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SUBJECTIVELY PREFERRED OPTIMALLY CONTROLLED MODES OF

OPERATION FOR AN AIRCRAFT MAXIMAL DURATION HORIZONTAL FLIGHT

It is researched the operation of an aircraft on the modes of horizontal flight with the maximal duration. Ex-
tremals of the functional on the basis of the traditional form of the integral acquired with respect to the equa-
tions of motion of a material point with the changeable mass by I.V. Mescherskiy (1893-1897), T. Levi-Civita
(1928) with the addition of the entropy of the controlling element’s of the active system individual subjective
preferences has been obtained as a solutions of the variational problem on the necessary conditions for the ex-
tremums existence in the view of the system of the Euler’s-Lagrange’s equations. Canonical distributions of the
preferences and the optimal mode of the horizontal flight for the maximal duration have been got also in the
case when the extremal speed cannot be reached or realized for one reason or another. The control in such a
case implies preferences of the greater derivatives or differentials as the functions of effectiveness. The optimal
modes of operation are being obtained on the basis of the subjective entropy extremum only and no other re-
strictions, except normalizing condition, has been imposed in the problem formulation. The necessary calcula-
tions are conducted. Plotted corresponding diagrams.
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Introduction

It is generally known and accepted that the maxi-
mal duration of a horizontal flight for an aircraft
equipped with any type of aircraft powerplants exists
objectively [1]. The solution of the simplest problem
about the maximal duration of a horizontal flight shown
in [2, 3] related an aircraft equipped with a sky rocket
engine.

Problem formulation in the general view. The
problem of control in an active system should make
allowance for a choice made by the system’s active
element. Moreover, there should be some scientifically
reasonable explanation of the active element’s rational
behavior, for example, when choosing the appropriate
operational mode.

The problem relation to important scientific
and practical tasks. It is always important to control
and operate a system in some optimal way. An effective
process of an operational control of an aircraft flight is
not an exception. That implies holding the flight safety
and economical parameters within their accepted inter-
vals.

Scientific substantiation of the optimality with re-
spect to fuel consumption effectiveness results in practi-
cally up to 15%, or even sometimes more, savings com-
pared to operational modes neglecting extremal princi-
ples.

Analysis of the latest researches and publica-
tions. There are a lot of scientific monographs, training

books, guidances, and text books dedicated to the prob-
lem issues of flight modeling and optimization. In our
researches we are guided mostly by [2 — 11] with elabo-
ration the still unsolved part of the general optimization
problem with respect to the postulated in subjective
analysis [6 — 11] the entropy extremal principle.

The task setting. The purpose of this paper is to
show the usefulness of the entropy extremal principle
concept in application to the solution of the problem of
the optimal control mode of operation choice when in
the variational problem setting for an aircraft maximal
duration horizontal flight we formulate the functional
including subjectively preferred alternatives.

The main content of the researches

Variational problems of the changeable mass mate-
rial point dynamics allow correct researching a series of
non-stationary problems of the aircraft flight dynamics
problem not only with the sky rocket engine [3, P. 198-
218] but also with a propeller or any other propulsive
complex.

1. Objectively existing optima

1.1. Maximal duration horizontal flight
of the aircraft with the sky rocket engine

Concerning the maximal duration horizontal flight
of the aircraft with the sky rocket engine, the achieved
solution [3, § 5, P. 203, (22)]:
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f=—_ 1
2 (1)
where f — function, which is being variated, or the
free/loosened function, — the law of the airplane mass
change [3, § 5, P. 198];

v — speed of the flying object center of masses, it is
assumed, that when the fuel is being burnt, the center of
masses of the aircraft has no displacement relatively to
its fuselage hull, hence, the vector differential equation
of the center of masses motion will not be different from
the equation of the material point with the changeable
mass motion, that is from the equation by
I.V. Mescherskiy (1893-1897) [3, P. 7], [3, § 5, P. 199],
T. Levi-Civita (1928) [3, P.9, 11, 12], [3, § 1, P. 19,
(13)];

v — value of the initial speed of the flying object
horizontal flight [3, § 5, P. 202, 208, 210];
is the equation of the extremal of the corresponding
functional [3, § 5, P. 202, (16)]:

