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AIRCRAFTS AND HELICOPTERS: MODELS AND ANALYTICAL SOLUTIONS 
 

The subject of this study is the unsteady flow of liquid in pipelines, which are part of the design of airplanes 
and helicopters. This name means, first of all, the phenomenon of a sharp increase in pressure in the pipeline, 

which is known as a hydraulic shock. Although we have already learned to deal with this phenomenon in some 

parts of the systems, in many structural elements (flexible pipelines), inside which the working pressure reach-

es several hundred atmospheres, this phenomenon is still quite dangerous. As you know, the best way to deal 

with an unwanted phenomenon is through theoretical study. To date, there has been a huge amount of work in 

the direction of hydraulic shock research. This article does not fully cover these studies. It is limited to refer-

ences to reviews and relevant works. Because the phenomenon of hydraulic shock has a significantly nonlinear 

character, analytical solutions of systems of equations corresponding to the simplest models were unknown un-

til recently. This work presents, as an overview, already known analytical solutions describing the process of 

shock wave propagation. Most importantly, new achievements are given, both for the inviscid approximation 

and for considering internal viscous friction. It is shown that the internal friction within the considered model 

is negligible almost everywhere, except for the thin shock layer. The asymptotic is proportional to the tangent 
function and inversely proportional to the square root of the product of the Reynolds number and the dimen-

sionless parameter characterizing the convection effect. Convection of the velocity field significantly affects the 

distribution of characteristics in hydraulic shock. If the self-similar solutions that were obtained earlier have a 

power-law character for the velocity distribution in the shock wave, then the simultaneous consideration in the 

model of convection and friction on the pipeline walls (according to the Weisbach-Darcy model) made it pos-

sible to obtain a distribution in the form of an exponential function that decays with increasing distance from 

the shock wave front. In addition, the work includes an original approach to solving a nonlinear system of dif-

ferential equations that describes the propagation of a shock wave without considering the friction on the 

walls. Analytical solutions were obtained in the form of a function of pressure versus the velocity of shock 

wave propagation. Research methods. This work uses purely theoretical approaches based on the use of well-

known fluid flow models, methods of analytical solution of differential equations and their systems, asymptotic 
methods, derivation of self-model equations, and finding their solutions. Conclusions. Analytical solutions of 

systems of differential equations were obtained, which describe models of hydraulic shock without considering 

viscous effects. A comparison of the obtained results with the results of other studies is given. 

 

Keywords: plane; helicopter; structural elements; hydraulic shock (shock wave); stress; friction; surface de-

formation; fatigue. 

 

Introduction 

 

The phenomenon of non-stationarity of the fluid 

flow, which leads to the formation of a shock wave, 

occurs at flight speeds close to the speed of sound [1] 

and greater than the speed of sound [2]. When designing 

hydraulic and other systems of airplanes and helicop-

ters, one should take into account the fact that during 

flight in structural elements, which are both relatively 

rigid and flexible pipelines, an undesirable phenomenon 

of water hammer may occur. From a hydrodynamic 

point of view, this is essentially an unsteady flow of a 

droplet liquid in a closed volume. 

Already at the end of the 60s - beginning of the 

70s of the last century, very high working pressures 

began to be used in aviation: 200-300 atm. Thus, at a 

working pressure of 200 atm., an increase up to 350 atm 

was observed during water hammer [3]. Therefore, in 

[4], a nonlinear model of shock wave propagation was 

considered. In this model, in contrast to [3], the nonline-

ar mechanism of friction of the liquid against the pipe 

wall is already taken into account. But further theoreti-

cal studies of the phenomenon of hydraulic shock in a 

two-phase fluid revealed some discrepancies in model-

ing approaches. This determined (became the generator 

of) this work.      

In the 1860s, Riemann managed to show that there 

is a special solution to the system of gas-thermodynamic 

equations. This solution does not belong to the class of 

general or partial solutions. Instead, it represents a break 
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in the pressure, density, and velocity functions of the 

medium, i.e., a sharp jump in parameters that has no 

width. 

