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SUBJECTIVE ENTROPY EXTREMIZATION PRINCIPLE AS A TOOL
OF AN AIRCRAFT MAXIMAL DURATION HORIZONTAL FLIGHT CONTROL

This paper continues researches of optimal control in active systems started before. In application to an air-
craft maximal duration horizontal flight control problem solution, it is proposed to use the individual’s subjec-
tive preferences entropy extremization principle as a helpful tool. Basing oneself upon that principle alone, one
can reveal the optimal mode of operational control even without knowing the extremal one. Since the subjec-
tive entropy extremization principle allows; independently on the conditions of transversality, Weierstrass-
Erdmann, principle of maximum by L.S. Pontryagin (USSR), as well as principle of optimality by R. Bellman
(USA); finding the extremals, their optimal conjunctions of all kinds: either breaks with shifts, or both at
smooth and corner points, for closed and restricted areas, stipulated by obeying the only a priory condition of
the Euler-Lagrange equations; it is suggested to call this principle by the name of its author, professor Viadi-
mir Aleksandrovich Kasianov, National aviation university (Kyiv, Ukraine). The necessary calculations are

fulfilled. Plotted corresponding diagrams.
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Introduction

The presence of an aircraft power plant of any kind
on board an airplane is dictated by the reasons of the
balanced combinations for a certain flight tasks fulfill-
ment, reliability of the designed structures, flight safety
motivations, and a thought of economical efficiency [1].

Problem formulation in the general view. The
choice made by the aircraft operators (active elements
of the system) is somewhat optimal. To discover that
optimality is the concept of this paper in general.

The problem relation to important scientific
and practical tasks. The theme of this article relates
with the important scientific tasks of analytical re-
searches in the field of the optimal control theory re-
garding control in the active systems.

Its practical significance touches the issues of fuel-
energy saving modes of operation of aircrafts and their
powerplants.

Analysis of the latest researches and publica-
tions. In our researches we base ourselves upon the lit-
erature sources briefly listed as [1 — 12].

This paper continues the discussions on the opti-
mality of the active system element’s (individual’s, sub-
ject’s) controlling behavior initiated in our previous
publications [6-11].

It deals with the unsolved part of the general prob-
lem in the aspects of mathematical modeling of the ac-
tive element control.

The task setting. The objectives of this paper are
to justify the use of the entropy concept for explanations
of the individual’s optimal controlling decisions choice.

The main content of the researches

Having considered objectively existing optima for
an aircraft maximal duration horizontal flights obtained
in the previous publications and achieved on the basis of
the results of the variational problems solutions of the
changeable mass material point dynamics we come to
the variational problem in terms of subjective analysis.

1. The variational problem in terms
of subjective analysis

1.1. Maximal duration horizontal flight
with the possible extremal

Accordingly to the theoretical statements of [2, 3]
we have got the extremal speed of the aircraft maximal
duration horizontal flight in the view of a function of a
flying object changeable mass:

()

where b — some stable value which is being determined
from the blowing in the wind tunnels;

m — mass of the flying apparatus;

g=9,81 m/s’;

C, — value of the head resistance force coefficient

X0
at the value of the lifting force when it equals zero;
p — density of the air at the given altitude;

S - character
object [3, § 5, P. 199].

square area of the flying
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All derivations are performed in the supposition of
the parabolic polara relations between coefficients of
the aerodynamic forces.

The duration of the flight is determined by the
value of the corresponding functional. In the case (1) the
expression is the function of the aircraft changed mass

ey meds (1 ,
T(m) 0 —(4) %/C_[bgz]%[\/g \/M_()J ()

where m — efficiency of the propulsive complex, con-

sidered to be a constant for the rough problem setting;
Q —low calorific value of the fuel,
M, — mass of the flying apparatus at the initial

moment in time [3, § 5, P. 201, 202].
Corresponding distance at that maximal duration:

_nQ 3 (Mo
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o

where Mg — final mass of the flying apparatus.
At a constant flight speed we obtain the change of

the mass of the airplane from the differential equation
which has a well known solution [12, P. 24, # 15]:

m(t)= ﬂtg[arctg{Mo m}—t albll,
\ by \ 2

where a; , b; — corresponding constants:

Cy, PS8V’ _ 2bg?
2nQ ' nQpsv

After compilation, for the set of some two reach-
able alternatives of the considered operational modes
control, the so-called operational functional (the proto-
types of such a kind of functionals are, for instance, in
the publications of [9, P.57, (1), (2)], [7, P.119,
(3.38)]), which includes H

vidual’s) subjective preferences entropy, we can find,
from the necessary conditions for the extremals to exist,
written in the view of the system of the equations by
Euler-Lagrange, the corresponding expressions of the
canonical distributions of the preferences, likewise in
[9, P. 58, (4)], [7, P. 115-135]:

¢ PHi

—2
Z ¢ PE
i=l1

where B — structural parameter;

2nQpv;S

Cxo (pv]zS)2 + b(2mg)2

2nQpv,S

F2 = 5 5 B (5)
Cxo (psz)2 + b(2mg)

a =

x — active element’s (indi-

) €)

T

F] = B (4)

where v, v, —alternative functions of speed.