2n 2
T= J' f + f2 V v, (2)
Ve Av" + Bf"
where T — time (duration) of the horizontal flight at the
engine running;
vg — speed of the airplane flight at the end of the
active segment of the horizontal flight, that is at the end
of the engine run [3, § 5, P. 202];
f'" — derivative of the flying object mass change
function with respect to the speed of the horizontal

flight, that is f’=j—f [3,§ 5, P. 201];
v

V,

. — effective relative speed of the burning prod-

ucts flowing out from the nozzle of the reactive (jet)
engine, being V. =const [3, § 5, P. 199];

n — some certain constant, being determined within
the given diapason of speeds from the blowings in wind
tunnels [3, § 5, P. 199];

A ta B — constants, being determined by the ex-
pressions [3, § 5, P. 202]:

_ CxoPS
-~ 2M,

~ bg" (M)

’ sy
— value of the head resistance force coeffi-

€)

where C, 0
cient at the value of the lifting force when it equals zero;

p — density of the air at the given altitude;

S — character square area of the flying object [3,
§ 5, P. 199];

M, — mass of the flying apparatus at the initial
moment in time (at the point of the airplane coming up

to the straight line horizontal trajectory) [3, § 5, P. 201,
202];

b — some stable value which is being determined
within the given diapason of speeds from the blowings
in wind tunnels;

g — acceleration, stipulated by the gravitational

force, which is considered being constant and equaled to
g=9.81 m/s%;

written in the view of integral (2) on the basis of [3, § 5,
P. 202, (14)]:

(f+ £V, "2

dt=— 5
Av-" + Bf"

dv, 4)
where t — time.

1.2. Without jet force flight

For the case of an airplane equipped with the pro-
peller propulsive complex flight for the maximal dura-
tion of the horizontal flight, instead of the reactive force
of the engine, written in the view of [3, § 5, P. 199, (1)]:

o--My _mv )
dt

where M =M(t) — mass of the flying object at the

given moment of time t ;
m — fuel mass consumption per second,;
in the equations of the aircraft center of masses motion
in projection upon the tangent line to its trajectory we
obtain the thrust of the propellers:
dm
P=-n,— (6)
where 1, — coefficient of proportionality of the propel-

lers thrust to the secondly fuel mass consumption;
m — mass of the flying apparatus.

Neglecting the forces of inertia will be the next
characteristics of the main forces and suppositions at the
considered problem formulation. It is justified because
of insignificant changes of the flight speeds at the rather
prolonged duration (time) of the flight, that is tangent
accelerations are negligibly small.

Thus, at the given case, for the rough, simplified
problem setting, we obtain the differential equations of
the airplane center of masses motion in projections upon
the tangent and normal lines of the flight trajectory in
the view of:

dm pv2
0=P-R=-n,—-C, 8§, 7
el (7)

V2
0=—G+Y=—mg+CypTS, (8)

where R — aerodynamic force of the head resistance;
CX
head resistance; G — force of gravity;
Y - aerodynamic lifting force;
C

— coefficient of the aerodynamic force of the

y — coefficient of the aerodynamic lifting force.
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We evaluate the coefficient of n,, through the ex-

pression:

Ny = n% ; 9
where n — efficiency of the propulsive complex, a con-
stant for the rough problem formulation;

Q - low calorific value of the fuel by its working
mass.

We approximately estimate the coefficient of C
through the traditional equation of the parabolic polara
[3,§5,P. 199]:

2
Cy =G4, +bCr;, =Cy, +%,

(10)

where A — coefficient of the effective extension of the
wing.

Then, from the differential equations of the motion
(7), (8), we acquire an expression to the differential of
the flight duration (time):

2nQpvS
CXo (pVZS)2 + b(2mg)2

The corresponding integral of the duration of the
flight will be

dt=—

dm . (11)

Mg
T[S

My Cxo (pVZS)2 +b(2mg)2
where My — mass of the flying apparatus at the end of

(12)

the active segment of the horizontal flight, that is at the
end of the engine run.

Determination of v=v(m) from the functional
(12), from the mathematical point of view is the sim-
plest problem of the calculus of variations, which has
the optimal speed for the flight with the maximal dura-
tion as the problem corresponding solution:

(13)

From the expression for the derivative:

dm  Cylpv?Sf +b(2me)? "
dat 2nQpvS > 19
substituting into (14) the corresponding solution (13),
by integration, we find the optimal laws of the mass
change as a function of time for the corresponding func-

tional (12) in the view of

Mg

4 3/4@(%2)3/4
(J nQypS

Substituting (15) into (13) we get the corresponding
laws of the flight speed change as a function of time:

mr(t)= = (15)

tyMg +1

Finally, substituting the extremals, the optimal
speeds (13), as the functions of masses, into the inte-
grals of (12), we determine the maximal duration of the
horizontal flight.