Later, in 1885-1887, there appeared works [5, 6] 

devoted to hydraulic shock. But the works of Joukowski 

[7] and Allievi [8] attracted considerable attention of the 

scientific community.     

In his theory, Allievi took into consideration the 

speed of propagation of the shock wave a  [8]: 

 

2

1 ω 1 1 D
= + .

g ε E e

 
 
 a

                     (1) 

 

In formula (1) E,  ε, D,  e,  ω , the modulus of elas-

ticity of the pipe, the modulus of elasticity of the liquid, 

the diameter of the pipeline, the thickness of the pipe-

line, and the density of the liquid mean, respectively. 

For relatively thin steel pipes, the speed of wave is ap-

proximately 600-700 m/s. And for relatively thick pipes, 

its value reaches 1200-1300 m/s.  Since the speed of 

sound c in water varies within 1403<c<1555 m/s, it 

means that, in an elastic shell, a shock wave propagates 

at a speed lower than the speed of sound in a liquid. 

According to Alliveti, the pressure in the form of a 

column and the shock wave propagation speed are de-

scribed by the following relations [8]: 

 

0y=y +F+f,                              (2) 

 

 0
g

V=V +F- F-f .
a

                       (3) 

 

At the same time, the arguments of the functions 

are such that 

x x
F=F t- ,  f=f t+ .

a

   
   
   a

                    (4) 

 
A simple conclusion follows from expressions (4): 

both functions have a constant value if their argu-

ments are constants. And this is possible under the con-

ditions of propagation of direct and opposite shock 

waves with a speed of a . The given data already have, 

as shown below, their meaning, because they indicate 

the form of self-similar variable selection. 

In his theoretical studies, Joukowski [7] refers to 

Riemann's work [9], where the general structure of the 

solution according to (4) is shown. It should be noted 

that in the model considered by Joukowski, the convec-

tive term in the equation of conservation of momentum 

(momentum) was not neglected. The fact is that the 

problems considered by Alliveti and others at the end of 

the 19th century were devoted to pipelines – long pipes. 

Therefore, the length scale was such that it allowed Al-

liveti to neglect the convective term. On the other hand, 

shock wave in the structural elements of aviation 

equipment does not necessarily occur in very long pipe-

lines. For more than half a century, flexible connections 

in the form of rather short tubes have been used in avia-

tion. On the other hand, as experiments show (let's take 

at least the same work by Joukowski [7]), the shock 

wave practically decays at a distance of the order of ten 

diameters of the pipe. Therefore, it is impossible to ne-

glect the longitudinal gradient of the flow. At the end of 

a brief review of Joukowski's work, it should be noted 

that it presents the forms of the velocity distribution that 

are similar to the function of the square root of the co-

ordinate. This is the form of one of the solutions ob-

tained further in this paper. 

Despite the significant number of works in the 

theory of hydraulic shock (water hammer) [10], let's pay 

attention to those that continued the development of the 

ideas of Alliveti and Joukowski. Thus, the analytical 

solution of the system that takes into account Weisbach 

- Darcy model for wall friction was obtained relatively 

recently [11] 

 

2
0

V 1 p
+ 0,

x tρ

 


 a
                       (5) 

 

 
0

V 1 p λ
V V gsin φ 0,

t ρ x 4R

 
   

 
       (6) 

 

where x, t – the direction of wave propagation and 

time;, V, p – speed and pressure in the liquid, 
0

ρ , , λa – 

respectively, the density of the liquid, the speed of 

sound propagation in it, and the coefficient of friction; 

R, g – hydraulic radius, free fall acceleration, and φ – 

the angle of inclination of the pipeline to the horizon. 

In the model described by equations (5) and (6), 

the effect of friction on the propagation of the shock 

wave has already been taken into account. It uses the 

hydraulic approximation – the Weisbach-Darcy viscous 

friction model [12, 13]. 

The solution of system (5) and (6) is [11]: 
 

  -1
0V(x,t)=C tanh artanh V C -xD ,  0

0

P
p(x,t)= V(x,t),

V
 

 

where 
1 λ

C= ,
2 Rgsinφ

   

           

 
0 0 0

3 2 2
0 0

p ρ V gsinφλ
D= .