For the extremal speed we get the expression abso-
lutely one and the same to (1).

Fulfilling the necessary mathematical calculations
with the methods of (1)-(5), as a sort of experimenting
work, we are getting convinced in preferring the “right”
(optimal, the best) alternative for delivering the extre-
mal (maximal) value to the objective functional.

1.2. Duration of the horizontal flight
with the application of subjective entropy
of unextremal operational modes preferences

Herein, we particularly have to call attention to the
fact that the entropy extremization principle alone
makes it possible choosing the best reachable combined
alternative in that case when the extremal speed of the
horizontal flight is unachievable.

If there are two unextremal, generally speaking
changeable depending functionally upon the aircraft
mass, speeds (modes) of horizontal flight, there can be
three possibilities in the general case:

1. The first speed delivers the longest duration of
the horizontal flight;

2. The second one; or

3. A certain combination of the two speeds
(modes of operation).

The solution (“right” choice) implies the longer
duration of the flight as the bigger value of the corre-
sponding flight segment functional of the type:

m
2nQpvS
T(m): j - S ;
Mo CXO(pV s) +b(2xg)

where x —technical variable;
being found on the basis of the bigger differential:

2nQpvS

CXo (pVZS)2 +b(2mg)2
or derivative of the duration, correspondingly to (4), (5).

However, we do not impose that artificial, for the
given problem formulation, condition of the bigger
value of the integral (6), differential (7) or derivative of
the time (duration) in the view of the expressions (4)
and (5) with the related speeds of the horizontal flight in
accordance with their segments of the flight. Instead, we
compile the functional and find the canonical distribu-
tions of the controlling system active element’s (indi-

vidual’s) subjective preferences functions in the view of
likewise (3).

dx, (6)

dt=— dm, (7)

2. Practical application
of the problem solution

Suppose an aircraft and its flight parameters are:
M, = 10,000 kg; Mg = 8,000 kg; n=0,3;
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Q=42,700-10° J/kg; p=1kg/m’; S=50 m%;
Cx, = 0,02; b=0,045.

There are presumably two possible unextremal
speeds of horizontal flight v,(m) and v,(m); corre-
sponding depictions of them in the style of Vl(m) and
v2(m) are demonstrated in fig. 1.

150 150 T
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Fig. 1. Variants of the horizontal flight speeds

In fig. 1 it is also depicted: Vopt(m) — optimal
speed combined out of the two alternative speeds; for
comparison vT max(m) — the extremal (optimal) speed
of the horizontal flight, v — a constant flight speed from
the optimal diapason; Va(m) — the approximated opti-
mal speed (it is the closest to the extremal, but not opti-
mal although); vi(m), v2(m) — the changeable unex-
tremal speeds for (4), (5) respectively.

If the speeds vi(m) and v,(m) can arbitrary
(subjectively) be chosen at any moment of the flight
time, in general case as that was mentioned above, one
or another combination of them will be delivering the
maximal value to the functional (6).

For the given data we find the canonical distribu-
tions of the making decisions active element’s prefer-
ences, calculated in this experiment through the expres-
sions (3)-(5).

The preferences of m;(m) and 7, (m) of the cor-
responding alternative speeds of v,(m) and v,(m),
related to the corresponding modes of operational con-
trol, are shown in fig. 2 in the stylized manner as 7l(m)
and 72(m).

The calculated subjective entropy of H(m) is also

represented in fig. 2 in the corresponding scales f and n.

The same scales is used for the subjective entropy maxi-
mal value which is for this given case equaled to In(2),

see fig. 2.
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Fig. 2. Individual’s preferences functions as the op-
erational modes control and their subjective entropy
formed by the effectiveness functions

In fig. 2 it is also illustrated: the function FGo(m)

— represents the relations between the functions of de-
rivatives (4) and (5), it has the similar shape with 7, in
the corresponding scale; the functions Avl(m),
AV2(m), and Avl2(m) — they take into account the
differences between the extremal speed of the flight and
the first not extremal one determined from (4), the sec-
ond speed of the flight also the one not extremal from
(5), and between these not extremal speeds of the flight
from (4) and (5) respectively.