2. Subjective entropy approach

There is a postulated principle of the human being
behavioral optimality in subjective analysis [6-11]. For
an active system it means that the system’s active ele-
ment (individual, responsible subject, making control-
ling decisions person) distributes his own preferences in
some certain optimal way extremizing some value (gen-
erally speaking a functional) which includes a measure
of the individual’s subjective preferences uncertainty in
the view of entropy.

2.1. Operational control functional
with respect to subjective
preferences entropy

Regarding to operational multi-alternativeness we
compile the so-called operational functional:

N N N
D=yl —BY. mE+y Y.m~1{, (17)
i=l1 i=l1 i=l1

where m; — function of the individual’s subjective pref-

erences of the i™ achievable alternative;

N —number of the achievable alternatives;

B — structural parameter;

F, — function, related to the i" achievable alterna-
tive;

Y — structural parameter.

The prototype functional of the general view for

the functional (17) is described, for instance, in [7,

P. 119, (3.38)].
The structural parameters 3 and y can be con-

sidered in different situations as Lagrange coeffi-
cients, weight coefficients or endogenous parameters
that represent some certain properties of the individ-
ual’s psych.

Without any additionally imposed preconditions,
except for the necessary conditions of the extremums
existence, the functional of the view (17) ensures, if the
extremums exist or not, the optimal choice of opera-
tional control modes.

We imply the maxima of the first member, subjec-
tive entropy, of (17) and either correspondingly minima
in the related to the achievable alternatives functions if
>0 follows the negative sign, or vice versa maxima of

the functions if >0 follows the positive sign.
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2.2. Operational control functional with respect
to subjective preferences entropy for the maximal
duration horizontal flight

The functional compiled for such a case is analo-
gous to [9, P. 57, (1)]:

o, - ]‘{—inmt)lnni(t)wini(t)n .

to i=l1

+y{§ni(t)—l}}dt :

For the problem of the maximal flight duration
control, for the simplest case on condition of two
achievable alternatives, it will be

(18)

2nQpveptS

Coo 2SS +blame)

Mg
®, [ {H,-B
Mo

2nQpvS
Cxy (pv28)2 + b(ng)2

where H, — active element’s (individual’s) subjective

+ 7y

2
+y{2ni —1} dm, (19)
i=1

preferences entropy,

2
H,=-Y njlnm; ; (20)
i=l1

Vopt — unknown optimal speed of the horizontal
flight with regards to the time (duration) of the flight;
v —arbitrary chosen function of speed.

From the necessary conditions for an extremal to
exist, written in the view of the system of the equations
by Euler-Lagrange:

R" derR") ~ R" d[ R’
om;

1

OVopt  dm

’
aTCi

b

=0, 21)
dm opt}

where R* — under-integral function of the correspond-
ing integral (19);
n; — derivatives of the preferences functions with
T

., d
respect to the mass, that is «} = d_ ;
m

Vopt — derivative of the speed with respect to the

dv e
mass, thatis v/, =—2 -
Opt dm
for this special case considered:
* *
R JR
a_! = O ’ 2 = O ?
aﬂi 8vopt
hence, this transforms the system (21) to
* *
R R
a_ =0 5 a =0 ) (22)
on; avopt

therefore, we get the corresponding expressions of the
canonical distributions of the preferences, likewise in
[9, P. 58, (4)], [7, P. 115-135], for (19) in the traditional
form, and for the optimal speed we get the expression
absolutely identical to (13).

3. Practical application
of the problem solution

Let us assume an airplane that has the flight pa-
rameters as follows: M= 10,000 kg; Mg = 8,000 kg;
n=0.3; Q=42,700-10° J/kg; p=1kgm’; S=50m%
Cx, = 0.02; b=0.045.

Calculation experiments by the methods (1)-(22)
demonstrate the optimal speed, fig. 1, prevalence (opti-
mal operational speed of the horizontal flight control

dominating) preferences comparatively to any other
modes of flight (operation).

59, 60

Ly~ |
D2 52

1-10*

ax10t)

8000 9000
8x10°, m

Fig. 1. Variants of the horizontal flight speeds

3.1. Models with unextremal speeds
of the horizontal flight

A practically interesting case, when there is not the
variated function of the flight speed in the functional
(19), is illustrated in fig. 1, 2.

It may relate with the situation when the extremal
(13) of the functional (19) definitely exists, however, it
cannot be reached or realized for one reason or another.