R2 cρ V -p
 

 

Three types of self-similar solutions of the system 

(5) and (6) in the case of a horizontal pipeline were also 

obtained in [4]. 
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Self-similar (general, with two constant of integra-

tion) solution of the first kind: 

 

 
   

 
2

1 2
2

12

C 1 / 2 η+C
V η =tanh . 2C 1 / / θ.

1

 
 

 
 

 

a a
a a

a

 

 
Self-similar solution of the second kind: 

 

 
 2

0

2
0

1- V
V η = .

1- V η

a

a a
                         (7) 

 

Self-similar (general, with one constant of integra-

tion) solution of the third kind: 

 

 
  

  

2

1-α 2 α
1

2 1 1+
V η = .

η 1 2 1 η



  

a a

C a a
         (8) 

 

In addition to those three self-similar solutions, an 

analytical solution of the problem was obtained in [4] as 

well. This (general, with three constants of integration) 

solution in dimensionless coordinates (indicated by a 

dash from above) has the form: 

 

 
 2 2

3 2 1 2 3

3

2 C -C tanh C +C x+C t
V x,t = .

θ

  

C
 

 

An interesting fact is that partial solutions (7) and 

(8) make it possible to obtain discontinuous functions, 

which is in agreement with [14, 15] (see [4], Fig. 1). 

Other solutions have the form of a blurred jump with the 

speed decaying away from this jump (see [4], Fig. 2, a). 

As shown below, this result is close to the solution ob-

tained in this paper taking into account the convective 

term. Therefore, taking into account the friction of the 

liquid against the wall leads to a smearing of the veloci-

ty profile. In addition, the profile of the shock wave can 

have not only a smooth character (hyperbolic tangent), 

but also the appearance of a sharp, almost instantaneous 

increase, which changes to a decrease. All this testifies 

to the diversity and physical complexity of the phenom-

enon of hydraulic shock (unsteady flow) in a droplet 

liquid. 

     

Problem formulation 
 

1. Study the effects of convection and internal fric-

tion in the unsteady flow of a droplet liquid. 

2. Obtain analytical solutions of the problem and 

make a comparative analysis of them with already 

known solutions given in the introduction, in which 

only the friction of the liquid against the wall is taken 

into account in the hydraulic approximation (the 

Weisbach-Darcy friction model). 

3. Obtain the function that allows to find the pres-

sure value based on the values of the wave propagation 

speed. 

 

2. Shock wave model that takes into account 

the velocity field convection 

 
2.1. Derivation of the equation in dimensional 

and dimensionless forms 
 

If, when considering an unsteady flow, one does 

not take into account viscosity, but only convection, 

then the corresponding system of equations of conserva-

tion of momentum and mass has the following form: 

 

0
p V V

ρ V ;
x t x

   
   
   

                     (9) 

 

2
0

p V
ρ .

t x

 
 
 

a                            (10) 

 

To exclude pressure, p we take the partial deriva-

tives of each of the equations. The first – by time, the 

second – by the x coordinate. After that, the system of 

equations (9) and (10) will turn into the following: 

 

2 2 2

0 2

p V V V V
ρ +V ;

x t t x x tt

     
   

       

        (11) 

 
2 2

2
0 2

p V
ρ .

t x x

 
 
  

a                        (12) 

 

From equations (11) and (12), excluding pressure, 

we have: 

 

2 2 2
2

2 2

V V V V V
+V .

t x x tx t

    
 

    
a          (13) 

 

For an infinite domain, equation (13) is supple-

mented by two initial conditions [4]: 

 

V
V(x,0)=φ(x);     (x,0)=ψ(x). 

t




              (14) 

 

So, the task was reduced to finding a solution to 

equation (13) that satisfies the initial conditions (14). 