Corresponding integrals of the flight duration
found from (6) are illustrated in fig. 3, 4.

In fig. 3, 4, in the corresponding scale, it is repre-
sented: Topt(m) — flight duration for the optimally

combined of the two alternative speeds mode; Tvl(m) —
duration of the flight performed with the first speed of
vy(m); Tv2(m) —duration of the flight performed with
the second speed of v,(m); Tmopt(m) — extremal

(maximal) flight duration obtained from (6) with the
extremal of (1), it equals (2), or the maximal possible
value of (2) when the upper end of the integration in (6)
m=Mg.

Conditional equations system for the two alterna-
tive speeds will be
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V(m)opt ={vl(m), if nl(m)z nz(m), ®)

\D) (m), otherwise.

Accordingly to the alternatives (8) the integral of
the flight duration will be formed as the linear combina-

tion from (6):
) 9,702 ) 2nQpv;(m)S dm +
Mo=10,000 C, (p[v] (m)]2 5)2 + b(2mg)2
) 8,324 ) 2nQpv, (m)S dm +
9702 Cy, (p[v2 (m)]2 S)Z + b(2mg)2
X 8,102 2MQpv;(m)S dm +
8324 Cy, (P[Vl (m)]2 5)2 * b(2mg)2
) ME=8,000 ) 2nQpv,(m)s dm. (9)
8,102 Cxo (P[Vz (m)]2 S)Z + b(2mg)2
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Fig. 3. Integral of the flight duration in the flying
object mass change diapason of 8,500 ... 8,000

For comparison, if the airplane can perform the
flight either on the first mode or on the second mode
only, that is without switching them, then the functional
of the considered class will be

Mg
2nQpv;S
®, =H; -Bim J- 1

> dm +
Mo Cy, (pV%S) + b(ng)2

Mg
2 Sds
oy J' nQpv,Sdm

2
Mo CXO (pV%S) + b(ng)2

2
+y{2ni —1}. (10)

i=l

The preferences from (10) will comprise their cor-
responding integrals from (10).

Then conditional system of (6) not likewise in the
case of (9) will be

T(m),... _{Tl [vi(m)} if m;(m)> 7, (m); (11

- Tz[vz(m)], otherwise,

where T, [Vl (m)] and T, [V2 (m)] — corresponding inte-
grals of the type of (6).
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Fig. 4. Integral of the flight duration in the flying
object mass change diapason of 9,600 ... 9,300

The without shifting integrals in (11) will be

T, (m) _ T _ 2nQpv; (X)S dx, (12)
My Cy, ol (PSS +blaxe)?
T, (m) _ rJr‘I _ 2T]QPV2(X)S dx . (13)

My C, bl (PSS +b(2xe)?

The results of the calculation experiments for the
case of (10)-(13) are shown in fig. 5.

In fig. 5, in the corresponding scales, it is depicted:
flight durations — Topt(m), Tvl(m), and TV2(m), cal-
culated by (2), (12), and (13) respectively, all derived
from (6) with the related speeds; entropy — H(m), of the
related preferences functions of m;(m) and m,(m),
obtained by the formulas (3) and (12) and (13) instead
of (4) and (5) with the corresponding speeds and de-
noted with the marks of ml(m) and n2(m) respectively;
the maximal value of the entropy: In(2); and the value

of the preferences intersections: 0,5.

3. The researches results

Analysis of the researches results will be made
with the help of the illustrations fig. 1 — 5.

Optimal combined speed Vopt(m), fig. 1, makes us
be inclined to assert, although scientifically substantiated
before, achieved in this research on the basis of the other
postulates of subjective entropy extrimizing principle:
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Fig. 5. Individual’s preferences functions
as the operational modes control and their subjective
entropy formed by the effectiveness functions

“The closer the possible alternative mode of
operation to the extremal one, the better”,

- “The optimal transitions from one operational
mode to another one can be realized at the smooth or
corner points of the intersections of the alternative op-
erational modes, when they are positioned on the same
side from the extremal; or these shifts have a skip char-
acter if the alternatives lie on the opposite sides from
the extremal”.

Analysis of the researches results illustrated in
fig. 2 allows us asserting:

“The individual’s preferences, showing the
“right” alternative choice, react on the difference in the
effectiveness functions regarding corresponding alter-
natives”;

- “The crossing of the levels of the indifference
by the effectiveness functions difference is the necessary
and sufficient conditions for the change of the opera-
tional modes of the both types (the corner points as well
as the leaps)”;

- “The crossing of the levels of the indifference
by the alternative functions difference itself is the neces-
sary and sufficient conditions for the corner points
change of the operational modes only”.