In fig. 1 it is depicted: vI max(m) — the extremal
(optimal) speed of the horizontal flight; v — a constant
flight speed from the optimal diapason; va(m) — the
approximated optimal speed (it is the closest to the ex-
tremal, but not optimal although); vi(m), v2(m) — the
changeable unextremal speeds.

It is important to emphasize that we do not impose
which operational mode is better. That is, in no way and
never in this problem formulation we have asserted
conditions of the kind of inequalities.
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3.2. Comparison of two unextremal speeds
of the horizontal flight

If (19) contains the two unextremal speeds only.

In fig. 2 it is shown: the preferences functions —
Tcl(m), Tc2(m); the entropies — H(m) and 1n(2) , in cor-
responding scales f and n; the function FGo(m) —
represents the relations between m; — in the canonical
view of the equation, and the functions of the deriva-
tives from (19), in fig. 2 it is similar with m;; the func-
tion Avl(m) — it takes into consideration the difference

between the extremal speed of the flight and the one not
extremal from (19); the function Av2(m) — it takes into

account the difference between the extremal speed of
the flight and the other not extremal from (19); the func-
tion Avi2(m) — it takes into account the difference be-

tween these not extremal speeds of the flight from (19).
4. The researches results

The knot points of FGo(m), in fig. 2 with the co-
ordinates of (8110, 0.5), (9090, 0.5), (9890, 0.5),
which is a function of the difference F, —F,, signify the

fact that the active element at the control of the alterna-
tive operational modes is guided by the principle of the
choice of the prevailing derivative or differential, the
first difference of the first derivatives or differentials.

Conclusions

We specially need to emphasize that there was not

any preconditions of the kind of which mode is better at
the problem formulation. Nevertheless, the principle of
the entropy extremization allows making a choice of the
prevailing alternative.

Prospects of further researches. It is important to
investigate other types of functionals of the kind of (19),
as well as with different functions of effectiveness of
the sort of F; and F,, also research operational modes of
control for horizontal flights of maximal distance.
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PenenzenT: 1-p TexH. Hayk, npod., 3aB. Ka. CYJHOBOIIHHS, OXOPOHM Mpalli Ta HABKOJIHWIIHHOTO CEpEeIOBHIIA
B.€. JleonoB, XepcoHChKa JepikaBHA MOPChKa akaaeMis, XepCoH.

OIITUMAJIBHO YIIPABJIAEMBIE CYBBEKTUBHO ITPEAIIOYUTAEMBIE PEKUMbI
IKCIUVIYATAIIMU 'OPU30HTAJIBHOI'O TIOJIETA CAMOJIETA
MAKCHUMAJIbHOM MPOJOJIKUTEJIbHOCTH

B.A. Kacvanos, A.B. I'onuapenko

HccnenoBana sKcIuTyaTalys caMoieTa Ha peKUMax TOPH30HTAIBHOTO IOJIETa MAaKCUMAIIBHOH MTPOIOIKUTENb-
HOCTH. DKCTpeMaii (yHKIIMOHAJa Ha OCHOBE MHTErpalla TPaJUIHOHHOW (OPMBI, IOJYyYEHHOI0 C Y4€TOM ypaBHe-
HUI IBWKCHUSA MaTepHAIbHOM ToukH nepeMenHoi Maceel U.B. Memepckoro (1893-1897), T. Jleeu-Uusura (1928),
C JIONIOJIHEHUEM SHTPOITUH MHAMBUAYAJIBHBIX CYOBEKTHBHBIX HPEIIOYTEHUI YNPAaBJISIOUIEro 3JIEMEHTa aKTUBHOMN
CHCTEMBI ITOJTy4EHBI KaK PElIeHUs] BApUAMOHHOH 3a1a4M NPU HEOOXOJTMMBIX YCIOBHSX CYILIECTBOBAHUSI SKCTPEMY-
MOB B BHUJIE CUCTEMbI ypaBHeHUi Dinepa-Jlarpamka. KanoHndyeckue pacnpeseneHus NpeAnoYTeHHH ¥ ONTHMalb-
HBIH PEXUM TOPH30HTAIBHOIO T0JIETa MaKCUMAaJIbHON TPOJIOIDKUTELHOCTH MOTYYEHBI TAKXKE B CIydae, Korjaa dKc-
TpeMaJibHast CKOPOCTh HE MOXKET OBITh JIOCTUTHYTA JIMO0 peann30oBaHa 1o TeM WJIM MHBIM NpUYWUHaM. Y TIpaBJicHHE B
TaKOM CITy4ae MoJpa3yMeBaeT MPeIouTeH s OOJIBIINX IIPOU3BOAHBIX MO0 A PepeHIInaioB B KauecTBe QyHKINI
s¢ppexktuBHOCTH. ONTHMaNBHBIE PEKUMBI SKCILTyaTallMH MOJY4alOTCs Ha OCHOBE JKCTpeMyMa CYObEKTUBHOI JH-
TPOIUU TOJNBKO, ¥ HUKAKUX JPYTUX OTPaHUUEHUH, KPOME YCIOBUH HOPMHUPOBKHU, HE HAKJIAJ(bIBAETCS B IIOCTAHOBKE
nipo6iiemsl. [IpoBeneHsl HeoOXomuMbIe pacueTbl. [IoCTpOeHBI COOTBETCTBYIONINE JHArPaMMEL