For a qualitative analysis of the solutions, let us switch 

to the dimensionless form of equation (13). For this 

purpose, we formally introduce the scales of length and 

time, the scale of speed, etc. [4]: 
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     x =L,   t =T,     V =L/T.                (15) 

 

We consider the balance of forces, assuming that 

the terms of the linear wave equation have the same 

(main) order of magnitude: 

 

2 2
2

2 2

V V
.

x t

    
   

       

a                    (16) 

 

Based on relations (15), we obtain the following 

expressions: 

 

2 2 2
2

2 2 2 3

V L V L
;        .

x TL t T

    
    

       

a
a      (17) 

 

Substitution (17) in (16) makes it possible to ob-

tain 

 

2

2 3

L L L
          = .

TTL T
 

a
a  

 

Taking into account the obtained scale estimates, 

equation (13) is transformed to the following dimen-

sionless form: 

 

2 2 2

2 2

V V V V V
θ +V .

t x x tx t

     
   

       

      (18) 

 

Equation (18) contains a single dimensionless parameter 

 
2

2 2

L
θ= .

Ta
 

 

The parameter  θ  indicates how significant non-

linear effects are in this problem. 

 

2.2. Self-similar equation of shock wave  

propagation and its solution 
 

As it was already mentioned in the introduction, 

starting with the work of Riemann [9], then Joukow-

ski [7] and Alliveti [8], it is convenient and logical from 

a physical point of view to represent the solutions of 

equation (18) in the form of a propagating wave: 

 

     V x,t =f x t f η .  a C              (19) 

 

Let's go from function V  to function  f η taking 

into account the ratio, substituting it into equation (18). 

In this way we obtain: 

 

2 2 2

2 2 2

d f d f df df d f
θ ( ) +f (- ) .

dη dηdη dη dη

 
    

 
 

a a      (20) 

 

For ease of solution obtaining, let's rewrite equa-

tion (20) in the following form: 

 

 
22

2

2

d f df
1 θ f θ .

dηdη

 
      

 
a a a           (21) 

 

It should be noted, taking into account the dimen-

sionless relations, the value 1a . So, equation (14) is 

essentially equivalent to a simpler one: 

 

22

2

d f df
f .

dηdη

 
  

 
                      (22) 

 

In addition to the elementary solution in the form 

of a constant, equation (22) also has the following two 

general solutions: 

 

   1 1 2 2 1 2f η 2C η+2C ,    f η 2C η+2C .        (23) 

 

Solutions (23), according to (19), indicate two op-

posite speeds of propagation. If we take as the scale of 

the domain of propagation, at each moment of time, the 

shock wave as swL , then under the conditions 

 

   

   
1 2

1 sw 2 sw

f η=0 =-f η=0 =1, 

f η=L / 2 =f η=-L / 2 =0
 

 

we obtain  

 

 

 

1 sw sw

2 sw sw

f η = 1-2η/L ,   0 η L /2; 

f η =- 1+2η/L , -L / 2 η 0.

 

 
      (24) 

 

Outside the domain, sw sw-L / 2 η L / 2  both 

solutions (24) converge to zero (see Fig.1), a constant 

value that is also the solution of equation (22). It should 

be noted that for fluid mechanics, if the effect of viscos-

ity is neglected, the following results are quite possible: 

the wave front (direct and inverted) is clearly defined. 

As already mentioned in the introduction, these solu-

tions are similar to those given in [7] and are observed 

at the initial stages of shock momentum rising in gas-

es [16]. 

If you follow the ideas presented in [4], you can 

use a different approach to obtaining a self-similar equa-

tion and its solution. For this purpose, let's at once sub-

stitute in the system of equations (9) and (10) the repre-

sentation in the form: 
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Fig. 1. The velocity distribution function in the shock 
wave according to solutions (24) 

 

   V=V η ,  p=p η .                          (25) 

 

Then the dimensionless analogue of the system (9) 

and (10) takes the following form: 

 

dp dV dV
θV ;

dη dη dη
   a                     (26)

 

dp dV
.

dt dη
a                               (27) 

 
Only now we eliminate the pressure function. As a 

result, we obtain: 

 

1 dV dV dV
( ) θ V .

dη dη dη
    a

a
              (28) 

 

For the physical analysis of equation (28), let’s 

rewrite it in the form: 

 

1 dV
θ V 0.

dη

 
     
 

a
a

                (29) 

 

For the physical analysis of equation (28), let’s 

rewrite it in the form: 

 

1 dV
θ V 0.

dη

 
     
 

a
a

                (29) 

 

The solutions of (22) are the set of constant num-

bers. But under condition 1a  we obtain: 

 

 2d V / 2
0.

dη
                        (30) 

 

So, under the condition of approximate constancy 

of density, we have the fact that the shock wave (pres-

sure) propagates at a constant speed.  As we can see, 

this approach is less meaningful than the previous one: 

we did not get solutions of the type (24) that differ from 

the constant.  