Concerning the traces in fig. 3-5 and in the whole
diapason of the independent variable possible values
change it shows the expediency of that or another mode
of operation. For instance, in compliance with the spe-
cial case of the problem formulation (10)-(13), fig. 5.

For example, at the mass value of 9,444, there is no dif-
ference between the alternative modes. For comparison,
at this value with the extremal speed of the horizontal
flight of the aircraft, the duration would be more than
three times longer, the absolute values are 5,1735 in-
stead of 1,5427.

Conclusions

On the basis of the researches results, (1)-(13), il-
lustrated in fig. 1-5, we can come to the conclusions
that: “Subjective entropy extremization principle al-
lows, independently on the conditions of transversality,
Weierstrass-Erdmann, from the calculus of variations,
as well as independently on the principle of maximum
by L.S. Pontryagin (USSR), also principle of optimality
by R. Bellman (USA); finding the extremals, their opti-
mal conjunctions of all kinds. either breaks with shifts,
or both at smooth and corner points, for closed and
restricted areas; stipulated by obeying the only a priory
condition of the Euler-Lagrange equations”.

There is no objections to call this newly invented
“Subjective entropy extremization principle” by the
name of its author, professor Vladimir Aleksandrovich
Kasianov, National Aviation University (Kyiv,
Ukraine).

Prospects of further researches. It is important to
investigate other types of functionals of the kind of (9),
(10) as well as with the different functions of the effec-
tiveness of the sort of (4), (5), also research operational
modes of control for horizontal flights of maximal dis-
tance subject to multi-alternativeness and conflicts.
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PenenzenT: 1-p TexH. Hayk, npod., 3aB. Kad. CYJHOBOAIHHSI, OXOPOHM Mpalli Ta HABKOJIMWIIHBOTO CEpeIOBHIIA
B.€. JleonoB, XepcoHChKa JepikaBHA MOPChKa akaaeMis, XepCOH.

NPUHIMUII SDKCTPEMU3ALINN CYBLEKTH?HOﬁ SHTPOIIMU KAK UHCTPYMEHT
YIPABJIEHUSA MAKCUMAJIBHOU TPOJOJIKUTEJIBHOCTBIO
I'OPU30HTAJIBHOI'O ITOJIETA CAMOJIETA

A.B. I'onuapenko

Ota craThs NPOAODKAET paHee HadyaThle UCCIIEIOBAaHU ONTUMAIBHOIO YIPABJICHUS B aKTHBHBIX cuUcTeMax. B
TIPUJIOKEHUH K PEIICHHIO MPOOJIEMBI YIIPABJICHHS IOPU30HTAIBHBIM TIOJIETOM CaMoJleTa MaKCUMAIBHOM IPOJOIIKHU-
TENIHOCTU TIPEJIOKEHO HCIIONb30BaTh HPUHIMIT SKCTPEMU3AIMU SHTPONUHM WHIMBHIYaJIbHBIX CyObEKTHBHBIX
NIPE/ANOYTEHHH, B Ka4eCcTBe yJ00HOr0 MHCTpyMeHTa. ONMUpasich JIMIIb Ha 3TOT NPUHIUIL, MO)KHO OOHAPYXUThH OII-
TUMAaNbHBIA PEXUM IKCILTyaTAIIMOHHOTO YIIpaBJIEHU, Jake HE 3Hasg dKCTpeMaibHOro. I1oCKoIbKy MPUHLIUI IKC-
TpEeMH3AIMU CyOBEKTUBHOW SHTPOIMH ITO3BOJIAET, HE3aBUCHUMO OT YCIOBUI TpaHCBEpCalbHOCTH, Belepiirpacca-
Opnamanna, npuniuna makcumyma JI.C. TTortpsruna (CCCP), a Taxke mpuHumna ontuMaibHocTH P. Bennmmana
(CIIA); HaxOkIEeHUE IKCTpEeMaJlel, NX ONTUMAaJIbHBIX COEIMHEHUH BCEX THIIOB: JIMOO pa3phIBHBIX CO CMEIIEHUEM,
100, KaK TJaJKUX, TaK M YIJIOBBIX, JUIS 3aKPBITHIX U OrPaHMYEHHBIX 00acTeil; 00yCIOBIEHHOE eIMHCTBEHHO all-
PUOPHBIM YCIIOBHEM ypaBHeHM Oiinepa-Jlarpama; mpemiaraercs Ha3BaThb 3TOT NPUHIUI UMEHEM €ro aBTopa,
npodeccopa Bramumupa Anexcanmposuda KacksnoBa, HarmonansHbIN aBuanuoHHblli yHUBepcuTeT (Kues, Vk-
pauHa). BrimonmHeHs! HeoOXomuMble pacueThl. [IocTpoeHbI COOTBETCTBYIONINE TUarpaMMBbl.

