MOJIEb BPaXOBY€E HE JIMIIE 3TUHAIBHI Ta KPYTWIIBHI KYTH KpHWIla il ellepoHa, aje TaKoX 3MiHHICTh
napaMeTpiB y3J0Bxk po3Maxy. HaykoBa HOBH3HA OTPUMAaHHX Pe3yJbTaTiB MOJISITAE Y PO3POOIi HOBOTO METOIY I10-
Oy0oBU MOJIEN 31 3HHXKEHOIO PO3MIPHICTIO, SIKa 3a0e3reuye BUCOKHI CTYIIHb BiJINOBIHOCTI TUHAMIYHUM XapaKTe-
pHUCTHKaM OBHOMACIITAOHOT KOHCTPYKIIIT KpHJIa [Py ICTOTHO MEHIIIIH KiJIbKOCTI CTYIEHIB BUIBHOCTI.

Koarou4oBi ci1oBa: BiacHi 4YacTOTH; KPWIO PEriOHAIBHOTO TPAHCIOPTHOIO JIiTaKa; elepoH; JodT (BIIbHUIL Xi);
PO3paxyHKOBa MOJIENb; (iaTTep; CTYIIHb BiJIBHOCTI.
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