 

2.3. Analytical solution  

in pressure-velocity variables 

 

In classical studies of shock waves, one can find 

such a concept as the Rankine-Hugonio shock adiabat 

[17, 18]. As it turned out, in the case of shock wave in a 

droplet liquid, it is possible to obtain the function 

 

p=p(V).                             (31) 

 
In relation (31), the notation in dimensionless 

quantities is already used. First, let's write down the 

dimensionless analogue of system (9) and (10). We ob-

tain: 

 

V p V
θV ,

t x x

  
  

  
                     (32) 

p V
.

t x

 
 

 
                             (33) 

 

Let's divide the left and right parts of equation (25) 

by left and right parts of equation (26), respectively: 
 

V p V p
/ θV= θV.

x x V

   
  

   p
           (34) 

 

Since we assumed that the pressure depends only 

on the velocity (the only independent variable), equation 

(34) can thus be presented in the following form: 
 

2
dp dp

θV 1=0.
dV dV

 
  

 
               (35) 

 

Equation (35) has two solutions: 
 

 
2

θV θV 4dp
= .

dV 2

  
                    (36) 

 

The solutions of equations (36) are such the func-

tions of pressure versus velocity: 
 

V 

 

1 

0.5 

0 -0.2 -0.4 0.4 0.2 

-0.5 

-1 
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 
 

 

2

1

2
2

2 2

2

1

-V θV +4
p V = -

4

1 θ V
    - ln θV +4 -

θ θ

θV
     - +C .

4

 
 
 
 

 

 

 
 

 

2

2

2
2

2 2

2

1

V θV +4
p V =

4

1 θ V
   ln θV +4 -

θ θ

θV
    - +C .

4



 
  
 
 

 

 

The constant С1 is determined from the condition: 

 

  0p V=0 =p .                           (37) 

 

In equation (37) 0p  means undisturbed pressure. 

Since we do not know the exact form of the pressure in 

the given solutions, it should be found. For this we will 

write down  

 

p p V
.

x V x

  


  
                         (38) 

 

Now let's rewrite the equation (32) in such the 

form: 

 

V V p dp V
+θV

t x x dV x

    
   

    
.          (39) 

 

Next, it is convenient to switch to the self-similar 

variable in equation (39). We have: 
 

dV dV dp dV
+θV .

dη dη dV dη

 
   
 

a                (40) 

 

Substitution of expression (36) into equation (40) 

results into: 
 

 
2

-θV± θV +4dV dV dV
-θV =

dη dη 2 dη
a .       (41) 

 

Equation (41) not only indicates the constant ve-

locity of propagation of the shock wave, but also allows 

us to find the value of this speed. Indeed, after reducing 

to the derivative, we have 
 

2 1
V

θ




a

a
.                           (42) 

 

Now the problem can be treated to be completely 

solved: it was found that under the conditions of the 

absence (not taking into account) of friction, the shock 

wave propagates at a constant speed, and the value of 

the pressure in the liquid can be found by analytical 

function.  

 

3. Nonlinear models of water hammer  

in which frictional forces are taken  

into account 
 

3.1. Taking into account the viscous mechanism 

of the momentum exchange due to the spatial 

variability of the flow 
 

If the friction on the wall is not taken into account, 

even in the hydraulic approximation, then the viscosity 

is taken into account by the fact that the Navier-Stokes 

equations are used instead of the Euler equations. So, 

instead of equation (32), we have a dimensionless equa-

tion 

 

2

2

V V p 1 V
+θV .

t x x Re x

   
  

   
            (43) 

 