KnaroueBbie ciioBa: MakcUMalbHasl MIPOJOKUTENLHOCTh, TOPH30HTANBHBIHN TI0JIET, CYOBEKTUBHASI SHTPOIHS,
WHIMBH/yaJIbHBIE TIPEIIIOYTEHNS, MHOTOIBTEPHATUBHOCTD, YIIPaBJICHUE aKTUBHBIMH CHCTEMaMHM, aKTHBHBIN 3Jie-
MEHT, BapHaIlOHHAas 3a]a4a, SKCIUTyaTallMOHHbIA (DYHKIIMOHAJ.

MPUHIIAI EKCTPEMIBAII CYB’€EKTUBHOI EHTPOIIII SIK IHCTPYMEHT KEPYBAHHSI
MAKCHUMAJIBHOIO TPUBAJIICTIO I'OPU30HTAJIBHOT'O ITIOJIBOTY JIITAKA

A.B. I'onuapenko

L5 crarTs nmpoAoBXKye paHille po3rnoyarti AOCTIKEHHsI ONITUMAaJIbHOTO KEPYBaHHsS B aKTUBHUX CHUCTEMax. Y
3aCTOCYBaHHI JI0 PO3B’sI3aHHS MIPOOJIEMH KEPYBaHHSI TOPU30HTAIILHUM IOJIHOTOM JIiTaKa MaKCUMaJIbHOI TPHBAJIOCTI
3aIpOIOHOBAHO BHKOPHCTOBYBATH TPUHIMII €KCTpeMi3alii eHTpoIii iHAMBIAyaJbHUX Cy0’€KTHBHUX IepeBar, y
SIKOCTI 3pY4HOro iHcTpyMeHTy. Cuparovnch JHIIe Ha TOH MPUHIIMI, MOXKJIMBO BUSIBUTH ONTHMAIBHUNA PEXKHUM EKC-
TUTyaTaliiHOro KepyBaHHs, HAaBiTh HE 3HAIOYM eKCTpeMasbHOro. OCKUIBKM NPUHIUI eKcTpeMizallii cy0’eKTHBHOL
EHTpOIIii J03BOJISIE; HE3AJIEKHO BiJl YMOB TpaHCBepcaslbHOCTI, Beliepirpacca-EpaMaHHa, NPUHIUIY MakCUMyMy
JI.C. Ilonrpsrina (CPCP), a takox mpuHnumy ontuManbHocTi P. beruimana (CHIA); 3HaxomKeHHsS eKcTpeMaliel,
iXHIX ONTHUMaJbHUX 3’€IHAHb YCIX TUMIB: a00 PO3PUBHHX 31 3MIIIEHHSM, 200, K INIaJKHUX, TaK i KYTOBHX, IJIS 3a-
KPHUTHUX Ta 0OMEXEHUX oOJiacTeil; 0OyMOBIIEHE €IMHE anpiopHOI YMOBOIO piBHSHB Elnepa-Jlarpamxka; nmponony-
€ThCsl HAa3BaTH 1Ied NMPHHIIMIT iIMEHEM Horo aBTopa, npodecopa Bomomumupa Onexcanaposuua KacesiHoBa, Harrio-
HalbHUN aBianiiiHuii yniBepcuter (KuiB, Ykpaina). Bukonano HeoOximHi pospaxynku. [ToOymoBaHo BinmoBimHi
Jiarpamu.

Karwu4oBi ciioBa: MakcuMasbHa TPUBAIICTh, TOPU3OHTAIBHUI TOJIT, Cy0 €KTUBHA €HTPOIIIsl, 1HAWBIAYaIbHI
nepeBary, OaraToalbTepHATHBHICTh, KEPYBaHHSI aKTUBHUMHU CHUCTEMaMH, aKTHBHHUI eeMEHT, BapialliiiHa 3ajauya,
eKCIUTyaTalliiHIK (YHKITIOHAJ.

I'onuapenko Anapiii BikTopoBu4 — xaHI. TeXH. HayK, JOKTOpaHT Kadenpu MexaHiku HamionampHoro asia-
uiitHoro yHiBepcurery, Kuis, Ykpaina, e-mail: andygoncharenco@yahoo.com.