KnaroueBble ciioBa: MakcUMalbHasl MIPOJOJKUTENLHOCTh, TOPH30HTANBHBIN TI0JIET, CYOBEKTUBHASI SHTPOIHS,
WHIMBHyaJIbHBIE TIPEIIIOYTEHNS, MHOTOIBTEPHATUBHOCTD, YIIPaBJICHNE aKTUBHBIMH CHCTEMaMHM, aKTHBHBIN 3Jie-
MEHT, BapHallOHHas 3a]1a4a, SKCIUTyaTallMOHHbIH (DyHKIJMOHAII.

ONTUMAJIBHO KEPOBAHI CYB’€EKTUBHO IMEPEBAKHI PEXKUMHU EKCILTY ATAIIIT
T'OPU30OHTAJIBHOI'O OJILOTY JITAKA MAKCUMAJIBHOI TPUBAJIOCTI

B.O. Kacvanos, A.B. I'onuapenko

JlocmimpKeHo eKCILTyaTalliio JliTaka Ha pe)KUMax FOPU30HTAIBHOTO MOJILOTY MaKCUMaJIbHOI TpuBasiocTi. Exer-
pemaii QyHKIIIOHay Ha OCHOBI iHTerpasia TpaJaMIiitHOi (POpMH, OTPUMAHOTO 13 YpaxyBaHHAM DPIiBHSHb PYXy MaTepi-
anpHOI ToukW 3MiHHOI MacH 1.B. Memepcekoro (1893-1897), T. Jlesi-Uisita (1928), i3 mOMOBHEHHSM €HTpOIIIT 1H-
JIMBITyaIbHUX Cy0’€KTHBHHUX IIEpeBar Kepyrodoro eleMeHTa aKTHBHOI OTPUMAaHO SIK pO3B’SI3KM BapiauiiHol 3a1adi
NIPY HEOOXiJHUX yMOBax iCHYBaHHSI €KCTPEMyMY y BUIIISII cucTeMU piBHsHb Elinepa-Jlarpamxka. KanoHiuni pos-
TIO/LJIH MTepeBar Ta ONTUMAIBHAN PEXUM TOPU30HTAIFHOTO TOJBOTY MAaKCUMAJIBHOT TPHUBAJIOCTI OTPUMAHO TaKOXK Y
BUIAJIKY, KOJIM €KCTpeMalibHa IIBUIKICTh HE MOXe OyTH JOCATHYyTa abo peasli3oBaHa 3 TUX 4YM 1HMMX HmpuuuH. Ke-
pYBaHHS y TAKOMY BHIIAJIKy Tepea0dadae mepeBaru OUIbIIMX IOXIIHUX a00 TudepeHianiB y skocTi GyHKIii edek-
TUBHOCTI. ONITUMANIBbHI PEKUMH EKCILTYaTalil OTPUMYIOTHCSI HA OCHOBI €KCTpEMYyMY Cy0’€KTHBHOI €HTpOIIIT JIHIIIE, i
HISIKMX 1HIIMX OOMEKeHb, 32 BUHATKOM YMOBH HOPMYBaHHs, HE HaKJaJIeHO Yy IMOCTaHOBIN mpobiemu. [IpoBeneno
HeoOXiqHI po3paxyHku. [100y10BaHO BiMOBIIHI JiarpaMH.

KarwudoBi ciioBa: MakcuMasbHa TPUBAIICTh, TOPU3OHTAIBHUI TOJIT, Cy0 €KTUBHA €HTPOIIs, 1HAWBIAYaIbHI
nepeBary, OaraToalbTepHATHBHICTh, KEPYBaHHSI aKTUBHUMHU CHUCTEMaMH, aKTHBHHUI eJIEeMEHT, BapialliiiHa 3ajauya,
eKCIUTyaTaI[iiHAN (yHKITIOHAJ.
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