In equation (43)   Re V L / 
 

 is Reynolds 

number. This equation physically corresponds to the 

propagation of the wave taking into account its viscous 

blur. In self-similar variables, the system of equations 

(27), (43) has the form of equation (28) and the follow-

ing: 

 
2

2

V V 1 V 1 V
+θV ,

η η η Re η

   
   

   
a

a
 

 
or, in a form convenient for integration 

 
2

2

V 1 V
Re θV- +

ηη

  
  

 
a

a
.             (44) 

 
Equation (44) has three solutions. The first is a 

constant speed value, the second and third are like these   

 

 

 

2
1

1 2

2 C1
V η

θ Reθ

    tg 2ReθC C η .


  

  
 

a

a  
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Qualitative analysis of the obtained solution indi-

cates a propagating wave, and inside it only near the 

points for which 

 

 1 2
π

2ReθC C η
2

   , 

 

the velocity amplitude is significantly different from the 

constant. This relatively thin layer directly at the front 

of the shock wave is called, by analogy with the thin 

boundary layer, the shock layer.  

 

3.2. A model that takes into account both  

friction on the walls and viscous exchange  

of momentum, convection as well 

 

According to the title, the momentum conservation 

equation now includes the longitudinal gradient (the 

Weisbach-Darcy model [12, 13]) of the velocity and the 

inhomogeneity of the velocity field along the flow di-

rection (pipe axis): 

 

2

0 2

V V λ p V
ρ -V V V μ .

t x 8R x x

    
    

    
    (45) 

 

The mass conservation equation remains the same 

that is (10). Dimensional approach more convenient 

now, since we still need to estimate the ratio of forces. 

Instead of the term with the speed modulus, you can 

write a double sign 

 

2

2

V ,  V<0; 
V V

V ,  V>0.


 


                    (46) 

 

Now let's use self-similar variable. In this way: 

 

2
2

0 2

dV dV λ dp d V
ρ -V V - μ ,

dη dη 8R dη dη

 
    
 

a     (47) 

 

2
0

dp dV
ρ .

dη dη
a a                          (48) 

 

Substituting equation (48) into (47) gives us: 

 

2
2

0 0 2

dV dV λ dp d V
ρ -V V ρ μ .

dη dη 8R dη dη

 
     
 

a a (49) 

 

After simplification, equation (49) becomes: 

 

2
2

2

d V dV λ
ν V V .

dη 8Rdη
                    (50) 

In equation (50)  is kinematic viscosity. Despite 

the apparently relatively simple form of equation (50), 

its solution is quite complex and is not presented in an 

explicit form. Since the value of the coefficient of mo-

lecular viscosity is significantly less than unity and both 

nonlinear terms are practically everywhere except for a 

thin layer with a sharp continuous velocity gradient, it is 

logical to introduce the ratio of molecular viscosity to 

the viscosity on the pipe walls and rewrite equation (50) 

in a more convenient for analysis form: 

 

2

2

d V 8R dV
ε V V ,

λ dηdη

 
  

 
                (51) 

 

where ε ν8R / λ is a small parameter, the physical 

meaning of which is the ratio of the molecular viscosity 

to the friction force on the pipe wall. 

Let's apply the theory of asymptotic approxima-

tions with a small parameter to equation (51). Accord-

ing to this theory, we present the unknown velocity 

function in the form of a power series with on small 

parameter: 

 

       2
0 1 2V η V η εV η ε V η ...             (52) 

 

The corresponding approximations, 

     0 1 2V η ,V η ,V η ... , are found by substituting (52) 

into (51) and picking up all terms with the correspond-

ing powers ε . For the "0-th" approximation, the follow-

ing equation is obtained: 

 

0
0 0

dV8R
0 V V .

λ dη

 
  

 
                   (53) 

 

The solution of (50) is 

 

 0 1
λ

V η =C exp η .
8R

 
 
 

                   (54) 

 

Recall that the signs in the argument are chosen in 

such a way that the exponent decreases. That is, "-" cor-

responds to positive values of the self-similar variable, 

and "+" – to negative values. Fig. 2 shows a graph of 

this function.  

The next approximation is found from the follow-

ing equation 

 

 

 

2 2
0 1

0 12 2

0 1
0 1

d V d V
ε ε V εV

dη dη

dV dV8R
   ε V εV .

λ dη dη

 
    

 
 

  
     

  

     (55) 
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Fig. 2. Velocity distribution: curve I corresponds  

to taking into account only friction on the walls (8); 

curve II also takes into account convection (54) 
 

We pick up the terms with the first power of the 

small parameter ε . The following equation is obtained: 

 

2
0 01

0 1 0 12

d V dVdV8R
V V 2V V .

λ dη dηdη

 
   

 
      (56) 

 

Now let's use the explicit form of the 0-th order 

approximation (54) and substitute it into the equation 

(55). After algebraic simplifications, the following 

equation is obtained: 

 

3
1

1

dV λ λ
V

dη 8R 8R

 
   

 
.              (57) 

 

The solution (57) has the following form: 

 

 
3

1 2
λ λ

V η η+C exp η
8R 8R

   
    
   

.       (58) 

 

The first term in (58) is a linear function of the 

self-similar variable. Therefore, in order to be able to 

"bend" the solution and force it to approach zero, we 

take into account one more approximation - the second 

order of smallness with ε . We write the required equa-

tion again in the following form: 

 

 

 

2 2 2
2 20 1 2

0 1 22 2 2

2
2 20 1 2

0 1 22

d V d V d V
ε ε ε V εV ε V

dη dη dη

dV dV dV8R
ε ε V εV ε V .

λ dη dη dη

 
      

 
 

  
       

  
  

 

After algebraic transformations and reductions that 

take into account the explicit form of previous approxi-

mations, the following equation is obtained: 

 

 
6

2
2

1

dV D
DV ηexp Dη

dη C
    .        (59) 

 

where D /8R , 

 

 
    

 
 

6

2 22
1

exp (D+1)η D D+1 η-1
V η = - +C exp -η ,

C D+1

           0.

 
 
 
 

 

 

 

 
    

 
 

6

2 22
1

exp -(D+1)η D D+1 η+1
V η = +C exp η ,

C D+1

             0.

 
 
 
 

 

 

 

So, the general form of the asymptotic solution 

with accuracy up to the second order on a small parame-

ter ε is obtained. As the quantitative analysis of taking 

into account the first and second asymptotic approxima-

tions for smooth pipes showed, they are negligibly small 

compared to the zero approximation. Therefore, for ap-

plied calculations it is sufficient to limit ourselves to 

expression (54). On the other hand, comparing the 

curves in Fig. 2 shows the importance of convection 

velocity fields during shock wave propagation. 

 

Discussion 
 

Undoubtedly, in the modern world, the computer 

experiment plays a significant role in the research of 

complex phenomena, in particular, hydraulic shock. 

Today, there are not only one-dimensional models of 

shock wave propagation in droplet liquid, but also two-

dimensional ones, as well as those that take into account 

the turbulent nature of the flow during the passage of 

the shock wave [19]. But, on the other hand, the rapid 

development of computer technology made it possible 

the analytical solution finding in for many nonlinear 

differential equations and their systems. The combina-

tion of the experience of obtaining self-similar equa-

tions and their solutions opened up new opportunities 

for finding analytical solutions that describe the phe-

nomenon of hydraulic shock. For technical needs, this is 

absolutely necessary, as it makes it possible to estimate 

the pressure increase and the consequences of this in-

crease - elastic deformation of the pipeline surface and 

fatigue phenomena [20]. These deformations are associ-

ated with the translational motion of cavitation accom-

panying the shock wave [21]. Ultimately, they lead to 
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fatigue corrosion of the pipe surface [22], which is an 

extremely undesirable phenomenon. 

 

Conclusions 
 

The paper considers the phenomenon of unsteady 

flow in a droplet liquid. An unsteady flow essentially 

forms a shock momentum, although it is commonly 

called a shock wave. Based on the previous works of the 

authors, and taking into account the achievements of 

others, an analytical study of nonlinear and viscous ef-

fects during shock wave propagation was carried out. 

Molecular viscosity, according to obtained solution, is 

significant only in the thin shock layer, at the wave 

front. But the convection mechanism of the momentum 

(velocity field) should be taken into account in the en-

tire domain of the shock wave's existence. As it turned 

out, an analytical relationship between the pressure 

function and the velocity function can be found for a 

droplet liquid  within the framework of the inviscid ap-

proximation. 

Future research could consider unsteady flow in a 

multiphase fluid.   
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НЕСТАЦІОНАРНА ТЕЧІЯ КРАПЕЛЬНОЇ РІДИНИ В ГІДРАВЛІЧНИХ СИСТЕМАХ  

ЛІТАКІВ І ВЕРТОЛЬОТІВ: МОДЕЛІ ТА АНАЛІТИЧНІ РОЗВ’ЯЗКИ 

П. В. Лук’янов, К. С. Павлова  

Предметом даної роботи є нестаціонарна течія рідини в трубопроводах, що є частиною конструкції лі-

таків та вертольотів. Під такою назвою розуміється, перше за все, явище різкого підвищення тиску в трубо-

проводі, яке відоме як гідравлічний удар. Хоча вже навчилися боротися з цим явищем в окремих частинах 

систем, але у багатьох елементах конструкцій (гнучкі трубопроводи),  всередині яких робочій тиск сягає 

кількохсот атмосфер, це явище ще й досі є доволі небезпечним. Найкращій спосіб боротьби із небажаним 

явищем, як відомо, є його теоретичне вивчення. На сьогоднішній день наявна величезна кількість робіт в  

напрямку досліджень гідравлічного удару. Дана стаття не ставить за мету повне охоплення цих робіт.  В ній 

обмежується  посиланням на  оглядові та відповідні роботи. Оскільки явище гідравлічного удару має суттє-

во нелінійний характер, то донедавна були невідомі аналітичні розв’язки систем рівнянь, що відповідають  

найпростішим моделям. У даній роботі представлено, у якості огляду, вже відомі аналітичні розв’язки, що 

описують процес поширення ударної хвилі, і , головне, наведено нові здобутки, як для нев’язкого набли-

ження, так і з урахуванням внутрішнього в’язкого тертя. Показано, що внутрішнє тертя, в рамках розгляну-

тої моделі, є незначним майже усюди, окрім тонкого ударного шару. Асимптотика пропорційна функції тан-

генса і обернено пропорційна кореню квадратному із добутку числа Рейнольдса та безрозмірного параметра, 

http://dx.doi.org/10.12988/ams.2015.53270
https://doi.org/10.1115/1.4013579
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що характеризує ефект конвекції. В той же час конвекція поля швидкості істотно впливає на розподіли хара-

ктеристик у гідравлічному ударі. Якщо автомодельні розв’язки, що були отримані раніше, мають степеневий 

характер розподілу швидкості в ударній хвилі, то одночасне врахування в моделі конвекції і тертя на стінках 

трубопроводу (за моделлю Вейсбаха-Дарсі) дало змогу отримати розподіл у вигляді експоненціальної функ-

ції, що спадає зі зростанням відстані від фронту ударної хвилі. Крім того, в роботі здійснено оригінальний 

підхід щодо розв’язання нелінійної системи диференціальних рівнянь, що описує поширення ударної хвилі 

без урахування тертя на стінках. Отримані аналітичні розв’язки у вигляді функції тиску від швидкості по-

ширення ударної хвилі. Методи досліджень.  В роботі використовуються суто теоретичні підходи, що ба-

зуються на використанні відомих моделей течії крапельної рідини, методах аналітичного розв’язання дифе-

ренціальних рівнянь та їх систем, асимптотичні методи,  виведення автомодельних рівнянь та знаходження 

їх розв’язків. Висновки. Отримана аналітичні розв’язки систем диференціальних рівнянь, які описують мо-

делі гідравлічного удару як без урахування в’язких ефектів , так із урахуванням їх. Наведено порівняння 

отриманих результатів із результатами інших робіт.  

Ключові слова: літак; вертоліт; елементи конструкції;  гідравлічний удар (ударна хвиля); напруження; 

тертя; деформація поверхні; втома.   
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